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MPT and the CAPM

The Capital Asset Pricing Model is an asset pricing model.

But it's implications are typically stated in terms of expected
returns.

Before we begin to derive the CAPM, it will be helpful to see
that for any risky asset, the expected future return and the
current price are inversely related.



MPT and the CAPM

Ct+1 = random future cash flow
P# = asset price today
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MPT and the CAPM
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Given E(CN}H), the expected future return E(F;,1) and the
asset price today P2 are inversely related.



MPT and the CAPM

The Capital Asset Pricing Model builds directly on Modern
Portfolio Theory.

It was developed in the mid-1960s by William Sharpe (US,
b.1934, Nobel Prize 1990), John Lintner (US, 1916-1983), and
Jan Mossin (Norway, 1936-1987).



MPT and the CAPM
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MPT and the CAPM

But whereas Modern Portfolio Theory is a theory describing
the demand for financial assets, the Capital Asset Pricing
Model is a theory describing equilibrium in financial markets.

By making an additional assumption — namely, that supply
equals demand in financial markets — the CAPM vyields
additional implications about the pricing of financial assets and
risky cash flows.



MPT and the CAPM

Like MPT, the CAPM assumes that investors have
mean-variance utility and hence that either investors have
quadratic Bernoulli utility functions or that the random returns
on risky assets are normally distributed.

Thus, some of the same caveats that apply to MPT also apply
to the CAPM.

That's why people say, “you can't use the CAPM to price
options.”



MPT and the CAPM

The traditional CAPM also assumes that there is a risk free
asset as well as a potentially large collection of risky assets.

Under these circumstances, as we've seen, all investors will
hold some combination of the riskless asset and the tangency
portfolio: the efficient portfolio of risky assets with the highest
Sharpe ratio.



MPT and the CAPM

But the CAPM goes further than the MPT by imposing an
equilibrium condition.

Because there is no demand for risky financial assets except to
the extent that they comprise the tangency portfolio, and
because, in equilibrium, the supply of financial assets must
equal demand, the market portfolio consisting of all existing
financial assets must coincide with the tangency portfolio.

In equilibrium, that is, “everyone” must “own the market.”



MPT and the CAPM

In equilibrium, that is, “everyone” must “own the market.”

But why? What happens if not enough people want to “own
the market.”

”

Asset prices must adjust so that “everyone owns the market.

This logic turns the MPT — a theory of asset demand — into
the CAPM — an asset pricing model.



Deriving the CAPM

a

In the CAPM, equilibrium in financial markets requires the
demand for risky assets — the tangency portfolio — to coincide
with the supply of financial assets — the market portfolio.



Deriving the CAPM

T=M

a

The CAPM's first implications are immediate: the market
portfolio lies on the efficient frontier and is the portfolio with
the highest Sharpe ratio.



Deriving the CAPM

T=M

a

The line originating at (0, rr) and running through
(om, E(Fv)) is called the capital market line (CML).



Deriving the CAPM

a

Hence, it also follows that all individually optimal portfolios
are located along the CML and are formed as combinations of
the risk free asset and the market portfolio.



Deriving the CAPM

Recall that the trade-off between the standard deviation and
expected return of any portfolio combining the riskless asset
and the tangency portfolio is described by the linear
relationship

E(Fr) — ff} o

E(Pp) = r + { o

Since the CAPM implies that the tangency and market
portfolios coincide, the formula for the Capital Market Line is

likewise .
E(rM) — rf:|
—— | op.

E(Pp) = re + { o



Deriving the CAPM

And since all individually optimal portfolios are located along
the CML, the equation

E(Pp) = re + {M} op.

oM
implies that the market portfolio’s Sharpe ratio
E(FM) — Ir
Om

measures the equilibrium price of risk: the expected return
that each investor gives up when he or she adjusts his or her
total portfolio to reduce risk.



Deriving the CAPM

Next, let's consider an arbitrary asset — “asset j" — with
random return 7;, expected return E(#;), and standard
deviation ;.

MPT would take E(7) and o; as “data” — that is, as given.

The CAPM again goes further and asks: if asset j is to be
demanded by investors with mean-variance utility, what
restrictions must E(7;) and o; satisfy?



Deriving the CAPM

To answer this question, consider an investor who takes the
portion of his or her initial wealth that he or she allocates to
risky assets and divides it further: using the fraction w to
purchase asset j and the remaining fraction 1 — w to buy the
market portfolio.

Note that since the market portfolio already includes some of
asset j, choosing w > 0 really means that the investor
“overweights” asset j in his or her own portfolio. Conversely,
choosing w < 0 means that the investor “underweights” asset
J in his or her own portfolio.



Deriving the CAPM

Based on our previous analysis, we know that this investor's
portfolio of risky assets now has random return

FP = Wlh’:,' + (1 — W)FM,

expected return

and variance

op = w?o; + (1 — w)’or + 2w(1l — w)ojum,

where ojy is the covariance between 7; and 7.



Deriving the CAPM

E(7p) = wE(F) + (1 — w)E(Fu),

op = W2af + (1 — w)?oiy + 2w(l — w)oju,

We can use these formulas to trace out how op and E(7p)
vary as w changes.



Deriving the CAPM

a

The red curve these traces out how op and E(7p) vary as w
changes, that is, as asset j gets underweighted or
overweighted relative to the market portfolio.



Deriving the CAPM

a

The red curve passes through M, since when w = 0 the new
portfolio coincides with the market portfolio.



Deriving the CAPM

a

For all other values of w, however, the red curve must lie
below the CML.



Deriving the CAPM

Otherwise, a portfolio along the CML would be dominated in
mean-variance by the new portfolio. Financial markets would
no longer be in equilibrium, since some investors would no
longer be willing to hold the market portfolio.



Deriving the CAPM

Suppose that at W, w > 0. Then asset j is “undervalued” in
the sense that overweighting it will yield a portfolio with a
higher expected return.



Deriving the CAPM

But as all investors buy this undervalued asset, its price will
rise.

Given future cash flows (future price from selling the asset plus
any dividends earned), a rise the asset’s price will lower its
expected return.

Buying pressure will continue until the red curve bends back
below the CML.



Deriving the CAPM

Suppose that at W, w < 0. Then asset j is “overvalued” in
the sense that underweighting it will yield a portfolio with a
higher expected return.



Deriving the CAPM

But as all investors sell this overvalued asset, its price will fall.

Given future cash flows, a fall the asset’s price will raise its
expected return.

Selling pressure will continue until the red curve bends back
below the CML.



Deriving the CAPM

a

Together, these observations imply that the red curve must be
tangent to the CML at M.



Deriving the CAPM

Tangent means equal in slope.

We already know that the slope of the Capital Market Line is

E(F/\//) — If

oM

But what is the slope of the red curve?



