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Justifying Mean-Variance Utility

Fortunately, there is a third argument.

If all individual risky asset returns are normally distributed,
then the return r̃P on any portfolio of these risky assets will be
normally distributed as well.

And if r̃P is normally distributed with mean µP = E (r̃P) and
standard deviation ωP = [E (r̃P → µP)2]1/2, then the
expectation of any function of Ỹ1 can be written as a function
of µP and ωP :

E [u(Ỹ1)] = v(µP , ωP)



Justifying Mean-Variance Utility

If r̃P is normally distributed, there exists a function v such that

E [u(Ỹ1)] = v(µP , ωP).

Moreover, if the Bernoulli utility function takes the CRRA form

u(Y ) =
Y 1→ω → 1

1→ ε

with ε > 0, then

1. v is increasing in µP

2. v is decreasing in ωP

3. indi!erence curves defined over µP and ωP are convex



Justifying Mean-Variance Utility

Since µP is a “good” and ωP is a “bad,” indi!erence curves
slope up. But otherwise the graph resembles the one from
basic microeconomics.



Justifying Mean-Variance Utility

Returns on individual stocks and stock indices are
approximately normal, but:

1. Returns on assets like options are highly non-normal.

2. Departures from normality, including skewness
(asymmetry) and excess kurtosis (“fat tails”), can be
detected in returns on individual stocks and the market as
a whole.

Basically, stock market crashes happen more often than they
would if returns were truly normal.



Justifying Mean-Variance Utility

The mean-variance utility hypothesis is intuitively appealing
and can be justified with reference to vN-M expected utility
theory by assuming risky asset returns are normally distributed.

That’s why people say, “the CAPM requires normal returns.”

It’s also why people say, “the CAPM can’t be used to price
options.”



Justifying Mean-Variance Utility

But what does the constraint look like in this diagram? To
see, we need to consider the gains from diversification.



The Gains From Diversification

One of the most important lessons that we can take from
modern portfolio theory involves the gains from diversification.

To see where these gains come from, consider forming a
portfolio from two risky assets:

r̃1, r̃2 = random returns

µ1, µ2 = expected returns

ω1, ω2 = standard deviations

Assume µ1 > µ2 and ω1 > ω2 to create a trade-o! between
expected return and risk if the investor must choose between
one or the other.



The Gains From Diversification

If w is the fraction of initial wealth allocated to asset 1 and
1→ w is the fraction of initial wealth allocated to asset 2, the
random return r̃P on the portfolio is

r̃P = wr̃1 + (1→ w)r̃2

and the expected return µP on the portfolio is

µP = E [wr̃1 + (1→ w)r̃2]

= wE (r̃1) + (1→ w)E (r̃2)

= wµ1 + (1→ w)µ2



The Gains From Diversification

µP = wµ1 + (1→ w)µ2

The expected return on the portfolio is a weighted average of
the expected returns on the individual assets.

Since µ1 > µ2, µP can range from µ2 up to µ1 as w increases
from zero to one. Even higher (or lower) expected returns are
possible if short selling is allowed.



The Gains From Diversification

But now let’s calculate the variance of the random portfolio
return

r̃P = wr̃1 + (1→ w)r̃2

ω2
P = E [(r̃P → µP)

2]

= E{[wr̃1 + (1→ w)r̃2 → wµ1 → (1→ w)µ2]
2}

= E{[w(r̃1 → µ1) + (1→ w)(r̃2 → µ2)]
2}

= E [w 2(r̃1 → µ1)
2 + (1→ w)2(r̃2 → µ2)

2

+ 2w(1→ w)(r̃1 → µ1)(r̃2 → µ2)]



The Gains From Diversification

ω2
P = E [w 2(r̃1 → µ1)

2 + (1→ w)2(r̃2 → µ2)
2

+ 2w(1→ w)(r̃1 → µ1)(r̃2 → µ2)]

ω2
P = w 2E [(r̃1 → µ1)

2] + (1→ w)2E [(r̃2 → µ2)
2]

+ 2w(1→ w)E [(r̃1 → µ1)(r̃2 → µ2)]



The Gains From Diversification

In probability theory, the covariance between two random
variables X1 and X2 is defined as

ω(X1,X2) = E{[X1 → E (X1)][X2 → E (X2)]}

and the correlation between X1 and X2 is defined as

ϑ(X1,X2) =
ω(X1,X2)

ω(X1)ω(X2)



The Gains From Diversification

The covariance

ω(X1,X2) = E{[X1 → E (X1)][X2 → E (X2)]}

is positive if
X1 → E (X1) and X2 → E (X2)

tend to have the same sign, negative

X1 → E (X1) and X2 → E (X2)

tend to have opposite signs, and zero if

X1 → E (X1) and X2 → E (X2)

show no tendency to have the same or opposite signs.



The Gains From Diversification

Mathematically, therefore, the covariance

ω(X1,X2) = E{[X1 → E (X1)][X2 → E (X2)]}

measures the extent to which the two random variables tend
to move together.

Economically, buying two assets with returns that are
imperfectly, and especially, negatively correlated is like buying
insurance: one return will be high when the other is low and
vice versa, reducing the overall risk of the portfolio.



The Gains From Diversification

The correlation

ϑ(X1,X2) =
ω(X1,X2)

ω(X1)ω(X2)

has the same sign as the covariance, and is therefore also a
measure of co-movement.

But “scaling” the covariance by the two standard deviations
makes the correlation range between →1 and 1:

→1 ↑ ϑ(X1,X2) ↑ 1



The Gains From Diversification

Hence

ω2
P = w 2E [(r̃1 → µ1)

2] + (1→ w)2E [(r̃2 → µ2)
2]

+ 2w(1→ w)E [(r̃1 → µ1)(r̃2 → µ2)]

implies

ω2
P = w 2ω2

1 + (1→ w)2ω2
2 + 2w(1→ w)ω12

= w 2ω2
1 + (1→ w)2ω2

2 + 2w(1→ w)ω1ω2ϑ12

where
ω12 = the covariance between r̃1 and r̃2

ϑ12 = the correlation between r̃1 and r̃2



The Gains From Diversification

This is the source of the gains from diversification: the
expected portfolio return

µP = wµ1 + (1→ w)µ2

is a weighted average of the expected returns on the individual
asset returns, but the standard deviation of the portfolio return

ωP = [w 2ω2
1 + (1→ w)2ω2

2 + 2w(1→ w)ω1ω2ϑ12]
1/2

is not a weighted average of the standard deviations of the
returns on the individual assets and can be reduced by
choosing a mix of assets (0 < w < 1) when ϑ12 is less than
one and, especially, when ϑ12 is negative.



The Gains From Diversification

To see more specifically how this works, start with the case
where ϑ12 = 1 so that the individual asset returns are perfectly
correlated. This is the one case in which there are no gains
from diversification. With ϑ12 = 1,

ωP = [w 2ω2
1 + (1→ w)2ω2

2 + 2w(1→ w)ω1ω2ϑ12]
1/2

= [w 2ω2
1 + (1→ w)2ω2

2 + 2w(1→ w)ω1ω2]
1/2

= {[wω1 + (1→ w)ω2]
2}1/2

= |wω1 + (1→ w)ω2|.

In this special case, the standard deviation of the return on the
portfolio is a weighted average of the standard deviations of
the returns on the individual assets.



The Gains From Diversification

When ϑ12 = 1, so that individual asset returns are perfectly
correlated, there are no gains from diversification.



The Gains From Diversification

Next, let’s consider the opposite extreme, in which ϑ12 = →1
so that the individual asset returns are perfectly, but
negatively, correlated:

ωP = [w 2ω2
1 + (1→ w)2ω2

2 + 2w(1→ w)ω1ω2ϑ12]
1/2

= [w 2ω2
1 + (1→ w)2ω2

2 → 2w(1→ w)ω1ω2]
1/2

= {[wω1 → (1→ w)ω2]
2}1/2

= |wω1 → (1→ w)ω2|.

In this special case, the setting

w =
ω2

ω1 + ω2

creates a “synthetic” risk free portfolio!



The Gains From Diversification

When ϑ12 = →1, so that individual asset returns are perfectly,
but negatively correlated, risk can be eliminated via
diversification.



The Gains From Diversification

µP = wµ1 + (1→ w)µ2

ωP = [w 2ω2
1 + (1→ w)2ω2

2 + 2w(1→ w)ω1ω2ϑ12]
1/2

In all intermediate cases, there will still be gains from
diversification. These gains will become stronger as ϑ12
declines from 1 to →1.



The Gains From Diversification

As ϑ12 decreases from 0.5 to 0 to -0.5 to -0.75, the gains from
diversification strengthen.



The Gains from Diversification

r̃p = wr̃1 + (1→ w)r̃2

µP = wµ1 + (1→ w)µ2

ωP = [w 2ω2
1 + (1→ w)2ω2

2 + 2w(1→ w)ω1ω2ϑ12]
1/2

PS11: Suppose µ1 = 8, µ2 = 4, ω1 = 8, and ω2 = 4.
Calculate µp and ωp for various values of w when ϑ12 = 0 and
ϑ12 = →0.5. The gains from diversification are strongest when
ϑ12 is negative, but still present whenever ϑ12 < 1.


