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A B S T R A C T

A money-in-the-utility function model is extended to capture the distinct roles of noninterest-
earning currency and interest-earning deposits in providing liquidity services to households. It
implies the existence of a stable money demand relationship that links a Divisia monetary ag-
gregate to consumption as a scale variable and the associated Divisia user-cost dual as an op-
portunity cost measure. Cointegrating money demand equations of this form appear for the
Divisia M2 and MZM aggregates in quarterly United States data spanning the period from 1967:1
through 2019:1. The identification of a stable money demand function over a period that includes
the financial innovations of the 1980s and continues through the recent financial crisis and Great
Recession suggests that a properly measured aggregate quantity of money can play a role in the
conduct of monetary policy. That role can be of greater prominence when traditional interest rate
policies are constrained by the zero lower bound.

1. Introduction

Since Milton Friedman's (1956) “restatement,” the existence of a stable money demand function has been regarded as a necessary
pre-condition for the success of any quantity-theoretic approach to monetary policy that would use information in broad monetary
aggregates to achieve goals for aggregate spending or the price level. The general message of Friedman's essay, supported by the
empirical papers that accompanied its publication, motivated a broad and active line of research in monetary economics that lasted
more than three decades.1 The primary focus of this agenda was the search for statistical relationships that linked the demand for real
money balances to a small number of determinants, especially income or spending and interest rates. By the early 1970s, considerable
evidence had been assembled to support the notion of a stable demand for money function and, when inflation had risen to in-
creasingly higher rates, this evidence provided the foundation for a monetary policy strategy based on intermediate targets for
growth rates of the money supply.

This foundation, however, was not without cracks. Perhaps most famously, Goldfeld (1976) identified the “missing money”
problem when a money demand equation, estimated only several years before (Goldfeld (1973)), no longer predicted holdings of real
money balances out of sample. His results renewed interest in the question of stability in the demand for money function, with results
taking both sides of the issue. As surveyed in Judd and Scadding (1982), the consensus conclusion seemed to be that any observed
instability could be attributed to financial innovations. They also concluded, however, that the post-1973 research largely failed to
distinguish between alternative theories of the demand for money.

If questions about money demand's instability were unresolved in the early 1980s, evidence accumulated during the 1980s shifted
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the balance of evidence toward the conclusion of instability. As more, and more disruptive, financial innovations evolved – most
notably the relaxation of Reg. Q interest rate ceilings and the introduction of interest-bearing checkable deposits – the velocity of both
M1 and M2 exhibited pronounced shifts that led to the Federal Reserve's abandonment in 1982 of a monetary policy strategy based on
intermediate targets for money growth it had adopted only three years earlier. As the 1980s drew to a close, Rasche (1987), Benjamin
Friedman (1988a,b), and others reported that previously stable demand for money functions could no longer be characterized as such
and that, while conventional wisdom held that sweeping financial innovations during the 1980s permanently altered whatever
associations might have been found in the data of the 1960s and 1970s, this remained at the level of conjecture not supported by a
clear theory or empirical evidence.

Rather than making an argument for a monetary policy strategy based on monetary aggregates as they had only a decade earlier,
the results from the 1980s led to the formation of a professional consensus that measures of money could be safely excluded from the
information set used to evaluate the effects of monetary policy on economic activity or to assess the relative ease or tightness of policy
at a moment in time.2 Rather than money, the canonical New Keynesian model associated with Clarida et al. (1999) and
Woodford (2003) linked the expected path of the federal funds rate to variations in output and prices. The Taylor (1993) formalized
the means by which the central bank can manipulate a short-term interest rate to pursue goals for these variables.3

Recent events, however, provide good reason to reconsider the role of the monetary aggregates in monetary policy analysis. Most
significantly, the zero lower bound on nominal interest rates, which became a binding constraint on the Federal Reserve's interest rate
policy over an extended period from 2008 through 2015, highlights the limitations of any approach that uses the federal funds rate
alone to gauge the stance of monetary policy. If, for example, Federal Reserve actions affect spending and prices through changes in
variables other than the funds rate, these effects will not be captured by models that exclude, by construction, any channel of
monetary transmission apart from an interest rate. This omission, however, runs counter to empirical evidence that shows how
Divisia monetary aggregates can be used within structural vector autoregressive time series models to help identify monetary policy
shocks before and during the period of zero nominal interest rates; it does so by capturing the consequences of “unconventional”
policy actions such as large-scale asset purchases or “quantitative easing” through their effects on the growth rate of money when
measured as a Divisia, rather than simple sum, aggregate.4 Because the results from these studies are consistent with the ideas that
helped motivate the money demand research agenda sixty years ago, these same Divisia monetary aggregates might be used to
estimate stable money demand relationships of the kind envisioned by Friedman (1956). If identified, these relationships then could
serve as the foundations for a quantity-theoretic approach to monetary policymaking and analysis that downplays the significance of
the zero lower bound, yet also works reliably to stabilize inflation during normal periods with positive nominal interest rates.5

To explore this possibility, this paper begins by modifying Lucas’ (2000) version of the money-in-the-utility function model,
developed originally by Sidrauski (1967) and Brock (1974), by introducing separate roles for noninterest-earning currency and
interest-earning deposits in providing a representative household with liquidity services that allow it to purchase goods and services
at the expense of less time and effort. This extension to the theory makes clear that the money demand relationship implied by the
model applies to a Divisia monetary aggregate but not a simple-sum measure of the type provided officially by the Federal Reserve.
The same theoretical extension also reinforces Belongia's (2006) argument that the price, or user-cost, dual to the Divisia monetary
aggregate ought to appear in place of a short-term nominal interest rate as a preferred opportunity cost measure in the money
demand equation. Finally, the extended money-in-the-utility function model can be used to motivate renewed interest in classic
empirical specifications for money demand, originally proposed by Cagan (1956), Selden (1956), Latané (1960), and Meltzer (1963),
adapted to apply to the Divisia monetary aggregates instead of the standard simple sum measures.

The paper goes on to estimate money demand equations using the Pesaran et al. (2001) approach together with quarterly data on
the Divisia aggregates described by Barnett et al. (2013) and made available through the Center for Financial Stability's (CFS)
website. In this sample of data, running from 1967:1 through 2019:1, cointegrating money demand relationships of the form sug-
gested by the theory link the Divisia M2 and MZM monetary aggregates to either spending or income as a scale variable and the

2 That monetary aggregates were no longer informative about movements in aggregate activity gained additional traction when Friedman and
Kuttner (1992) reported that significant effects of money on nominal income, real output, or prices were no longer present when the data sample
eliminated values for the 1960s. In lieu of money they found that the spread between the commercial paper rate and the three-month Treasury bill
rate was informative about movements in aggregate activity. Belongia (1996) and Hendrickson (2014), however, showed that money still was linked
to real and nominal magnitudes if money were measured as a Divisia index rather than the Fed's standard simple sum data. The Friedman and
Kuttner results also were questioned, for different reasons, by Becketti and Morris (1992) and Thoma and Gray (1998). And even before the
publication of Friedman and Kuttner (1992), Barnett, Offenbacher, and Spindt (1984) demonstrated that Divisia monetary aggregates often fit the
data better than their simple-sum counterparts when used to estimate a variety of empirical models, including money demand relationships, linking
money, prices, interest rates, and output.

3 Although Nelson (2008) and even Taylor (1996) himself showed that New Keynesian models with interest rate rules are not inconsistent with the
quantity-theoretic view that inflation gets determined, in the long run, by the growth rate of the money supply, these models also served to illustrate
how monetary policy analysis could be conducted within a theoretically coherent and internally consistent framework that makes no explicit
reference to either the demand for or supply of money. As such, models of this type also excluded any transmission mechanism by which variations
in the quantity of money can affect real activity independent of any influence associated with variations in interest rates.

4 See, for example, Belongia and Ireland (2015b, 2016, 2018), Dery and Serletis (2018), and Keating, Kelly, Smith, and Valcarcel (2019).
5 Although work on Divisia aggregates was in its infancy at the time, Judd and Scadding (1982, pp. 1011-1012) note that “The Divisia approach is

perhaps most useful for a world in which interest rates on monetary assets are unregulated so that reliable measures of user costs are easily
calculated. Hence it promises to be increasingly important if the current trend towards interest rate deregulation continues.”
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associated Divisia user cost aggregate as an opportunity cost measure. The results imply that a monetary policy strategy focused on
the growth of either Divisia aggregate also has the potential to stabilize the aggregate price level or its rate of change.6

By using the most recent data to estimate statistical money demand equations, this paper joins with a few others, including Judson
et al. (2014), Lucas and Nicolini (2015), and Anderson et al. (2017), that also are motivated by the financial crisis and period of zero
nominal interest rates to reconsider a more traditional, quantity-theoretic approach to monetary policy analysis. Meanwhile,
Benati et al. (2016) revive the analysis of long-run money demand by estimating equations using international data extending back,
in some cases, to the 19th century. All of this work, however, is based on traditional simple sum monetary aggregates, which cannot
internalize pure substitution effects and therefore introduce the possibility of erratic behavior in the monetary measure. Serletis and
Gogas (2014) estimate long-run money demand relationships for the CFS Divisia quantity aggregates, but use the three-month United
States Treasury bill rate as their opportunity cost measure rather than the user cost dual to the economic quantity aggregate suggested
by theory. The empirical specifications derived in the next section use this measure instead. The results presented here, therefore,
provide evidence of stable money demand relationships based on price and quantity data derived from a uniform set of principles. In
doing so, the results also offer additional support for the idea that reported instability of money demand functions is more likely
related to measurement issues than to instability in the underlying economic relationships themselves.

2. Theory

2.1. The model

As noted above, the model developed here builds further on Lucas’ (2000) variant of the money-in-the-utility function models of
Sidrauski (1967) and Brock (1974) by introducing separate roles for noninterest-earning currency and interest-earning deposits in
providing a representative household with liquidity services that allow it to purchase goods and services with less effort. Through this
extension, the theory makes clear that the aggregate of currency and deposits appearing in a properly-specified money demand
relationship is a Divisia aggregate, and not a simple sum measure like any of those constructed, reported, and, during certain
episodes, used by the Federal Reserve to make policy decisions. While the description of household optimization provided here could
be incorporated into a dynamic, stochastic, general equilibrium model along the same lines as those followed by Belongia and Ireland
(2014) and Ireland (2014), a simplified perfect foresight, partial equilibrium framework abstracts from unnecessary general equi-
librium considerations and highlights, as well, that the basic properties of the money demand relationship do not depend on the
details of how other sectors of the economy might be modeled.

Also for simplicity, the theoretical analysis proceeds here under the assumption that a representative household substitutes
between currency and a single type of interest-earning bank deposit in its efforts to construct the portfolio of these two liquid assets
that most efficiently provides the monetary services it uses in making transactions during each period. Additional types of deposits,
all paying interest at different rates and each playing its own role in the household's portfolio of monetary assets, could easily be
incorporated, at the cost of more detailed notation and more tedious algebra. The empirical work, by contrast, uses various Divisia
monetary aggregates that do include a wide range of monetary assets available in the United States today.

In the model, an infinitely-lived representative household enters each period =t 0, 1, 2, ... with Mt 1 units of currency and Bt 1
bonds. At the very start of a beginning-of-period asset trading and allocation session, the household receives Tt additional units of
currency. Next, the household's bonds mature, providing Bt 1 more units of currency. The household uses some of its currency to
purchase Bt new bonds at the price of + r1/(1 )t dollars per bond, where rt denotes the net nominal interest rate between t and +t 1.
The household divides its remaining currency into an amount Nt to be used for transactions purposes during the period and an
amount to be deposited in an interest-earning bank account instead. At the same time, the household also borrows Lt dollars from the
bank, which then get credited to its bank account. Thus, the total value Dt of the household's deposits must satisfy

+ +
+

+M T B B
r

N L D
1t t t

t

t
t t t1 1 (1)

for all =t 0, 1, 2, ....
To describe its activities following this initial asset allocation session, it is helpful to follow Lucas (1980) by imagining that the

representative household consists of two members: a worker and a shopper. During each period =t 0, 1, 2, ..., the representative
household's worker supplies labor inelastically to produce yt units of output, where yt may fluctuate or grow over time, reflecting any
arbitrary pattern of exogenous technological change, so long as it is anticipated in line with the perfect foresight assumption. The
worker then sells this output to shoppers from other households at the nominal price of Pt dollars per unit of the good. The re-
presentative household's shopper, meanwhile, purchases ct units of the good at the same price Pt from workers of other households.

At the end of each period =t 0, 1, 2, ..., the household's two members reunite to consume the shopper's purchases. The house-
hold's preferences over the infinite horizon are described by the utility function

=
c v M

P c
1

1
1 ,

t

t
t

t
a

t t0

1

(2)

6 Belongia and Ireland (2015a) present evidence on the viability of targeting a path for nominal GDP by controlling the behavior of a Divisia
monetary aggregate, a result suggestive of a stable demand for money function.
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where the discount factor lies between zero and one, so that 0 < β< 1, and the intertemporal elasticity of substitution parameter is
positive, so that σ> 0. In the special case of = 1, the single-period utility function in (2) should be understood to take its limiting
form

+c v M
P c

ln( ) ln .t
t
a

t t

In (2), the function v captures the time-and-effort-saving services provided to the representative household's shopper by the
monetary aggregate Mt

a, formed from currency and deposits according to

g N D M( , ) ,t t t
a

where the monetary aggregator g is assumed to be homogeneous of degree one, so that the underlying transaction technology exhibits
constant returns to scale and so that this constraint can be rewritten equivalently in real terms as

g N
P

D
P

M
P

,t

t

t

t

t
a

t (3)

for all =t 0, 1, 2, .... As noted by Barnett et al. (1992), homogeneity of the monetary aggregator in (3) has the appealing implication
that when currency and deposits grow at a common rate, the monetary aggregate grows at that same rate. Likewise, as noted by
Lucas (2000), the specific form of the utility function in (2) makes the model consistent with balanced growth: if the household's real
income yt grows at a constant long-run growth rate, then its optimal choices of consumption ct and the real monetary aggregate M P/t

a
t

will grow at the same long-run rate, too.
The specification in (3), however, allows for a wide range of possibilities regarding the degree of substitutability between cur-

rency and deposits in providing the household with monetary services. Belongia and Ireland (2014) and Ireland (2014) assume, for
example, that g takes the constant elasticity of substitution form

= +g N D N D( , ) [ (1 ) ] ,t t t t
1/ ( 1)/ 1/ ( 1)/ /( 1) (4)

with ω> 0 and 0 < ν < 1. Here, this CES function could serve as a special case, but the analysis applies more generally to any
aggregator g satisfying the homogeneity assumption that doubling the quantities of currency and deposits held also doubles the
monetary services produced by the combination of these underlying assets.7 Note, however, that another special case,

= +g N D N D( , ) ,t t t t

also is subsumed under the more general formulation allowed for in (3) and is consistent with the official practice of constructing
monetary aggregates as the “simple sums” of funds held as currency and deposits. It implies, however, that so long as deposits pay
interest while currency does not, the household will choose a corner solution in which it holds only deposits and no currency. In
economies, including the United States, where households are observed to hold both currency and deposits, this simple-sum ag-
gregator appears far less plausible than others in which currency and deposits substitute imperfectly for one another in providing
monetary services. This is the same point made originally by Barnett (1980): unless currency and deposits are treated, counter-
factually, as perfect substitutes, simple-sum monetary aggregation is inconsistent with consumer demand theory, and simple-sum
monetary aggregates are unlikely to measure accurately the true flows of monetary services demanded by households.8

Also at the end of each period =t 0, 1, 2, ..., the household receives an interest payment r Dt
d

t on the deposits it holds during the
period, but must also repay with interest r Lt

l
t the loans it received earlier from the bank. After accounting for these receipts and

payments, as well as the income Ptyt earned and funds Ptct spent during the period, the household carries Mt units of currency into
period +t 1, where

+ + + +N r D P y P c r L M(1 ) (1 )t t
d

t t t t t t
l

t t (5)

for all =t 0, 1, 2, .... The household, therefore, chooses Bt, Nt, Dt, Lt, ct, Mt
a, andMt for all =t 0, 1, 2, ... to maximize the utility function

in (2) subject to the constraints in (1), (3), and (5), each of which must hold for all =t 0, 1, 2, ....
The most convenient way of characterizing the solution to the household's problem starts by rewriting the constraints from (1)

and (5) in real terms, as

+ + + + + +M T B L
P

B r N D
P

/(1 )t t t t

t

t t t t

t

1 1

(6)

and

7 Although the empirical analysis here focuses on the monetary aggregate implied by (3), an alternative approach would follow Chetty (1969) by
generalizing a parametric aggregator function such as (4) to allow for multiple deposit types before estimating the implied elasticities of substitution
between currency and those various types of deposits.

8 Early evidence on the potential size of this measurement error is presented in Barnett (1984) and the practical effects of it are the basis of
Barnett (2012).
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+ + + + + +N r D
P

y c r L M
P

(1 ) (1 ) ,t t
d

t

t
t t

t
l

t t

t (7)

before introducing t
1, t

2, and t
3 as the nonnegative Lagrange multipliers on (3), (6), and (7). The first-order conditions for the

household's problem can then be written as

+
= +

+P r P(1 )
,t

t t

t

t

2
1

2

1 (8)

=g N
P

D
P

, ,t
t

t

t

t
t t

1
1

2 3

(9)

= +g N
P

D
P

r, (1 ) ,t
t

t

t

t
t t

d
t

1
2

2 3

(10)

= + r(1 ) ,t t
l

t
2 3 (11)

=c v M
P c

v M
P c

M
P c

v M
P c

,t
t
a

t t

t
a

t t

t
a

t t

t
a

t t
t
3

(12)

=c v M
P c

v M
P c

,t
t
a

t t

t
a

t t
t
1

(13)

and

= +

+P P
,t

t

t

t

3
1

2

1 (14)

together with (3), (6), and (7) as equalities for all =t 0, 1, 2. ...

2.2. Monetary aggregation and money demand

Note that (8) and (14) imply

= + r(1 ) .t t t
2 3 (15)

Comparing (11) and (15) then reveals that the absence of arbitrage opportunities requires =r rt t
l for all =t 0, 1, 2, ..., so that the

interest rates on bonds and loans are always equal. This result reflects the fact that in the model, for simplicity, bonds and loans are
both risk-free and provide no monetary services. In considering the monetary aggregates implied by this model, therefore, either the
bond rate or the loan rate serves equally well as the “benchmark” against which the lower interest rate on deposits and the zero
interest rate on currency can be compared in computing their associated user costs. In the United States economy, however, short-
term risk-free bonds – for example, three-month United States Treasury bills – may provide liquidity services and, indeed, are
included in the broadest, Divisia M4 aggregate defined by Barnett et al. (2013). By contrast, bank loans are not included in any of the
CFS Divisia monetary aggregates and, according to Barnett et al. (2013), an interest rate on commercial and industrial loans serves for
much of the sample period as the benchmark rate in constructing these aggregates. Thus, while neither bonds nor bank loans play a
direct role in this simple model in providing monetary services to households or borrowed funds to either the government or private
firms, both are included in the household's problem to point out that the model's benchmark rate could be either the rate rt on illiquid
bonds or the rate rt

l on illiquid bank loans.
Given rt (or rt

l), define rt
a so that

=r r /t t
a

t t
1 3 (16)

for all =t 0, 1, 2, .... Using (15) and (16), it can be verified following Barnett and Xu (1998) that if the choices of currency and
deposits are not of independent interest, the household's problem can be stated more simply as one of choosing Bt, Lt, ct, Mt

a, and Mt

for all =t 0, 1, 2, ... to maximize the utility function in (2) subject to the constraints

+ + + + +M T B L
P

B r M
P

/(1 )t t t t

t

t t t
a

t

1 1

and

+ + + + +r M
P

y c r L M
P

(1 ) (1 )t
a

t
a

t
t t

t
l

t t

t

for all =t 0, 1, 2, ..., confirming that Mt
a can be treated as a true microeconomic aggregate of monetary services, with “own rate of

return” equal to rt
a. Eq. (3) still makes clear, however, that this true monetary aggregate will not correspond to a simple sum of

currency and deposits, except in the counterfactual case where these assets are perfect substitutes.
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Eqs. (15) and (16) also allow (9) and (10) to be rewritten as

= = =g N
P

D
P

r r
r r

u
u

,t

t

t

t

t t

t

t

t t
a

t
n

t
a1

3

1 (17)

and

= = =g N
P

D
P

r r r r
r r

u
u

, ( ) ,t

t

t

t

t t
d

t

t

t t
d

t t
a

t
d

t
a2

3

1 (18)

where the last equalities in each of these expressions use Barnett's (1978) formula to define the user costs of currency and deposits as

=
+

u r
r1t

n t

t

and

=
+

u r r
r1t

d t t
d

t

and the user cost of the monetary aggregate Mt
a as

=
+

u r r
r1

.t
a t t

a

t (19)

Using (17) and (18) together with Euler's theorem, the homogeneity of the monetary aggregator g can now be seen to imply

= = + = +M
P

g N
P

D
P

N
P

g N
P

D
P

D
P

g N
P

D
P

u
u

N
P

u
u

D
P

, , ,t
a

t

t

t

t

t

t

t

t

t

t

t

t

t

t

t

t

t

t
n

t
a

t

t

t
d

t
a

t

t
1 2

or, more simply,

= +u M u N u D .t
a

t
a

t
n

t t
d

t (20)

The left-hand side of (20) measures total expenditures on monetary services; the right-hand side decomposes these expenditures
into components provided by currency and deposits. Although neither of the two terms on the left-hand side, the user cost ut

a nor the
quantity aggregate Mt

a, is observable individually, all of the terms on the right-hand side are observable from data on currency,
deposits, and the interest rates on deposits and the benchmark, illiquid asset. Thus, total expenditures on the left-hand side can be
inferred from the sum on the right, and the expenditure shares for currency

= =
+

s u N
u M

u N
u N u Dt

n t
n

t

t
a

t
a

t
n

t

t
n

t t
d

t

and for deposits

= =
+

s u D
u M

u D
u N u Dt

d t
d

t

t
a

t
a

t
d

t

t
n

t t
d

t

are observable as well.
In practice, therefore, the measurement problem posed by the theory involves distinguishing between the two terms ut

a and Mt
a on

the left-hand side of (20). This problem, however, is conceptually no different from the one that arises in a national income ac-
counting exercise whereby nominal GDP is computed as the sum of all dollar spending on finished goods and services produced in the
economy during a given period of time, but must then be broken down into its two components – real GDP and the aggregate price
level – using economic aggregation and index-number theory. For monetary aggregation, in particular, Barnett (1980, 2012) shows
that the discrete-time Divisia approximation

+ + +M M s s N N s s D Dln( ) ln( )
2

[ln( ) ln( )]
2

[ln( ) ln( )]t
a

t
a t

n
t
n

t t
t
d

t
d

t t1
1

1
1

1

tracks the true quantity aggregate closely under a wide range of circumstances and, importantly, does not require knowledge of the
form or parameters of the monetary aggregator function g. Moreover, once a series for Mt

a is constructed using this formula, a
corresponding series for the user cost ut

a can be computed, as well, based on “factor reversal,” that is, by dividing total expenditures
u Mt

a
t
a by the quantity index Mt

a. This is, in fact, exactly how the CFS Divisia quantity and user costs are constructed for monetary
aggregates that include currency and a wide range of bank deposits and other highly liquid assets.

Hence, this model provides a theory of the demand for money as measured by a Divisia aggregate but not a simple sum measure.
To see this, combine (12), (13), and (16) to obtain
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=
( )

( ) ( ) ( )r r
v

v v
.t t

a

M
P c

M
P c

M
P c

M
P c

ta

t t

t
a

t t
t
a

t t
t
a

t t (21)

This condition takes the same form as Lucas’ (2000, p.256) Eq. (3.7), except that Mt
a in (21) is clearly best measured by a Divisia

monetary aggregate and the additional, “own rate” term rt
a appears on the left-hand side to account for the interest paid on many

forms of bank deposits. The equation defines, implicitly, a money demand function of the form

=M
P c

h r r( )t
a

t t
t t

a
(22)

with unitary scale elasticity and r rt t
a as its opportunity cost measure. Eq. (19) links this opportunity cost to the user-cost dual ut

a of the
Divisia quantity aggregate. With regard to the empirical specifications that follow, Belongia (2006) notes that the Divisia user cost, as a
theoretically-coherent measure of the own-price of monetary services in a money demand relationship, also implies that an interest rate,
which is associated with the price of bonds, represents the price of a substitute, rather than the opportunity cost of holding money.9

2.3. Three empirical specifications

Let

=m M
P ct

a t
a

t t (23)

denote the ratio of the real monetary aggregate to consumption spending ct, and invert (22) to obtain

=r r m( ).t t
a

t
a

Then (21) implies that, given ψ, the original utility function v will solve the equation

=
+

v m
v m

m
m m

( )
( )

( )
1 ( )

,
a

a

a

a a (24)

which coincides with Lucas’ (2000, p.257) Eq. (3.9) except that, again, the functions v and ψ have, as their arguments, the ratio of a
real Divisia monetary aggregate to consumption.

Eqs. (22) and (24) can be used to specialize the model so that it motivates several classic empirical formulations for money
demand, modified here to relate the demand for a Divisia monetary aggregate to its associated user cost. Suppose, for example, that
the money demand function (22) takes the “double-log” form proposed by Meltzer (1963):

= +M P c r rln( / ) ln( ) ln( ),t
a

t t t t
a

0 1 (25)

so that α1 > 0 measures the absolute value of the constant elasticity of real Divisia money demand with respect to changes in its
opportunity cost r rt t

a. Eq. (24) then can be used to verify that this specification for money demand is implied by any utility function
of the form

= +v m
m

( ) 1 exp( / )
( )

,a
a

0 1
(1 )/

/(1 )

1 1

1 1

with α> 0. Alternatively, if (22) takes the “semi-log” form proposed by Cagan (1956),

= +M P c r rln( / ) ln( ) ( ),t
a

t t t t
a

0 1 (26)

where δ1 > 0 measures the absolute value of the constant semi-elasticity of real Divisia money demand with respect to the oppor-
tunity cost, (24) requires that

=
+

v m
v m

m
m m m

( )
( )

ln( )
ln( )

.
a

a

a

a a a
0

1 0

This equation lacks a closed-form solution, but for any specific values of δ0 and δ1 obtained by estimating (26), v(ma) can be
characterized by solving it numerically.10

Ireland (2009) estimates money demand functions of the double-log and semi-log forms (25) and (26) using data on simple-sum
M1 and the three-month United States Treasury bill rate. More recently, Benati et al. (2016) use long-run data on simple-sum M1,
augmented for the period since 1980 by adding balances from money market deposit accounts, to estimate another classic money

9 Note that the explicit derivation of money's own price as the dual to the economic quantity aggregate stands in contrast to the empirical tradition
of measuring the opportunity cost of holding money balances by the ad hoc choice of a short-term interest rate, a long rate, an interest rate spread, or
a wage rate.

10 It should be noted that the model in Cagan (1956) does not include an interest rate. Instead, because his interest was hyperinflations, the
opportunity cost of holding money balances was measured by the inflation rate.
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demand specification, first proposed by Selden (1956) and Latané (1960). When applied to simple-sum aggregates, this specification
posits a linear relationship between monetary velocity and a short-term nominal interest rate. Here, the same specification is adapted
for use with the Divisia monetary aggregates by letting

=v P c
Mt

a t t

t
a (27)

denote the consumption velocity of Mt
a and assuming that (22) implies

= +v r r( ),t
a

t t
a

0 1 (28)

where the parameter γ1 > 0 measures the constant responsiveness of Divisia monetary velocity to changes in the opportunity cost
measure. In this case, (24) has a solution of the form

= + +v m m m( ) ( ) ( 1 ) ,a a a1/(1 )
0 1

/(1 )1 1 1

with γ> 0.
Thus, depending on the specific form of the utility function v, the model presented here is consistent with any of the classic money

demand functions (25), (26), or (28). The next section presents estimates of these three money demand equations, based on United
States data on Divisia monetary aggregates and their associated user costs.

3. Evidence

3.1. Overview of the data

Fig. 1 illustrates the behavior of the four variables appearing in the three Divisia money-demand specifications (25), (26) and
(28): the natural logarithm of the ratio of a Divisia monetary aggregate Mt

a to nominal personal consumption expenditures Ptct, the
natural logarithm and the level of the associated opportunity cost measure r rt t

a, and the consumption velocity of money computed
by dividing nominal personal consumption expenditures by the Divisia monetary aggregate.11 As noted previously, the series on

Fig. 1. Divisia Monetary Data. The log money-consumption ratio in column one and consumption velocity in column four are computed using
nominal personal consumption expenditures as the scale variable.

11 Both the Divisia quantity aggregate and the associated opportunity cost are constructed as index numbers, normalized so that the quantity
aggregate equals 100 at the beginning of the sample period. Thus, the values measured along the vertical axes of the graphs in figure 1 lack specific
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Divisia money are described by Barnett et al. (2013) and made available through the Center for Financial Stability's website. Because
the theory links money demand most closely to consumption, personal consumption expenditures is used as the scale variable in
Fig. 1 and in generating the benchmark statistical results that follow. The figures and tables in the appendix show, however, that very
similar results and conclusions follow when nominal GDP is used to scale the data on Divisia money instead. Both series – for nominal
PCE and GDP – are drawn from the Federal Reserve Bank of St. Louis’ FRED database. The data on aggregate spending and income
dictate a quarterly frequency for all series, while the starting point for the CFS monetary data determines the sample period, running
from 1967:1 through 2019:1.

The theory outlined above, though clear about appropriate method of monetary aggregation – Divisia rather than simple-sum –
remains silent about the appropriate level of monetary aggregation, that is, about the range of liquid assets in the United States
financial system that yield monetary services to the non-bank public. Thus, the empirical exercise estimates demand functions at four
levels of monetary aggregation, three of which are associated with a medium of exchange concept and a fourth that represents a
broad measure of liquidity. Divisia M1 and M2 contain the same assets included in the Federal Reserve's official, simple-sum M1 and
M2 measures. In particular, Divisia M1 includes currency, travelers’ checks, demand deposits, and other checkable deposits. Divisia
M2 adds savings deposits, including money market deposit accounts, retail money market mutual fund shares, and small time
deposits. The MZM monetary aggregate, which excludes the small time deposit component of M2 but then adds institutional money
market mutual fund shares, was first proposed in simple-sum form by Motley (1988) and given the label “money, zero maturity” by
Poole (1991). The CFS data include a Divisia measure at this level of aggregation as well. Finally, Divisia M4 – the broadest compiled
by the CFS – combines all the assets in M2 and MZM with large time deposits, overnight and term repurchase agreements, commercial
paper, and United States Treasury bills to obtain a collection similar to that included in the Federal Reserve's discontinued L measure
of liquidity. Fig. 1 illustrates the behavior of all four series.12

The CFS also produces user cost aggregates for each of the Divisia quantity aggregates, constructed via factor reversal by dividing
total expenditures on monetary services, measured according to an extended version of the formula displayed in (20), but with
multiple classes of bank deposits and other highly liquid assets, by the corresponding quantity aggregate. Because the Divisia user
cost of each aggregate is defined and measured according to the formula in (19), whereas the money demand relationship (22)
implied by the theory links money demand, instead, to the opportunity cost measure r rt t

a, each CFS user cost series is multiplied by
+ r1 t before use in the statistical analysis, where rt is the benchmark rate also described by Barnett et al. (2013). In the discussion that

follows, therefore, this measure r rt t
a is referred to interchangeably as the “user cost” or “opportunity cost” of the corresponding

Divisia monetary aggregate.
Fig. 1 plots each quarterly series in isolation, to illustrate its univariate properties. The panels in the figure's first column show that

at all levels of aggregation, the log Divisia money-consumption ratio trends steadily downward during the “Great Inflation” of the
1970s before leveling off and remaining stable from the early 1980s through the onset of the financial crisis in 2007. From 2008
through 2017, all Divisia aggregates except M4 grew more rapidly than spending, generating a new, upward trend in the money-
consumption ratio. Finally, at the very end of the sample period in 2017–2019, the money-consumption ratios for M1, M2, and MZM
turn downward once more.

The next two columns of Fig. 1 plot the opportunity cost variable r rt t
a in logs, as it appears in Meltzer's (1963) specification

(25), and in levels, as in Cagan's (1956) Eq. (26). Regardless of the transformation, these user-cost variables display upward and then
downward trends that mirror those in the money-consumption ratio, as one would expect if long-run money demand was described
by one of these relations. At the same time, however, the graphs make clear that the user cost series display much larger transitory
deviations from their long-run trends.

The series for the Divisia consumption velocities displayed in the last columns of Fig. 1 and that appear in the alternative money
demand model (28) proposed by Selden (1956) and Latané (1960) rise and fall together with the opportunity cost variable; this, too,
is as expected, since velocity is the reciprocal of the money-consumption ratio. Figures in the appendix confirm that very similar
patterns appear when nominal GDP is used in place of nominal consumption spending in scaling the Divisia aggregates and com-
puting their velocities.

Fig. 2 presents scatterplots of the scaled monetary variables against their corresponding opportunity costs, using the transfor-
mations suggested by the three money demand specifications. The first column plots, at each level of aggregation, the log money-
consumption ratio against the log of the opportunity cost, as implied by Meltzer's (1963) double-log money demand model (25). The
second column plots the log money-consumption ratio against the level of the opportunity cost, as implied by Cagan's (1956) semi-log
model (26). The third column plots the consumption velocity of money against the level of the opportunity cost, consistent with the
Selden (1956) and Latané’s (1960) specification (28). All of the data are noisy, suggesting that here, as in Lucas (1988), there are
high-frequency movements in money that the theory, with its focus on the longer run, leaves unexplained. Nonetheless, across these
graphs, the clearest evidence of a negative relationship between the money-consumption ratio and the opportunity cost and a positive

(footnote continued)
economic interpretations. A reading of 0.2 for one of the opportunity cost variables plotted in the figures third column, for example, does not
correspond to an opportunity cost of 20 percent; it simply indicates that the opportunity cost is twice as large as it would be if its value was 0.1
instead.

12 Additional results, also shown in the appendix, employ four additional Divisia aggregates assembled by the CFS: M2M (M2 less time deposits),
ALL (M2 plus institutional money market mutual fund shares), M3 (M4 less repurchase agreements, commercial paper, and Treasury bills), and
M4M (labelled M4− by the CFS and equal to M4 less Treasury bills).
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relationship between velocity and the opportunity cost appears for the Divisia M2 and MZM aggregates. Meanwhile, the relationship
between Divisia money and its user cost looks weakest for the broadest aggregate, M4. This casual inspection of graphs, however,
cannot provide the same degree of precision as formal statistical results; hence, these are assembled next.

3.2. Econometric approach

Following Johansen and Juselius (1990), Ireland (2009), Judson et al. (2014), Benati et al. (2016), Anderson et al. (2017), and
many others, the theoretical money demand specifications (25), (26), and (28) are interpreted here as describing potential long-run
cointegrating relationships between two variables: either the log money-consumption ratio or consumption velocity as a measure of
the real demand for money relative to a scale variable on the one hand, and either the log or the level of the user cost of money on the
other. Taking this perspective requires that the two variables be generated by time series processes containing unit roots.

In Fig. 1, the money-consumption ratio and consumption velocity of all four Divisia aggregates display persistent, long-run
movements quite characteristic of nonstationary processes. Whether in logs or levels, however, the opportunity cost measures exhibit
substantial transitory variation as well as longer-run drift, making it difficult to discern, ex ante, whether they are best described as
stationary or nonstationary variables. Pesaran et al. (2001), however, describe tests for cointegration that can be applied in cases
precisely like this one, in which the regressors are of uncertain orders of integration.

The approach begins by assuming that the scaled monetary variable mt – either the log money-consumption ratio mln( )t
a or the

Fig. 2. Divisia Money Demand Relationships. Each scatterplot compares the indicated Divisia monetary aggregate, scaled by nominal personal
consumption expenditures, measured along the vertical axis, to the associated user cost aggregate, measured along the horizontal axis. The
Meltzer (1963) specification relates the log money-consumption ratio to the log of the user cost; the Cagan (1956) specification relates the log
money-consumption ratio to the level of the user cost; the Selden-Latané specification relates the consumption velocity of money to the level of the
user cost.
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consumption velocity of money vt
a – and the opportunity cost measure ut – either the log or the level of r rt t

a – follow a bivariate
vector autoregression of orderq (VAR(q)) in levels. In general, these variables may be stationary (integrated of order 0, or I(0)) or
non-stationary (integrated of order 1, or I(1)) and, in the latter case, cointegrated or not. This VAR(q) for the two variables implies a
single-equation conditional error-correction model for the first-differenced monetary variable =m m mt t t 1 of the form

= + + + + +
= =

m m u m u ,t m t u t
j

q

m j t j
j

q

u j t j t1 1
1

1

,
0

1

,
(29)

where =u u ut t t 1 is the first-differenced opportunity cost variable and the error term ɛt is serially uncorrelated. The identifying
assumptions, discussed by Pesaran et al. (2001, p.293) that allow (29) to be estimated by ordinary least squares are, first, that there is

Table 1
Cointegrating Money Demand Relationships

Meltzer Specification: =m r rln( ) ln( )t
a

t t
a

0 1
mln( )t

a : log money-consumption ratio
Sample Period: 1967:1 – 2019:1.

Divisia Aggregate PSS Statistics
q α0 α1 se(α1) F(ii) F(iii) t

M1 2A,S,H −4.49 1.04 0.46 10.94⁎⁎⁎ 16.30⁎⁎⁎ −2.25
3 −4.36 0.98 0.42 9.31⁎⁎⁎ 13.84⁎⁎⁎ −2.38
4 −4.34 0.97 0.44 7.19⁎⁎⁎ 10.63⁎⁎⁎ −2.24
5 −4.53 1.05 0.54 5.79⁎⁎⁎ 8.62⁎⁎⁎ −1.96

M2 2A,S,H −3.75 0.98 0.30 9.80⁎⁎⁎ 13.08⁎⁎⁎ −3.60⁎⁎

3 −3.67 0.93 0.28 8.48⁎⁎⁎ 11.42⁎⁎⁎ −3.73⁎⁎

4 −3.58 0.86 0.28 6.70⁎⁎⁎ 8.81⁎⁎⁎ −3.59⁎⁎

5 −3.74 0.97 0.32 5.56⁎⁎ 7.49⁎⁎ −3.25⁎⁎

MZM 2A,S,H −3.51 0.82 0.24 7.67⁎⁎⁎ 10.38⁎⁎⁎ −3.70⁎⁎

3 −3.48 0.80 0.22 7.42⁎⁎⁎ 10.11⁎⁎⁎ −3.88⁎⁎⁎

4 −3.32 0.68 0.24 5.06⁎⁎ 6.73⁎⁎ −3.46⁎⁎

5 −3.50 0.81 0.26 5.01⁎⁎ 6.81⁎⁎ −3.36⁎⁎

M4 2A,S,H −2.51 0.20 0.31 3.79⁎ 3.25 −2.49
3 −2.39 0.12 0.29 3.86⁎ 3.58 −2.66
4 −2.21 −0.02 0.30 3.53⁎ 3.45 −2.62
5 −2.35 0.07 0.35 2.97 2.69 −2.32

Notes: Superscripts A, S, and H indicate optimal lag lengths q chosen according to the Akaike, Schwarz, and Hannan-Quinn information criteria.
Superscripts *, **, and *** indicate that Pesaran et al. (2001) F or t-test rejects its null hypothesis of no cointegration at the 10, 5, or 1 percent
significance level.

Table 2
Cointegrating Money Demand Relationships

Cagan Specification: =m r rln( ) ( )t
a

t t
a

0 1
mln( )t

a : log money-consumption ratio
Sample Period: 1967:1 – 2019:1.

Divisia Aggregate PSS Statistics
q δ0 δ1 se(δ1) F(ii) F(iii) t

M1 2A,S,H −0.88 10.23 5.74 7.91⁎⁎⁎ 11.77⁎⁎⁎ −1.82
3 −1.08 8.54 4.46 6.31⁎⁎⁎ 9.37⁎⁎⁎ −2.01
4 −1.17 7.87 4.53 4.39⁎⁎ 6.47⁎⁎ −1.85
5 −1.03 8.89 5.92 3.62⁎ 5.39⁎ −1.58

M2 2S,H −1.37 3.73 1.10 10.86⁎⁎⁎ 14.48⁎⁎⁎ −3.69⁎⁎

3 −1.44 3.47 1.03 8.70⁎⁎⁎ 11.78⁎⁎⁎ −3.73⁎⁎

4 −1.51 3.23 1.02 7.06⁎⁎⁎ 9.31⁎⁎⁎ −3.61⁎⁎

5A −1.38 3.71 1.20 5.93⁎⁎⁎ 8.06⁎⁎⁎ −3.26⁎⁎

MZM 2S,H −1.55 3.08 0.87 8.69⁎⁎⁎ 11.74⁎⁎⁎ −3.77⁎⁎

3 −1.58 2.93 0.83 7.64⁎⁎⁎ 10.47⁎⁎⁎ −3.85⁎⁎⁎

4 −1.67 2.61 0.85 5.55⁎⁎ 7.42⁎⁎ −3.51⁎⁎

5A −1.54 3.13 0.95 5.59⁎⁎⁎ 7.67⁎⁎ −3.39⁎⁎

M4 2A,S,H −1.96 1.01 0.97 4.18⁎⁎ 3.66 −2.48
3 −2.00 0.82 0.91 4.13⁎ 3.94 −2.67
4 −2.12 0.41 0.91 3.64⁎ 3.50 −2.62
5 −2.03 0.78 1.08 3.21 2.93 −2.33

Notes: Superscripts A, S, and H indicate optimal lag lengths q chosen according to the Akaike, Schwarz, and Hannan-Quinn information criteria.
Superscripts *, **, and *** indicate that Pesaran et al. (2001) F or t-test rejects its null hypothesis of no cointegration at the 10, 5, or 1 percent
significance level.
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at most only one long-run relationship between the monetary variable mt and the user cost variable ut and, second, that in this
relationship, if it exists, the user cost is the “long-run forcing” variable, in the sense that movements in ut lead to adjustments in mt
and not vice versa.13 Of course, these assumptions are fully consistent with the interpretation of the long-run relationship as a money
demand function, in which households optimally adjust their holdings of the monetary aggregate relative to consumption or income
in response to changes in the user cost of money.

Under the null hypothesis of no cointegration between mt and ut, the coefficients ξm and ξu on their lagged levels in (28) should
both equal zero. Pesaran et al. (2001) develop a “bounds testing approach” according to which two sets of critical values are derived
for the F-statistics corresponding to the null hypotheses = = = 0m u and = = 0m u and the t-statistic corresponding to the null
hypothesis = 0m . If any of these test statistics exceeds the larger of its two critical values, one can reject the null hypothesis of no
cointegration; if any test statistic falls in between its two critical values, the test is inconclusive, requiring one to take a specific stand
on the stationarity or non-stationarity of the variables; and if any test statistic falls below the smaller of its two critical values, then
one cannot reject the null hypothesis of no cointegration. All of the test statistics have non-standard distributions; critical values are
shown in Pesaran et al. (2001, pp.300, 303) table CI(ii) and CI(iii) for the F-statistics and table CII(iii) for the t-statistic.

If these F and t-tests definitively reject their null hypothesis of no cointegration, the parameters of the cointegrating relationships
(25), (26), and (28) can be derived from (29), with the intercept equal to / m and the slope coefficient equal to ξu/ξm in the case of
the Meltzer (1963) or Cagan (1956) specification (25) or (26) and equal to /u m in the case of the Selden (1956)-Latané (1960)
specification (28). In all cases, standard errors for these cointegrating parameters can be obtained using the delta method, as de-
scribed by Bardsen (1989) and Pesaran and Shin (1999).

3.3. Estimates and test results

Tables 1–3 report estimates of the parameters of long-run money demand relationships of the forms proposed by Meltzer (1963),
Cagan (1956), and Selden (1956) and Latané (1960), obtained from the error-correction model (29) as described above. The tables
also report the standard errors for the estimated user-cost elasticity parameters, the F-statistics F(ii) and F(iii) for testing the null
hypotheses that = = = 0m u and = = 0m u , and the t-statistic for testing the null hypothesis that = 0m . For each money demand
specification and each level of monetary aggregation, the Schwarz (1978) and Hannan-Quinn (1979) information criteria point
invariably to the choice of =q 2 for the lag length in the error-correction model (29). The Akaike (1974) information criteria,
however, occasionally suggests a longer lag length; hence, to establish robustness, the tables present results obtained for all values of
q ranging from 2 through 5. When either of the F-statistics or the t-statistic exceeds the larger of the two critical values derived by
Pesaran et al. (2001), allowing the null hypothesis of no cointegration to be definitively rejected as described above, the subscripts *,
**, and *** are used to denote rejections at the 10, 5, and 1 percent significance levels.

Table 3
Cointegrating Money Demand Relationships

Selden-Latané Specification: = +v r r( )t
a

t t
a

0 1
vt

a: consumption velocity
Sample Period: 1967:1 – 2019:1.

Divisia Aggregate PSS Statistics
q γ0 γ1 se(γ1) F(ii) F(iii) t

M1 2A,S,H −1.46 81.13 58.08 6.12⁎⁎⁎ 9.13⁎⁎⁎ −1.42
3 0.29 66.06 43.93 4.77⁎⁎ 7.11⁎⁎ −1.58
4 0.22 67.50 49.95 3.81⁎ 5.65⁎ −1.42
5 −0.78 75.42 62.27 3.45 5.14⁎ −1.27

M2 2A,S,H 0.83 36.47 16.08 6.31⁎⁎⁎ 8.65⁎⁎⁎ −2.45
3 1.29 34.46 15.10 5.40⁎⁎ 7.47⁎⁎ −2.53
4 1.82 33.04 15.38 4.42⁎⁎ 5.95⁎⁎ −2.43
5 0.46 38.09 17.84 4.31⁎⁎ 5.95⁎⁎ −2.32

MZM 2A,S,H 2.24 31.37 13.06 4.96⁎⁎ 6.93⁎⁎ −2.52
3 2.59 29.80 12.29 4.51⁎⁎ 6.35⁎⁎ −2.62
4 3.43 26.88 12.68 3.27 4.50 −2.41
5 1.90 32.73 14.41 3.78⁎ 5.32⁎ −2.41

M4 2A,S,H 7.73 5.90 8.36 2.87 2.40 −2.03
3 7.97 4.53 7.91 2.79 2.56 −2.16
4 8.80 1.58 7.84 2.55 2.37 −2.16
5 8.20 4.22 9.10 2.41 2.09 −1.97

Notes: Superscripts A, S, and H indicate optimal lag lengths q chosen according to the Akaike, Schwarz, and Hannan-Quinn information criteria.
Superscripts *, **, and *** indicate that Pesaran et al. (2001) F or t-test rejects its null hypothesis of no cointegration at the 10, 5, or 1 percent
significance level.

13 As Pesaran, Shin, and Smith (2001, p.293) also emphasize, these assumptions do not preclude the possibility that changes in the monetary
variable help forecast changes in the user cost.
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Starting with Table 1, describing results when the long-run money demand function is given by Meltzer's (1963) specification
(25), the cointegration tests yield mixed results for Divisia M1, with the F-tests providing evidence of a long-run relationship but the t-
tests unable to reject their null of no cointegration.14 Consistent with the visual impressions from Fig. 2, however, both tests provide
strong statistical evidence supporting the existence of a cointegrating money demand relationship that links both Divisia M2 and
MZM to their opportunity costs. Moreover, for both of these aggregates, the estimates of the user cost elasticity parameter α1 take the
expected, positive sign and differ significantly from zero. The elasticity estimates range from 0.86 to 0.98 for M2 and from 0.68 to
0.82 for MZM depending on the setting for the lag length parameter q.

Also as suggested by the visual impressions provided by Fig. 2, statistical evidence for a cointegrating money demand relationship
of the Meltzer form weakens for the broad Divisia aggregate, M4. The tests typically fail to reject their null of no cointegration for M4
and estimates of the elasticity parameter α1 appear to be statistically insignificant. Overall, the results in Table 1 indicate the Divisia
aggregates M2 and MZM correspond most closely to the monetary aggregate that, in the theory presented earlier, provides house-
holds with liquidity services.

Table 2 repeats the analysis, with similar results, for the Cagan (1956) specification (26). Again, the F and t tests provide only
mixed evidence of cointegration for M1, but much stronger evidence for M2 and MZM. Once more, for both cases where the tests
uniformly and strongly point to the existence of cointegrating money demand relationship, the estimates of the semi-elasticity
parameter δ1 take the expected, positive sign and are statistically significant. And, as with the estimates of the elasticity α1 from the
Meltzer specification, the estimates of δ1 shown in Table 2 decline from a range between 3.23 to 3.73 for M2 to one between 2.61 and
3.13 for MZM. Finally, like Table 1, Table 2 indicates that the tests provide little evidence against their null hypothesis of no
cointegration for the broad Divisia measure, M4.

Finally, Table 3 shows distinct signs of less satisfactory performance for Selden (1956) and Latané’s (1960) money-demand
specification (28). In this case, while the F-tests often reject their null for M1, M2, and MZM, for none of the four aggregates are the
results from the t-test indicative of a cointegrating money demand relation taking this particular form.15

Christ (1993) argues that the most persuasive evidence supporting any econometric model comes from its ability to fit data that
were generated after the specification was initially formulated.16 He suggests (p.73), “that what we economists should do is formulate
our models, then go fishing for 50 years and let new data accumulate, and finally come back and confront our models with the new
data.” More than 50 years ago, in fact, Meltzer (1963) estimated a money demand specification of the form shown here in (25). With
annual data, 1900–1958, he obtained (p.225, Eq. (3′)) an estimate of −0.50 for the interest elasticity of the demand for M2 less
liabilities held by thrift institutions. In addition to using the stock of wealth as opposed to a flow of spending or income as his scale
variable, Meltzer used the adjusted measure of simple-sum M2 aggregate together with a long-term corporate bond rate to measure its
opportunity cost. If one interprets these measures as error-ridden, relative to the Divisia M2 aggregate and its associated user cost,
one would expect the resulting elasticity estimates to be biased towards zero. And, indeed, the elasticity estimates obtained here,
from the same model but different data, are larger in magnitude: close to, but still slightly below, one in absolute value. Alternatively,
one can accept that institutional changes within the United States financial system have led to changes in the interest elasticity of
money demand over time, even as the general money demand specification proposed originally by Meltzer (1963) continues to fit the
data well, without the need for any additional explanatory or dummy variables.

Although the results from Table 3 indicate that the Selden-Latané specification (28) fails to describe how the demand for any of
the Divisia monetary aggregates varies in the long run as its opportunity cost changes, those from Tables 1 and 2 provide evidence
that the Meltzer and Cagan specifications (25) and (26) perform equally well in capturing a stable cointegrating relationship for
Divisia M2 or MZM demand. As noted by Friedman and Schwartz (1982, p. 265) and by Lucas (2000), differences between the
double-log money demand model proposed by Meltzer (1963) and the semi-log specification from Cagan (1956) appear mainly when
the opportunity cost of the relevant monetary aggregate reaches very low levels: the double-log equation implies that real balances
explode, whereas the semi-log equation predicts that they will reach a finite satiation point, as the opportunity cost approaches zero.
Ireland (2009) exploits these differing implications to argue in favor of Cagan's model as a description of simple-sum M1 demand,
based on the observation that real M1 balances grew only modestly as short-term United States Treasury bill rates fell to levels near
zero during and after the 2001 recession.

The theory developed here, however, makes clear that the relevant opportunity cost measure on which the demand for a Divisia
aggregate depends is the associated user cost dual, which is determined by the spread between an illiquid benchmark asset and the
own rate of return offered by the monetary assets included in the Divisia quantity aggregate itself. As noted above, in both theory and
practice, the benchmark rate corresponds not to the short-term Treasury bill rate but interest rates on much less liquid bonds and
bank loans. Hence, as shown in the third column of Fig. 1, although the user costs of all the Divisia aggregates declined in the
aftermath of the financial crisis and Great Recession of 2007–2009, all remained well above zero, making it more difficult to

14 These mixed results for Divisia M1 appear even when the sample is truncated at 2007:4. Thus, the sharp upward trend in the ratio of Divisia M1
to consumption during and after the financial crisis and Great Recession shown in table 1 cannot account, by itself, for the absence of a stronger
statistical relationship between Divisia M1 and its user cost over the full sample period.

15 Tables in the appendix show that results using the Divisia M2M aggregate resemble those shown in tables 1-3 for Divisia M2, while results using
Divisia ALL, M3, and M4M lie in between those shown in tables 1-3 for Divisia MZM and M4, becoming progressively less like MZM and more like
M4 as the assets included in the Divisia aggregate broaden. Tables in the appendix also confirm that all these results continue to hold when income
as measured by nominal GDP replaces consumption as the scale variable in each of the hypothesized money demand functions.

16 Lucas (1988) makes a similar point, with direct reference to Meltzer's (1963) model of money demand.
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distinguish, statistically, between the double-log and semi-log money demand models.17

On the other hand, this observation that the Divisia monetary user costs remained strictly positive even during the period from
2008 through 2015 when the Federal Reserve's federal funds rate target was constrained by its zero lower bound provides support for
Laidler's (2004) critique of popular analyses associating this episode of very low short-term rates with the Keynesian liquidity trap.
Laidler notes, in particular, that Keynes’ (1936) concept of the “liquidity trap” was not given that name until it was discussed further
by Robertson (1940) and that, moreover, both Keynes and Robertson appear to have in mind a situation in which the demand for
money becomes infinitely elastic below some critical level of the long-term interest rate. Thus, despite very low short-term rates
observed during the Great Depression, Keynes (1936, p. 207) expressed the view that “whilst this limiting case might become
practically important in future, I know of no example of it hitherto.”

Likewise, looking forward from today, nothing rules out the possibility of an episode of deflationary stagnation that becomes so
severe and persistent that even the long-term interest rate used to define the benchmark return for Divisia monetary aggregates falls
all the way to zero. If, in this case, the demand for Divisia money appears to be described by Meltzer's (1963) double-log specification,
something more akin to the Keynesian liquidity trap might arise, in which the demand for Divisia money becomes unboundedly large,
weakening or even severing the Federal Reserve's control over the aggregate price level. The results presented here, however, indicate
clearly that, regardless of whether it is described by a function of the double-log or semi-log form, Divisia money demand remained
well-behaved during both periods of exceptionally low short-term interest rates following the recessions of 2001 and 2007–2009.
From the behavior of Divisia money demand, therefore, it does not appear that the economy entered or threatened to enter a
Keynesian liquidity trap during either of these episodes. To the contrary, the continued stability of Divisia M2 and MZM demand
specifications suggests that the Federal Reserve could have supplemented its “unconventional” policies of forward interest rate
guidance and large-scale asset purchases with a targeting scheme for either Divisia monetary aggregate that would have helped
stabilize inflation, even at the zero lower bound for the federal funds rate.18

The results presented here, by pointing to the existence of stable money demand relationships for Divisia M2 and MZM but not
Divisia M4, might appear at first glance to contradict those derived by Barnett (2016), Dery and Serletis (2018), Keating et al. (2019),
and Jadidzadeh and Serletis (2019), which favor the use of the broadest Divisia aggregates instead. The empirical models developed
here, however, focus exclusively on consumers’ choices of liquid asset holdings; viewed from that perspective, it is less surprising that
the implied statistical relationships hold most closely for the narrower aggregates that include currency, checking, and savings
deposits. Future research could fruitfully extend the analysis here along the lines first suggested by Barnett (1987), by modeling the
behavior of manufacturing and financial firms as well, to account more fully for the demand for the additional money market
instruments, including negotiable certificates of deposit, repurchase agreements, commercial paper, and Treasury bills, that are
included in the broader Divisia aggregates. Such an extension might work not only to reconcile results presented here with those of
Dery and Serletis (2018) and Keating et al. (2019), which provide evidence of strong statistical links between the cyclical behavior of
Divisia M4, aggregate output, and inflation, but also to pave the way for the development of new dynamic, stochastic, general
equilibrium models that illuminate a range of channels through which monetary policy actions affect the economy by first generating
changes in the Divisia aggregates.

4. Conclusions and implications

The economic theory presented here suggests that, if stable long-run money demand relationships exist, they will most likely serve
to link the demand for a Divisia monetary aggregate to its user cost dual. The accompanying statistical results show, in fact, that
relations of precisely this form appear in quarterly United States data for the Divisia M2 and MZM aggregates. The identification of
stable money demand functions when estimated with Divisia quantity data and their user cost duals is consistent with the idea that
instability reported since the early 1990s may be more closely associated with measurement error than shifts in the underlying
economic relationships themselves.

Importantly, the data used to estimate these stable demand relationships for Divisia money include observations from periods
before, during, and since the financial crisis and Great Recession of 2007–2009 and the extended period of zero short-term interest
rates that followed. Thus, these results complement those presented earlier by Belongia and Ireland (2015b, 2016, 2017, 2018) and
Keating et al. (2019), which show that information in the Divisia monetary aggregates can be useful in gauging the stance of
monetary policy and estimating the effects that monetary policy has on output and inflation. Indeed, when traditional interest rate
policies are constrained during exceptional periods by the zero lower bound, the existence of a stable demand for money function
offers an alternative approach to monetary policy based on targeting a path for the quantity of money. Moreover, even during more
normal periods of positive interest rates, the existence of stable demand functions for Divisia M2 and MZM indicates the price level or
inflation rate could be stabilized by controlling the behavior of either aggregate. After years of neglect, the existence of a stable
demand for money function motivates a reconsideration of quantity-theoretic approaches to monetary policymaking.

17 See Valcarcel (2018) for a detailed statistical analysis of the relationships between the federal funds rate and Divisia user costs at various levels
of aggregation before and during the financial crisis and Great Recession.

18 Belongia and Ireland (2018, 2019) present simulation results from both a structural VAR and a dynamic, stochastic, general equilibrium New
Keynesian model to argue that the recovery from the 2007-2009 downturn would have been stronger and more rapid had the Fed pursued a policy of
targeting constant money growth once the funds rate reached its zero lower bound.
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Appendix

This appendix includes additional tables and graphs illustrating the robustness of the benchmark results to changes in the level of
Divisia monetary aggregation and the choice of scale variable in the estimated money demand relationships.

Tables A1–A6.

Table A1
Cointegrating Money Demand Relationships

Meltzer Specification: =m r rln( ) ln( )t
a

t t
a

0 1
mln( )t

a : log money-consumption ratio
Sample Period: 1967:1 – 2019:1.

Divisia Aggregate PSS Statistics
q α0 α1 se(α1) F(ii) F(iii) t

M2M 2A,S,H −3.89 1.07 0.23 13.27⁎⁎⁎ 19.25⁎⁎⁎ −4.28⁎⁎⁎

3 −3.86 1.04 0.22 11.48⁎⁎⁎ 16.68⁎⁎⁎ −4.41⁎⁎⁎

4 −3.80 0.99 0.23 7.89⁎⁎⁎ 11.33⁎⁎⁎ −3.99⁎⁎⁎

5 −3.92 1.08 0.25 6.61⁎⁎⁎ 9.61⁎⁎⁎ −3.66⁎⁎

ALL 2A,S,H −3.22 0.61 0.29 5.34⁎⁎ 6.06⁎⁎ −3.07⁎

3 −3.14 0.56 0.28 5.21⁎⁎ 6.10⁎⁎ −3.23⁎⁎

4 −2.98 0.44 0.28 4.35⁎⁎ 4.95⁎ −3.08⁎

5 −3.20 0.59 0.32 4.07⁎ 4.70 −2.89
M3 2S,H −3.06 0.53 0.33 5.27⁎⁎ 4.98⁎ −2.84

3A −2.83 0.37 0.31 4.46⁎⁎ 4.44 −2.88
4 −2.58 0.19 0.33 3.60⁎ 3.71 −2.72
5 −2.72 0.29 0.40 2.67 2.72 −2.31

M4M 2S,H −2.88 0.42 0.33 5.06⁎⁎ 4.20 −2.66
3 −2.67 0.27 0.31 4.38⁎⁎ 3.97 −2.75
4A −2.39 0.08 0.33 3.46 3.41 −2.61
5 −2.55 0.19 0.39 2.65 2.52 −2.23

Notes: Superscripts A, S, and H indicate optimal lag lengths q chosen according to the Akaike, Schwarz, and Hannan-Quinn information criteria.
Superscripts *, **, and *** indicate that Pesaran et al. (2001) F or t-test rejects its null hypothesis of no cointegration at the 10, 5, or 1 percent
significance level.

Table A2
Cointegrating Money Demand Relationships

Cagan Specification: =m r rln( ) ( )t
a

t t
a

0 1
mln( )t

a : log money-consumption ratio
Sample Period: 1967:1 – 2019:1.

Divisia Aggregate PSS Statistics
q δ0 δ1 se(δ1) F(ii) F(iii) t

M2M 2S,H −1.24 4.28 0.96 13.90⁎⁎⁎ 20.08⁎⁎⁎ −4.22⁎⁎⁎

3 −1.30 4.05 0.93 10.04⁎⁎⁎ 14.54⁎⁎⁎ −4.10⁎⁎⁎

4A −1.36 3.84 0.97 6.98⁎⁎⁎ 9.98⁎⁎⁎ −3.70⁎⁎

5 −1.27 4.19 1.14 5.50⁎⁎ 7.97⁎⁎⁎ −3.28⁎⁎

ALL 2S,H −1.74 2.34 1.02 6.05⁎⁎⁎ 6.96⁎⁎ −3.13⁎

3 −1.77 2.18 0.96 5.66⁎⁎⁎ 6.81⁎⁎ −3.27⁎⁎

4 −1.88 1.83 0.96 4.84⁎⁎ 5.60⁎ −3.16⁎

5A −1.72 2.45 1.11 4.73⁎⁎ 5.66⁎ −2.99⁎

M3 2S,H −1.79 2.07 1.12 6.00⁎⁎⁎ 5.84⁎⁎ −2.87
3A −1.89 1.61 1.05 4.84⁎⁎ 5.03⁎ −2.91⁎

4 −2.03 1.07 1.06 3.82⁎ 3.99 −2.76
5 −1.91 1.53 1.33 2.92 3.10 −2.34

M4M 2A,S,H −1.86 1.72 1.11 5.69⁎⁎⁎ 4.94⁎ −2.66
3 −1.94 1.33 1.03 4.75⁎⁎ 4.54 −2.76
4 −2.09 0.73 1.03 3.59⁎ 3.56 −2.62
5A −1.97 1.22 1.29 2.87 2.84 −2.24

Notes: Superscripts A, S, and H indicate optimal lag lengths q chosen according to the Akaike, Schwarz, and Hannan-Quinn information criteria.
Superscripts *, **, and *** indicate that Pesaran et al. (2001) F or t-test rejects its null hypothesis of no cointegration at the 10, 5, or 1 percent
significance level.
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Table A3
Cointegrating Money Demand Relationships

Selden-Latané Specification: = +v r r( )t
a

t t
a

0 1
vt

a: consumption velocity
Sample Period: 1967:1 – 2019:1.

Divisia Aggregate PSS Statistics
q γ0 γ1 se(γ1) F(ii) F(iii) t

M2M 2A,S,H −1.55 46.56 16.38 8.70⁎⁎⁎ 12.79⁎⁎⁎ −2.72
3 −0.76 43.30 15.61 6.36⁎⁎⁎ 9.36⁎⁎⁎ −2.69
4 −0.48 42.59 16.83 4.73⁎⁎ 6.88⁎⁎ −2.46
5 −1.43 46.16 18.91 4.35⁎⁎ 6.39⁎⁎ −2.34

ALL 2A,S,H 5.63 18.35 11.88 3.11 3.62 −2.22
3 5.52 18.36 11.43 3.23 3.93 −2.36
4 6.54 15.03 11.39 2.73 3.14 −2.28
5 4.87 21.43 13.29 3.10 3.69 −2.24

M3 2S,H 6.36 14.71 11.34 3.68⁎ 3.38 −2.16
3A 7.16 10.97 10.52 3.01 2.98 −2.22
4 8.35 6.38 10.34 2.48 2.49 −2.17
5 7.43 9.89 12.26 2.18 2.21 −1.97

M4M 2S,H 6.97 11.76 10.76 3.77⁎ 2.94 −2.03
3A 7.59 8.49 9.82 3.12 2.72 −2.13
4 8.73 3.72 9.42 2.48 2.32 −2.11
5 7.87 7.28 11.25 2.22 2.05 −1.90

Notes: Superscripts A, S, and H indicate optimal lag lengths q chosen according to the Akaike, Schwarz, and Hannan-Quinn information criteria.
Superscripts *, **, and *** indicate that Pesaran et al. (2001) F or t-test rejects its null hypothesis of no cointegration at the 10, 5, or 1 percent
significance level.

Table A4
Cointegrating Money Demand Relationships

Meltzer Specification: =m r rln( ) ln( )t
a

t t
a

0 1
mln( )t

a : log money-output ratio
Sample Period: 1967:1 – 2019:1.

Divisia Aggregate PSS Statistics
q α0 α1 se(α1) F(ii) F(iii) t

M1 2A,S,H −4.59 0.91 0.36 11.47⁎⁎⁎ 17.19⁎⁎⁎ −2.37
3 −4.61 0.92 0.37 9.44⁎⁎⁎ 14.15⁎⁎⁎ −2.32
4 −4.53 0.88 0.39 6.66⁎⁎⁎ 9.97⁎⁎⁎ −2.15
5 −4.63 0.93 0.43 5.89⁎⁎⁎ 8.84⁎⁎⁎ −2.02

M2M 2A,S,H −4.17 0.98 0.21 12.88⁎⁎⁎ 18.94⁎⁎⁎ −4.16⁎⁎⁎

3 −4.18 0.99 0.21 10.66⁎⁎⁎ 15.69⁎⁎⁎ −4.11⁎⁎⁎

4 −4.11 0.94 0.23 6.54⁎⁎⁎ 9.57⁎⁎⁎ −3.56⁎⁎

5 −4.20 1.00 0.25 5.80⁎⁎⁎ 8.55⁎⁎⁎ −3.36⁎⁎

M2 2A,S,H −4.02 0.90 0.27 9.66⁎⁎⁎ 13.28⁎⁎⁎ −3.51⁎⁎

3 −3.99 0.88 0.27 7.93⁎⁎⁎ 10.94⁎⁎⁎ −3.48⁎⁎

4 −3.88 0.80 0.27 5.53⁎⁎ 7.51⁎⁎ −3.22⁎⁎

5 −4.00 0.88 0.30 4.89⁎⁎ 6.79⁎⁎ −3.01⁎

MZM 2A,S,H −3.84 0.77 0.21 7.42⁎⁎⁎ 10.36⁎⁎⁎ −3.63⁎⁎

3 −3.84 0.77 0.21 6.51⁎⁎⁎ 9.10⁎⁎⁎ −3.59⁎⁎

4 −3.69 0.66 0.23 4.08⁎ 5.61⁎ −3.11⁎

5 −3.81 0.75 0.25 4.01⁎ 5.61⁎ −3.03⁎

ALL 2A,S,H −3.58 0.59 0.26 5.27⁎⁎ 6.34⁎⁎ −3.06⁎

3 −3.52 0.55 0.26 4.56⁎⁎ 5.52⁎ −3.01⁎

4 −3.35 0.43 0.27 3.48 4.13 −2.80
5 −3.49 0.53 0.29 3.26 3.96 −2.66

M3 2A,S,H −3.38 0.49 0.28 4.96⁎⁎ 4.99⁎ −2.81
3 −3.23 0.38 0.28 3.94⁎ 4.02 −2.70
4 −3.00 0.21 0.30 2.98 3.17 −2.51
5 −3.06 0.26 0.35 2.31 2.51 −2.23

(continued on next page)
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Table A5
Cointegrating Money Demand Relationships

Cagan Specification: =m r rln( ) ( )t
a

t t
a

0 1
mln( )t

a : log money-output ratio
Sample Period: 1967:1 – 2019:1 .

Divisia Aggregate PSS Statistics
q α0 α1 se(α1) F(ii) F(iii) t

M1 2A,S,H −1.34 9.63 5.34 7.54⁎⁎⁎ 11.30⁎⁎⁎ −1.73
3 −1.52 8.10 4.21 5.64⁎⁎⁎ 8.45⁎⁎⁎ −1.87
4 −1.58 7.71 4.53 3.83⁎ 5.73⁎⁎ −1.68
5 −1.52 8.06 5.05 3.45 5.18⁎ −1.58

M2M 2A,S,H −1.71 4.01 0.91 13.46⁎⁎⁎ 19.70⁎⁎⁎ −4.02⁎⁎⁎

3 −1.75 3.86 0.94 8.78⁎⁎⁎ 12.88⁎⁎⁎ −3.70⁎⁎

4 −1.80 3.70 1.01 5.83⁎⁎⁎ 8.48⁎⁎⁎ −3.28⁎⁎

5 −1.74 3.89 1.16 4.45⁎⁎ 6.54⁎⁎ −2.91⁎

M2 2A,S,H −1.85 3.39 1.00 10.65⁎⁎⁎ 14.54⁎⁎⁎ −3.57⁎⁎

3 −1.89 3.24 0.99 7.89⁎⁎⁎ 10.92⁎⁎⁎ −3.44⁎⁎

4 −1.95 3.03 1.01 5.90⁎⁎⁎ 8.00⁎⁎⁎ −3.23⁎⁎

5 −1.86 3.35 1.17 4.97⁎⁎ 6.92⁎⁎ −2.95⁎

MZM 2A,S,H −2.00 2.87 0.79 8.38⁎⁎⁎ 11.60⁎⁎⁎ −3.67⁎⁎

3 −2.02 2.78 0.81 6.48⁎⁎⁎ 9.07⁎⁎⁎ −3.50⁎⁎

4 −2.10 2.50 0.85 4.51⁎⁎ 6.19⁎⁎ −3.15⁎

5 −2.01 2.84 0.95 4.24⁎⁎ 5.95⁎⁎ −2.99⁎

ALL 2A,S,H −2.18 2.18 0.89 5.99⁎⁎⁎ 7.19⁎⁎ −3.12⁎

3 −2.20 2.06 0.90 4.91⁎⁎ 6.08⁎⁎ −3.03⁎

4 −2.30 1.73 0.91 3.91⁎ 4.71⁎ −2.87
5 −2.19 2.13 1.04 3.69⁎ 4.58 −2.70

M3 2A,S,H −2.23 1.85 0.95 5.75⁎⁎⁎ 5.84⁎⁎ −2.84
3 −2.29 1.56 0.95 4.38⁎⁎ 4.65 −2.73
4 −2.43 1.04 0.97 3.21 3.44 −2.55
5 −2.37 1.24 1.15 2.45 2.74 −2.23

M4M 2A,S,H −2.32 1.39 0.91 5.00⁎⁎ 4.51 −2.61
3 −2.36 1.19 0.90 4.09⁎ 3.97 −2.57
4 −2.49 0.67 0.91 3.03 3.08 −2.44
5 −2.42 0.93 1.07 2.41 2.55 −2.17

M4 2A,S,H −2.41 0.77 0.79 3.45 3.26 −2.42
3 −2.42 0.70 0.79 3.24 3.25 −2.46
4 −2.56 0.22 0.80 2.71 2.83 −2.38
5 −2.47 0.57 0.92 2.38 2.43 −2.17

Notes: Superscripts A, S, and H indicate optimal lag lengths q chosen according to the Akaike, Schwarz, and Hannan-Quinn information criteria.
Superscripts *, **, and *** indicate that Pesaran et al. (2001) F or t-test rejects its null hypothesis of no cointegration at the 10, 5, or 1 percent
significance level.

Table A4 (continued)

Divisia Aggregate PSS Statistics
q α0 α1 se(α1) F(ii) F(iii) t

M4M 2A,S,H −3.16 0.34 0.27 4.38⁎⁎ 3.88 −2.59
3 −3.03 0.25 0.27 3.70⁎ 3.42 −2.55
4 −2.80 0.09 0.29 2.89 2.94 −2.42
5 −2.88 0.16 0.33 2.29 2.36 −2.17

M4 2A,S,H −2.85 0.17 0.25 3.16 2.98 −2.41
3 −2.77 0.11 0.26 3.01 2.96 −2.43
4 −2.56 −0.05 0.28 2.69 2.89 −2.36
5 −2.68 0.04 0.31 2.27 2.33 −2.16

Notes: Superscripts A, S, and H indicate optimal lag lengths q chosen according to the Akaike, Schwarz, and Hannan-Quinn information criteria.
Superscripts *, **, and *** indicate that Pesaran et al. (2001) F or t-test rejects its null hypothesis of no cointegration at the 10, 5, or 1 percent
significance level.
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Table A6
Cointegrating Money Demand Relationships

Selden-Latané Specification: = +v r r( )t
a

t t
a

0 1
vt

a: income velocity
Sample Period: 1967:1 – 2019:1.

Divisia Aggregate PSS Statistics
q α0 α1 se(α1) F(ii) F(iii) t

M1 2S,H −0.69 108.82 66.28 6.43⁎⁎⁎ 9.64⁎⁎⁎ −1.57
3 1.98 86.04 48.12 4.63⁎⁎ 6.94⁎⁎ −1.76
4A 1.97 86.97 55.91 3.40 5.09⁎ −1.53
5 1.00 93.93 62.00 3.51⁎ 5.26⁎ −1.49

M2M 2A,S,H −1.45 66.56 21.62 9.21⁎⁎⁎ 13.65⁎⁎⁎ −2.81
3 −0.10 61.04 21.34 5.78⁎⁎⁎ 8.58⁎⁎⁎ −2.64
4 0.28 60.01 23.48 4.11⁎ 6.06⁎⁎ −2.36
5 −0.94 64.36 25.14 4.10⁎ 6.09⁎⁎ −2.34

M2 2A,S,H 1.84 51.92 21.28 6.54⁎⁎⁎ 9.19⁎⁎⁎ −2.51
3 2.82 47.84 20.69 4.77⁎⁎ 6.75⁎⁎ −2.44
4 3.64 45.37 21.40 3.65⁎ 5.06⁎ −2.29
5 1.78 51.97 24.13 3.80⁎ 5.39⁎ −2.25

MZM 2A,S,H 3.36 47.26 17.71 5.37⁎⁎ 7.68⁎⁎ −2.60
3 4.24 43.52 17.33 4.02⁎ 5.79⁎⁎ −2.53
4 5.52 39.05 18.01 2.79 3.95 −2.30
5 3.54 46.32 19.80 3.31 4.77 −2.34

ALL 2A,S,H 7.89 29.20 16.06 3.33 4.12 −2.29
3 8.39 26.77 15.89 2.81 3.59 −2.28
4 9.81 21.98 15.95 2.28 2.80 −2.18
5 7.66 29.82 18.20 2.56 3.26 −2.15

M3 2S,H 9.08 22.53 15.03 3.61⁎ 3.67 −2.21
3A 10.25 17.49 14.55 2.71 2.89 −2.16
4 12.10 10.42 14.24 2.12 2.30 −2.09
5 10.82 14.81 16.25 1.92 2.17 −1.96

M4M 2S,H 10.52 15.67 13.29 3.32 2.92 −2.08
3 11.07 12.80 12.94 2.74 2.64 −2.10
4A 12.75 6.05 12.43 2.16 2.21 −2.07
5 11.40 10.80 14.27 1.99 2.11 −1.94

M4 2A,S,H 11.52 8.13 10.44 2.48 2.36 −2.06
3 11.63 7.27 10.42 2.34 2.40 −2.11
4 13.32 1.15 10.39 2.04 2.19 −2.09
5 11.86 6.52 11.76 1.94 2.01 −1.95

Notes: Superscripts A, S, and H indicate optimal lag lengths q chosen according to the Akaike, Schwarz, and Hannan-Quinn information criteria.
Superscripts *, **, and *** indicate that Pesaran et al. (2001) F or t-test rejects its null hypothesis of no cointegration at the 10, 5, or 1 percent
significance level.
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Figs. A1–A6.

Fig. A1. Divisia Monetary Data. The log money-consumption ratio in column one and consumption velocity in column four are computed using
nominal personal consumption expenditures as the scale variable.
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Fig. A2. Divisia Money Demand Relationships. Each scatterplot compares the indicated Divisia monetary aggregate, scaled by nominal personal
consumption expenditures, measured along the vertical axis, to the associated user cost aggregate, measured along the horizontal axis. The
Meltzer (1963) specification relates the log money-consumption ratio to the log of the user cost; the Cagan (1956) specification relates the log
money-consumption ratio to the level of the user cost; the Selden-Latané specification relates the consumption velocity of money to the level of the
user cost.
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Fig. A3. Divisia Monetary Data. The log money-output ratio in column one and income velocity in column four are computed using nominal GDP as
the scale variable.

Fig. A4. Divisia Monetary Data. The log money-output ratio in column one and income velocity in column four are computed using nominal GDP as
the scale variable.
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Fig. A5. Divisia Money Demand Relationships. Each scatterplot compares the indicated Divisia monetary aggregate, scaled by nominal GDP,
measured along the vertical axis, to the associated user cost aggregate, measured along the horizontal axis. The Meltzer (1963) specification relates
the log money-output ratio to the log of the user cost; the Cagan (1956) specification relates the log money-output ratio to the level of the user cost;
the Selden-Latané specification relates the income velocity of money to the level of the user cost.
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