Midterm Exam
EC379.01 - Financial Economics
Boston College, Department of Economics

Peter Ireland
Fall 2013

Thursday, October 24, 12noon - 1:15pm
This exam has five questions on three pages; before you begin, please check to make sure
that your copy has all five questions and all three pages. The five questions will be weighted
equally in determining your overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Stocks, Bonds, and Contingent Claims
Consider an economic environment with risk in which there are two periods, t = 0 and t = 1,
and two possible states at t = 1: a “good” state that occurs with probability π = 1/2 and
a “bad” state that occurs with probability 1 − π = 1/2. Suppose that investors trade two
assets in this economy. The first is a “stock,” which sells for q s = 1 at t = 0 and pays a large
dividend of dG = 3 in the good state at t = 1 and a small dividend of dB = 1 in the bad
state at t = 1. The second is a “bond,” which sells for q b = 0.8 at t = 0 and makes a payoff
of one for sure, in both states, at t = 1.
a. Assume that investors can take long and short positions in both assets. Given the payoffs
for the stock and bond, find the combination of stock and bond holdings s and b that
replicate the payoff provided by a contingent claim for the good state: one in good
state and zero in the bad.
b. Next, find the combination of stock and bond holdings that replicate the payoff provided
by the contingent claim for the bad state: one in the bad state and zero in the good.
c. Given the answers you derived for parts (a) and (b), above,, find the prices at which
each contingent claim should sell at t = 0.
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2. Concepts of Dominance
Consider two assets, with percentage returns R̃1 and R̃2 that vary across three states that
occur with equal probability as follows:
Return on
Asset 1 R̃1
Asset 2 R̃2

State 1
State 2
State 3
π1 = 1/3 π1 = 1/3 π1 = 1/3
10
0

0
10

10
20

a. Does one asset exhibit state-by-state dominance over the other? If so, which one?
b. Does one asset exhibit mean-variance dominance over the other? If so, which one?
c. Which asset has the highest Sharpe ratio?
3. Expected Utility and Risk Aversion
Consider an investor with initial income equal to Y = 10, who must choose between two
assets. The first is a risky asset, let’s call it a “stock,” that pays off dG = 3 in a good state
that occurs with probability π = 1/2 and pays off dB = 0 (nothing) in a bad state that
occurs with probability 1 − π = 1/2. The second is a safe asset, let’s call it a “bond,” that
pays off r = 1 no matter what, in both the good and bad states of the world. Thus, if the
investor chooses the stock, his or her total income will be Y + dG = 13 with probability
1/2 and Y + dB = 10 with probability 1/2, whereas if the investor chooses the bond, his
or her total income will be Y + r = 11 for sure. Assume that this investor has a von
Neumann-Morgenstern expected utility function, with a Bernoulli utility function of the
constant relative risk aversion (CRRA) form
u(c) =

c1−γ − 1
.
1−γ

a. Suppose first that the investor’s constant coefficient of relative risk aversion is γ = 1/2.
Which asset will he or she prefer: the stock or the bond?
b. Suppose instead that the investor’s constant coefficient of relative risk aversion is γ = 2.
Which asset will he or she prefer: the stock or the bond?
c. Go back to assuming that γ = 1/2, but suppose that the investor’s Bernoulli utility
function is
3(c1−γ − 1)
v(c) =
,
1−γ
instead of the simpler function u(c) shown before, Which asset will the investor prefer
now: the stock or the bond?
2

4. Certainty Equivalents and Risk Premia
Consider the same investor described in problem 3, above, who has initial income equal
to Y = 10, but focus more specifically on the stock, which pays off dG = 3 in the good
state that occurs with probability π = 1/2 and pays off dB = 0 (nothing) in the bad state
that occurs with probability 1 − π = 1/2. Suppose again that this investor has a von
Neumann-Morgenstern expected utility function, with a Bernoulli utility function of the
constant relative risk aversion (CRRA) form
u(c) =

c1−γ − 1
.
1−γ

˜ for the stock
Finally, recall from our class discussions that the certainty equivalent CE(d)
is the maximum riskless payoff that the investor is willing to exchange for the stock and the
˜ is the difference between its the expected payoff E(d)
˜ and
risk premium for the stock Ψ(d)
its certainty equivalent.
a. Assuming that the investor’s constant coefficient of relative risk aversion is γ = 1/2,
˜ for the stock?
what is the certainty equivalent CE(d)
b. Assuming instead that the investor’s constant coefficient of relative risk aversion is γ = 2,
˜ for the stock?
what is the certainty equivalent CE(d)
c. What is the risk premium for the stock when γ = 1/2? What is the risk premium when
γ = 2?
5. Risk Aversion and Portfolio Allocation
Consider the portfolio allocation problem faced by an investor who has initial wealth Y0 =
100. The investor allocates the amount a to stocks, which provide return rG = 0.30 in a
good state that occurs with probability 1/2 and return rB = 0.05 in a bad state that occurs
with probability 1/2. The investor allocates the remaining Y0 − a to a risk-free bond, which
provides the return rf = 0.10 in both states. The investor has von Neumann-Morgenstern
expected utility, with Bernoulli utility function of the logarithmic form
u(Y ) = ln(Y ).
a. Write down a mathematical statement of this portfolio allocation problem.
b. Write down the first-order condition for the investor’s optimal choice a∗ .
c. Write down the numerical value of the investor’s optimal choice a∗ .
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1. Stocks, Bonds, and Contingent Claims
a. The stock pays off dG = 3 in the good state and dB = 1 in the bad. The bond pays off
one for sure in both states. A contingent claim for the good state pays off one in the
good state and zero in the bad. To replicate these payoffs, s and b must satisfy
3s + b = 1
and
s + b = 0.
These two equations are solved with s = 0.5 and b = −0.5.
b. A contingent claim for the bad state pays off zero in the good state and one in the bad.
To replicate these payoffs, s and b must satisfy
3s + b = 0
and
s + b = 1.
These two equations are solved with s = −0.5 and b = 1.5.
c. Each share of stock sells for q s = 1 at t = 0, and each bond sells for q b = 0.8 at t = 0.
Since the payoffs from the contingent claim for the good state can be replicated by
buying 0.5 shares of stock (s = 0.5) and selling 0.5 bonds (b = −0.5), the claim for the
good state should sell for
1 × 0.5 + 0.8 × (−0.5) = 0.5 − 0.4 = 0.1
at t = 0. Since the payoffs from the contingent claim for the bad state can be replicated
by selling 0.5 shares of stock (s = −0.5) and buying 1.5 bonds (b = 1.5), the claim for
the bad state should sell for
1 × (−0.5) + 0.8 × (1.5) = −0.5 + 1.2 = 0.7
at time t = 0.

1

2. Concepts of Dominance
a. No. Asset 1 provides a higher return in state 1, while asset 2 provides higher returns in
states 2 or 3, so neither exhibits state-by-state dominance over the other.
b. No. The expected return on assets 1 and 2 are
E(R̃1 ) = (1/3)10 + (1/3)0 + (1/3)10 = 20/3 = 6.67
and
E(R̃2 ) = (1/3)0 + (1/3)10 + (1/3)20 = 30/3 = 10.
The standard deviations of the returns on assets 1 and 2 are
σ(R̃1 ) = [(1/3)(10 − 20/3)2 + (1/3)(0 − 20/3)2 + (1/3)(10 − 20/3)2 ]1/2
= [(1/3)(10/3)2 + (1/3)(20/3)2 + (1/3)(10/3)2 ]1/2
= (100/27 + 400/27 + 100/27)1/2 = (600/27)1/2 = (22.22)1/2 = 4.71.
and
σ(R̃2 ) = [(1/3)(0 − 10)2 + (1/3)(10 − 10)2 + (1/3)(20 − 10)2 ]1/2
= (100/3 + 0 + 100/3)1/2 = (200/3)1/2 = (66.67)1/2 = 8.17.
Since asset 2 offers a higher expected return but also has a return with a larger standard
deviation, neither asset exhibits mean-variance dominance over the other.
c. Asset 1 has the highest Sharpe ratio, since
6.67
E(R̃1 )
=
= 1.42
4.71
σ(R̃1 )
and
E(R̃2 )
10
= 1.22.
=
8.17
σ(R̃2 )
3. Expected Utility and Risk Aversion
a. With constant coefficient of relative risk aversion equal to γ = 1/2, the investor’s
expected utility from the stock is
 
  

1
(13)1/2 − 1
1
(10)1/2 − 1
+
= 4.77,
2
1/2
2
1/2
whereas the investor’s utility from the bond is
(11)1/2 − 1
= 4.63.
1/2
Hence, the investor prefers the stock.
2

b. With constant coefficient of relative risk aversion equal to γ = 2, the investor’s expected
utility from the stock is
  

 
(13)−1 − 1
1
(10)−1 − 1
1
+
= 0.9115,
2
−1
2
−1
whereas the investor’s utility from the bond is
(11)−1 − 1
= 0.9091.
−1
Hence, the investor still prefers the stock.
c. Since the Bernoulli utility function in this case is an affine transformation of the Bernoulli
utility function in part (a), above, the utility functions represent exactly the same preferences. Although one could confirm this by re-doing the calculations, this observation
alone implies that the investor will once again prefer the stock.
4. Certainty Equivalents and Risk Premia
a. With γ = 1/2, the certainty equivalent for the stock is determined by
˜ 1/2 − 1  1   (13)1/2 − 1   1   (10)1/2 − 1 
[10 + CE(d)]
=
+
1/2
2
1/2
2
1/2
or, more simply,
˜ = [(1/2)(13)1/2 + (1/2)(10)1/2 ]2 − 10 = 1.45.
CE(d)
b. With γ = 2 instead, the certainty equivalent is determined by
˜ −1 − 1  1   (13)−1 − 1   1   (10)−1 − 1 
[10 + CE(d)]
=
+
−1
2
−1
2
−1
or, more simply,
˜ = [(1/2)(13)−1 + (1/2)(10)−1 ]−1 − 10 = 1.30.
CE(d)
c. Since the expected payoff from the stock is 1.5, the risk premium when γ = 1/2 is 0.05
and the risk premium when γ = 2 is 0.20.
5. Risk Aversion and Portfolio Allocation
a. The investor chooses the amount a allocated to stocks in order to maximize expected
utility, which is given by
E{u[Y0 (1+rf )+a(r̃−rf )} = (1/2) ln[110+a(0.30−0.10)]+(1/2) ln[110+a(0.05−0.10)].
3

b. The first-order condition for the optimal choice a∗ is
  

 
0.20
1
0.05
1
−
= 0.
2
110 + 0.20a∗
2
110 − 0.05a∗
c. The solution for a∗ can be found from the first-order condition as
0.20(110 − 0.05a∗ ) = 0.05(110 + 0.20a∗ )
22 − 0.01a∗ = 5.5 + 0.01a∗
0.02a∗ = 16.5
a∗ = 825.
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Final Exam
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This exam has five questions on three pages; before you begin, please check to make sure
that your copy has all five questions and all three pages. The five questions will be weighted
equally in determining your overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. The Gains From Diversification
Consider portfolios formed from two risky assets, the first with expected return equal to
µ1 = 10 and standard deviation of its return equal to σ1 = 8 and the second with expected
return equal to µ2 = 6 and standard deviation of its return equal to σ2 = 6. Let w denote the
fraction of wealth in the portfolio allocated to asset 1 and 1 − w the corresponding fraction
of wealth allocated to asset 2.
a. Calculate the expected return and the standard deviation of the return on the portfolio
that sets w = 1/2, assuming that the correlation between the two returns is ρ12 = 0.
b. Calculate the expected return and the standard deviation of the return on the same
portfolio that sets w = 1/2, assuming instead that the correlation between the two
returns is ρ12 = −0.50.
c. For which of these two values of ρ12 are the gains from diversification larger?
2. Portfolio Allocation with Mean-Variance Utility
Consider an investor with preferences over the mean and variance of the returns on his or
her portfolio that are described by the utility function
 
A
σP2 ,
U (µP , σP ) = µP −
2
where A is a parameter that measures the investor’s degree of risk aversion. Suppose that
this investor is able to firm a portfolio from a risk-free asset with return rf and a risky asset
with expected return equal to µr and variance of its return equal to σr2 .
a. Letting w denote the share of the investor’s wealth allocated to the risky asset and 1 − w
the share allocated to the risk-free asset, write down an equation for the expected
return on his or her portfolio.
1

b. Next, write down an equation for the variance of the return on his or her portfolio.
c. Write down an equation that shows how the investor’s optimal choice w∗ for the fraction
of wealth allocated to the risky asset depends on the risk-free rate rf , the mean and
variance µr and σr2 of the return on the risky asset, and the parameter A measuring
risk aversion.
3. The CAPM and the APT
Consider an economy in which the random return r̃i on each individual asset i is determined
by the market model
r̃i = E(r̃i ) + βi [r̃M − E(r̃M )] + εi ,
where, as we discussed in class, E(r̃i ) is the expected return on asset i, r̃M is the return on
the market portfolio, βi reflects the covariance between the return on asset i and the return
on the market portfolio, and εi is an idiosyncratic, firm-specific component. Assume, as
Stephen Ross did when developing the arbitrage pricing theory (APT), that there are enough
individual assets for investors to form many well-diversified portfolios and that investors act
to eliminate all arbitrage opportunities that may arise across all well-diversified portfolios.
a. Write down the equation, implied by the APT, that links the expected return E(r̃w ) on
each well-diversified portfolio to the risk-free rate rf , the expected return E(r̃M ) on
the market portfolio, and the portfolio’s beta βw .
b. Explain briefly (one or two sentences is all that it should take) how the equation you
wrote down to answer part (a), above, differs from the capital asset pricing model’s
(CAPM’s) security market line.
c. Suppose you find a well-diversified portfolio with beta βw that has an expected return
that is higher than the expected return given in your answer to part (a), above. In that
case, you can buy that portfolio, and sell short a portfolio of equal value that allocates
the share w to the market portfolio and the remaining share to 1 − w to a risk-free
asset. What value of w will make this trading strategy free of risk, self-financing, but
profitable for sure?
4. Optimal Allocations
Consider an economy in which there are two dates, t = 0 and t = 1, and two possible states,
i = 1 and i = 2, at t = 1, which occur with equal probability, so that π1 = π2 = 1/2.
Suppose, as well, that there are two types of investors, j = 1 and j = 2, both of whom have
logarithmic Bernoulli utility functions, so that in particular the representative investor of
type j has expected utility
ln(c0j ) + β[(1/2) ln(c1j ) + (1/2) ln(c2j )],
where c0j denotes this investor’s consumption at t = 0 and c1j and c2j his or her consumption
in states i = 1 and i = 2 at t = 1.
2

Suppose that the aggregate endowment is w0 = 30 at t = 0, w1 = 30 in state i = 1 at t = 1,
and w2 = 60 in state i = 2 at t = 1.
A social planner in this economy divides the aggregate endowment into amounts allocated
to representative investors of each type, subject to the resource constraints
30 ≥ c01 + c02 ,
30 ≥ c11 + c12 ,
and
60 ≥ c21 + c22
in order to maximize a weighted sum of their expected utilities
θ{ln(c01 ) + β[(1/2) ln(c11 ) + (1/2) ln(c21 )]} + (1 − θ){ln(c02 ) + β[(1/2) ln(c12 ) + (1/2) ln(c22 )]},
where the discount factor β = 0.9.
a. Write down the Lagrangian for the social planner’s problem: choose c01 , c02 , c11 , c12 , c21 , and
c22 to maximize the weighted sum of utilities subject to the three resource constraints.
b. Write down the first-order conditions for the optimal choices of c01 , c02 , c11 , c12 , c21 , and c22 .
c. Suppose that the social planner attaches a weight of θ = 2/3 to the type j = 1 investor’s
expected utility that is twice as large as the weight 1 − θ = 1/3 given to the type j = 2
investor’s expected utility. Under this assumption, what are the numerical values of
the optimal choices of c01 , c02 , c11 , c12 , c21 , and c22 ?
5. Pricing Contingent Claims and Complex Assets Using the Term Structure
Consider a multiperiod economy without uncertainty, where the interest rates on risk-free
discount bonds are r(1) = 0.05 for a one-year bond and r(2) = 0.10 for a two-year bond.
a. Use these data to infer the price of contingent claims q(1) and q(2), where q(T ) is the
price of the claim that delivers one dollar for sure T years from now.
b. Use your answers from part (a), above, to determine the price today of a two-year coupon
bond that makes an interest payment of $10 at the end of the first year, another interest
payment of $10 at the end of the second year, and a final payment of $100 also at the
end of the second year.
c. Use your answers from part (a), above, to determine the price today of a share of stock
that makes no dividend payments, but that can be resold at the price $10 at the end
of the second year.
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1. The Gains From Diversification
There are two risky assets, the first with expected return equal to µ1 = 10 and standard
deviation of its return equal to σ1 = 8 and the second with expected return equal to µ2 = 6
and standard deviation of its return equal to σ2 = 6. Let w denote the fraction of wealth in
the portfolio allocated to asset 1 and 1 − w the corresponding fraction of wealth allocated
to asset 2.
a. If w = 1/2 and the correlation between the two returns is ρ12 = 0, the expected return
on the portfolio is
µP = (1/2)µ1 + (1/2)µ2 = (1/2) × 10 + (1/2) × 6 = 5 + 3 = 8.
and the standard deviation of the return on the portfolio is
σP = [(1/2)2 σ12 + (1/2)2 σ22 ]1/2 = [(1/4) × 64 + (1/4) × 36]1/2 = (16 + 9)1/2 = 5.
b. If w = 1/2 and the correlation between the two returns is ρ12 = −0.50, the expected
return on the portfolio is still
µP = (1/2)µ1 + (1/2)µ2 = (1/2) × 10 + (1/2) × 6 = 5 + 3 = 8.
but the standard deviation of the return on the portfolio is
σP = [(1/2)2 σ12 + (1/2)2 σ22 + 2(1/2)(1/2)ρ12 σ1 σ2 ]1/2
= [(1/4) × 64 + (1/4) × 36 − (1/4) × 8 × 6]1/2 = 3.6056.
c. The portfolio described in part (b) has the same expected return but a lower standard
deviation of its return than the portfolio in part (a). This shows that the gains from
diversification are larger when ρ12 = −0.50.
2. Portfolio Allocation with Mean-Variance Utility
There is a risk-free asset with return rf and a risky asset with expected return equal to µr
and variance of its return equal to σr2 .
a. If an investor forms a portfolio by allocating the share w of his or her wealth to the risky
asset and the share 1 − w to the risk-free asset, this portfolio has expected return
µP = (1 − w)rf + wµr .
1

b. The variance of the return on the same portfolio is
σP2 = w2 σr2 .
c. With the utility function
 
A
U (µP , σP ) = µP −
σP2 ,
2
the investor chooses w to maximize
 
A
(1 − w)rf + wµr −
w2 σr2 .
2
The first-order condition for this problem is
µr − rf = Aw∗ σr2 ,
implying that the optimal choice of w is
w∗ =

µr − rf
.
Aσr2

3. The CAPM and the APT
The random return r̃i on each individual asset i is determined by the market model
r̃i = E(r̃i ) + βi [r̃M − E(r̃M )] + εi .
a. The APT implies that the expected return on any well-diversified portfolio is given by
E(r̃w ) = rf + βw [E(r̃M ) − rf ].
b. The relationship from part (a), above, is identical to the CAPM’s security market line,
but applies only to well-diversified portfolios and not necessarily to individual assets.
c. If you find a portfolio with an expected return that is higher than what is implied by
the equation from part (a), above, you can buy that portfolio and simultaneously sell
short a portfolio of equal value that allocates the share w = βw to the market portfolio
and share 1 − w = 1 − βw to a risk-free asset. This trade will be free of risk and
self-financing, but will yield a positive payoff for sure. Arbitrage opportunities like this
will not last long in markets where investors can trade in all well-diversified portfolios.
4. Optimal Allocations
A social planner chooses c01 , c02 , c11 , c12 , c21 , and c22 to maximize a sum of the two investors’
expected utilities
θ{ln(c01 ) + 0.9[(1/2) ln(c11 ) + (1/2) ln(c21 )]} + (1 − θ){ln(c02 ) + 0.9[(1/2) ln(c12 ) + (1/2) ln(c22 )]},
2

subject to the resource constraints
30 ≥ c01 + c02 ,
30 ≥ c11 + c12 ,
and
60 ≥ c21 + c22 .
a. The Lagrangian for the social planner’s problem is
L = θ{ln(c01 ) + 0.9[(1/2) ln(c11 ) + (1/2) ln(c21 )]}
+ (1 − θ){ln(c02 ) + 0.9[(1/2) ln(c12 ) + (1/2) ln(c22 )]}
+ λ0 (30 − c01 − c02 ) + λ1 (30 − c11 − c12 ) + λ2 (60 − c21 − c22 ).
b. The first-order conditions for the social planner’s problem are
θ
= λ0 ,
c01
0.9θ(1/2)
= λ1 ,
c11
0.9θ(1/2)
= λ2 ,
c21
1−θ
= λ0 ,
c02
0.9(1 − θ)(1/2)
= λ1 ,
c12
and

0.9(1 − θ)(1/2)
= λ2 ,
c22

c. If the social planner attaches a weight of θ = 2/3 to the type j = 1 investor’s expected
utility that is twice as large as the weight 1 − θ = 1/3 given to the type j = 2 investor’s
expected utility, the first-order conditions from part (b) imply that
2
1
= 0,
0
c1
c2
2
1
= 1,
1
c1
c2
and

2
1
= 2,
2
c1
c2

3

In words, the type 1 investor always gets twice as much consumption as the type 2
investor. Using this result, together with the aggregate resource constraints, provides
the solutions
c01 = 20 and c02 = 10,
c11 = 20 and c12 = 10,
and
c21 = 40 and c22 = 20
for the optimal allocations.
5. Pricing Contingent Claims and Complex Assets Using the Term Structure
In a multiperiod economy without uncertainty, the interest rates on risk-free discount bonds
are r(1) = 0.05 for a one-year bond and r(2) = 0.10 for a two-year bond.
a. In this economy without uncertainty, the two bonds are contingent claims. In particular,
the price of a contingent claim that delivers a dollar for sure one year from now sells
for the same price
1
= 0.9524
q(1) = P (1) =
1 + r(1)
as the one-year bond and the price of a contingent claim that delivers one dollar for
sure two years from now sells for the same price
q(2) = P (2) =

1
= 0.8264
[1 + r(2)]2

as the two-year bond.
b. The answers from part (a), above, imply that the price today of a two-year coupon bond
that makes an interest payment of $10 at the end of the first year, another interest
payment of $10 at the end of the second year, and a final payment of $100 also at the
end of the second year is
10 × q(1) + 110 × q(2) = 9.524 + 8.264 + 82.64 = 100.43.
c. The answers from part (a), above, imply that the price today of a share of stock that
makes no dividend payments, but that can be resold for the price $10 at the end of
the second year is
10 × q(2) = 8.26.
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Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. The Gains From Diversification
Consider portfolios formed from two risky assets, the first with expected return equal to
µ1 = 10 and standard deviation of its return equal to σ1 = 6 and the second with expected
return equal to µ2 = 4 and standard deviation of its return equal to σ2 = 6. Let w denote the
fraction of wealth in the portfolio allocated to asset 1 and 1 − w the corresponding fraction
of wealth allocated to asset 2.
a. Calculate the expected return and the standard deviation of the return on the portfolio
that sets w = 1/2, assuming that the correlation between the two returns is ρ12 = 0.
b. Calculate the expected return and the standard deviation of the return on the same
portfolio that sets w = 1/2, assuming instead that the correlation between the two
returns is ρ12 = −1.
c. For which of these two values of ρ12 are the gains from diversification larger?
2. Portfolio Allocation with Mean-Variance Utility
Consider an economy with a risk-free asset with return rf and two risky assets, one with
random return r̃1 with expected value E(r̃1 ) and standard deviation σ1 and the second with
random return r̃2 with expected value E(r̃2 ) and standard deviation σ2 . Let ρ12 denote
the correlation between the two random returns on the two risky assets. Suppose that an
investor forms a portfolio of these three assets by allocating the share w1 of his or her wealth
to risky asset 1, with with random return r̃1 , share w2 to risky asset 2, with random return
r̃2 , and the remaining share 1 − w1 − w2 to the risk-free asset.
a. Write down a formula for the expected return µP on this portfolio.
b. Next, write down a formula for the variance σP2 of the return on the same portfolio.
1

c. Suppose that the investor has a preferences defined directly over the mean and variance
of the return on his or her portfolio, as described by the utility function
 
A
σP2 ,
U (µP , σP ) = µP −
2
where A is a parameter that measures the investor’s degree of risk aversion. Write
down the first-order conditions for the investor’s optimal choices w1∗ and w2∗ for the
shares allocated to each of the two risky assets.
3. A Two-Factor Arbitrage Pricing Theory
Consider an economy in which the random return r̃i on each individual asset i is given by
r̃i = E(r̃i ) + βi,m [r̃M − E(r̃M )] + βi,v [r̃V − E(r̃V )] + εi
where, as we discussed in class, E(r̃i ) equals the expected return on asset i, r̃M is the
random return on the market portfolio, r̃V is the random return on a “value” portfolio
that takes a long position in shares of stock issued by smaller, overlooked companies or
companies with high book-to-market values and a corresponding short position is shares of
stock issued by larger, more popular companies or companies with low book-to-market values,
εi is an idiosyncratic, firm-specific component, and βi,m and βi,v are the “factor loadings”
that measure the extent to which the return on asset i is correlated with the return on the
market and value portfolios. Assume, as Stephen Ross did when developing the arbitrage
pricing theory (APT), that there are enough individual assets for investors to form many
well-diversified portfolios and that investors act to eliminate all arbitrage opportunities that
may arise across all well-diversified portfolios.
a. Consider, first, a well-diversified portfolio that has βw,m = βw,v = 0. Write down the
equation, implied by the APT, that links the expected return E(r̃w1 ) on this portfolio
to the return rf on a portfolio of risk-free assets.
b. Consider, next, two more well-diversified portfolios. portfolio two with βw,m = 1 and
βw,v = 0 and portfolio three with βw,m = 0 and βw,v = 1. Write down the equations,
implied by this version of the APT, that link the expected returns E(r̃w2 ) and E(r̃w3 )
on each of these two portfolios to rf , E(r̃M ), and E(r̃V ).
c. Suppose you find a fourth well-diversified portfolio that has non-zero values of both βw,m
and βw,v and that has expected return
E(r̃w4 ) = rf + βw,m [E(r̃M ) − rf ] + βw,v [E(r̃V ) − rf ] + ∆,
where ∆ < 0 is a negative number. Explain briefly how you could use this portfolio,
together with the first three from parts (a) and (b), above, in a trading strategy that
involves no risk, requires no money down, but yields a future profit for sure.

2

4. Consumer Optimization and Contingent Claims Prices
Consider an economy in which there are two dates, t = 0 and t = 1, and two possible states,
i = 1 and i = 2, at t = 1, which occur with equal probability, so that π1 = π2 = 1/2. In this
economy, a “representative consumer/investor” has expected utility
ln(c0 ) + β[(1/2) ln(c1 ) + (1/2) ln(c2 )],
where c0 denotes this investor’s consumption at t = 0 and c1 and c2 his or her consumption
in states i = 1 and i = 2 at t = 1, where the discount factor β = 0.9.
This investor receives endowments of w0 at t = 0 and w1 and w2 in states i = 1 and i = 2
at t = 1. Hence, if we assume as we did in class that the investor trades contingent claims
for the two states, his or her budget constraint is
w0 + q 1 w1 + q 2 w2 ≥ c0 + q 1 c1 + q 2 c2 ,
where q 1 is the price of the claim for state i = 1, q 2 is the price of the claim for state i = 2,
and consumption at t = 0 is the numeraire, so that its price is one.
a. Write down the Lagrangian for the investor’s problem: choose c0 , c1 , and c2 to maximize
expected utility subject to the budget constraint.
b. Write down the first-order conditions for the investor’s optimal choices of c0 , c1 , and c2 .
c. Suppose that, as observers of this economy, we see that the consumer chooses c0 = 1,
c1 = 2, and c2 = 3. Using this information and the results you obtained in part (b),
above, calculate the prices q 1 and q 2 for the two contingent claims.
5. Prices of Contingent Claims and Complex Assets
Consider an economy in which there are two dates t = 0 and t = 1, and two possible states,
i = 1 and i = 2, at t = 1, which occur with equal probability, so that π1 = π2 = 1/2. In
this economy, two “complex” assets are traded. The first sells for price P10 = 2 at t = 0 and
makes payoffs of Z11 = 2 in state i = 1 at t = 1 and Z12 = 4 in state i = 2 at t = 1. The
second sells for P20 = 1.25 at t = 0 and makes payoffs Z21 = 1 in state i = 1 at t = 1 and
Z22 = 3 in state i = 2 at t = 1.
a. Use this information to compute the price q 1 at t = 0 of a contingent claim that pays off
one in state i = 1 at t = 1 and zero in state i = 2 at t = 1 and the price q 2 at t = 0 of
a contingent claim that pays off zero in state i = 1 at t = 1 and one in state i = 2 at
t = 1.
b. Use your answers from part (a), above, to compute the price Pb0 at t = 0 of a bond that
pays off Zb1 = 1 in state i = 1 at t = 1 and Zb2 = 1 in state i = 2 at t = 1.
c. Use your answers from part (a), above, to compute the price Ps0 at t = 0 of a share of
stock that makes no dividend payments, but can be sold for Ps1 = 2 in state i = 1 at
t = 1 and Ps2 = 3 in state i = 2 at t = 1.
3
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1. The Gains From Diversification
There are two risky assets, the first with expected return equal to µ1 = 10 and standard
deviation of its return equal to σ1 = 6 and the second with expected return equal to µ2 = 4
and standard deviation of its return equal to σ2 = 6. Let w denote the fraction of wealth in
the portfolio allocated to asset 1 and 1 − w the corresponding fraction of wealth allocated
to asset 2.
a. If w = 1/2 and the correlation between the two returns is ρ12 = 0, the expected return
on the portfolio is
µP = (1/2)µ1 + (1/2)µ2 = (1/2) × 10 + (1/2) × 4 = 5 + 2 = 7.
and the standard deviation of the return on the portfolio is
σP = [(1/2)2 σ12 + (1/2)2 σ22 ]1/2 = [(1/4) × 36 + (1/4) × 36]1/2 = (9 + 9)1/2 = 4.2426.
b. If w = 1/2 and the correlation between the two returns is ρ12 = −1, the expected return
on the portfolio is still
µP = (1/2)µ1 + (1/2)µ2 = (1/2) × 10 + (1/2) × 4 = 5 + 2 = 7.
but the standard deviation of the return on the portfolio is
σP = [(1/2)2 σ12 + (1/2)2 σ22 + 2(1/2)(1/2)ρ12 σ1 σ2 ]1/2
= [(1/4) × 36 + (1/4) × 36 − (1/2) × 6 × 6]1/2 = 0.
c. The portfolio described in part (b) has the same expected return but a lower standard
deviation of its return than the portfolio in part (a): in fact, the portfolio in (b) is risk
free. This shows that the gains from diversification are larger when ρ12 = −1.
2. Portfolio Allocation with Mean-Variance Utility
There is a risk-free asset with return rf and two risky assets, one with random return r̃1
with expected value E(r̃1 ) and standard deviation σ1 and the second with random return
r̃2 with expected value E(r̃2 ) and standard deviation σ2 . Let ρ12 denote the correlation
between the two random returns on the two risky assets. The investor forms a portfolio of
these three assets by allocating the share w1 of his or her wealth to risky asset 1, with with
random return r̃1 , share w2 to risky asset 2, with random return r̃2 , and the remaining share
1 − w1 − w2 to the risk-free asset.
1

a. The expected return on this portfolio is
µP = (1 − w1 − w2 )rf + w1 E(r̃1 ) + w2 E(r̃2 ).
b. The variance of the return of the portfolio is
σP2 = w12 σ12 + w22 σ22 + 2w1 w2 ρ12 σ1 σ2 .
c. If the investor has preferences described by the utility function
 
A
U (µP , σP ) = µP −
σP2 ,
2
then he or she chooses w1 and w2 to maximize
 
A
(1 − w1 − w2 )rf + w1 E(r̃1 ) + w2 E(r̃2 ) −
(w12 σ12 + w2 σ22 + 2w1 w2 ρ12 σ1 σ2 ).
2
The first-order conditions for the investor’s optimal choices w1∗ and w2∗ are
E(r̃1 ) − rf = A(w1∗ σ12 + w2∗ ρ12 σ1 σ2 )
and
E(r̃2 ) − rf = A(w2∗ σ22 + w1∗ ρ12 σ1 σ2 )
3. A Two-Factor Arbitrage Pricing Theory
The random return r̃i on each individual asset i is given by
r̃i = E(r̃i ) + βi,m [r̃M − E(r̃M )] + βi,v [r̃V − E(r̃V )] + εi .
a. The APT implies that a well-diversified portfolio with βw,m = βw,v = 0 has an expected
return equal to the risk-free rate:
E(r̃w1 ) = rf
b. The APT implies that portfolio two, with βw,m = 1 and βw,v = 0, has expected return
that coincides with the expected return on the market portfolio,
E(r̃w2 ) = E(r̃M ),
while portfolio three, with βw,m = 0 and βw,v = 1, has expected return that coincides
with the expected return on the “value portfolio,”
E(r̃w3 ) = E(r̃V ).

2

c. If you find a fourth well-diversified portfolio that has non-zero values of both βw,m and
βw,v and that has expected return
E(r̃w4 ) = rf + βw,m [E(r̃M ) − rf ] + βw,v [E(r̃V ) − rf ] + ∆,
where ∆ < 0 is a negative number, you should form a fifth portfolio that allocates the
share βw,m to the market portfolio, share βw,v to the value portfolio, and the remaining
share 1 − βw,m − βw,v to risk-free assets. This fifth portfolio will have expected return
E(r̃w5 ) = rf + βw,m [E(r̃M ) − rf ] + βw,v [E(r̃V ) − rf ],
which is higher than the expected return on portfolio 4. But since portfolios 4 and 5
have the same values of both βw,m and βw,v , a strategy of buying portfolio 5 and selling
short an equal dollar amount of portfolio 4 will be free of risk, requires no money down,
but yields a future profit for sure.
4. Consumer Optimization and Contingent Claims Prices
The representative consumer/investor chooses c0 , c1 , and c2 to maximize the expected utility
function
ln(c0 ) + 0.9[(1/2) ln(c1 ) + (1/2) ln(c2 )],
subject to the budget constraint
w 0 + q 1 w 1 + q 2 w 2 ≥ c0 + q 1 c1 + q 2 c2 ,
where q 1 is the price of the claim for state i = 1, q 2 is the price of the claim for state i = 2,
and consumption at t = 0 is the numeraire, so that its price is one.
a. The Lagrangian for the investor’s problem is
L = ln(c0 ) + 0.9[(1/2) ln(c1 ) + (1/2) ln(c2 )] + λ(w0 + q 1 w1 + q 2 w2 − c0 − q 1 c1 − q 2 c2 ).
b. The first-order conditions for the investor’s optimal choices are
1
− λ = 0,
c0
0.9(1/2)
− λq 1 = 0,
c1
and

0.9(1/2)
− λq 2 = 0.
c2

c. The first-order conditions from part (b), above, link the investor’s optimal choices to the
contingent claims prices via
q1 =

0.9(1/2)c0
0.9(1/2)c0
2
and
q
=
.
c1
c2
3

Therefore, if we, as observers of this economy, see that the consumer chooses c0 = 1,
c1 = 2, and c2 = 3, we can infer that the contingent claims prices are
q1 =

0.9(1/2)
0.9
0.9(1/2)
=
= 0.225 and q 2 =
= 0.15.
2
4
3

5. Prices of Contingent Claims and Complex Assets
Two complex assets are traded. The first sells for price P10 = 2 at t = 0 and makes payoffs
of Z11 = 2 in state i = 1 at t = 1 and Z12 = 4 in state i = 2 at t = 1. The second sells for
P20 = 1.25 at t = 0 and makes payoffs Z21 = 1 in state i = 1 at t = 1 and Z22 = 3 in state
i = 2 at t = 1.
a. Consider a portfolio that consists of w11 units of asset 1 and w21 units of asset 2. If we
want this portfolio to replicate the payoffs made by a contingent claim for state 1, its
payoffs must satisfy
2w11 + w12 = 1
and
4w11 + 3w12 = 0.
These equations both hold when w11 = 3/2 and w12 = −2. Since the cost of assembling
this portfolio must equal the price of the contingent claim, these numbers imply that
q 1 = (3/2) × 2 − 2 × 1.25 = 0.5.
Next, consider a portfolio that consists of w21 units of asset 1 and w22 units of asset 2.
If we want this portfolio to replicate the payoffs made by a contingent claim for state
2, its payoffs must satisfy
2w21 + w22 = 0
and
4w21 + 3w22 = 1.
These equations both hold when w21 = −1/2 and w12 = 1. Since the cost of assembling
this portfolio must equal the price of the contingent claim, these numbers imply that
q 2 = (−1/2) × 2 + 1 × 1.25 = 0.25.
b. Since the payoffs on the bond can be replicated by buying one contingent claim for each
of the two states, the bond price must equal
Pb0 = q 1 + q 2 = 0.75.
c. Since the payoffs from the stock can be replicated by buying two contingent claims for
state 1 and three contingent claims for state 2, the stock price must equal
Ps0 = 2 × q 1 + 3 × q 2 = 1.75.
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This exam has five questions on four pages; before you begin, please check to make sure
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Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Optimal Saving
Consider a consumer who receives income of Y at the beginning of period t = 0, which he or
she divides up into an amount c0 to be consumed and an amount s to be saved, subject to
Y ≥ c0 + s.
Suppose that the consumer receives no additional income in period t = 1, so that all of his or
her consumption c1 during that period has to be purchased with the savings and the interest
earned on savings from period t = 0. Letting r denote the interest rate, this means that
(1 + r)s ≥ c1 .
As in class, we can combine these two single-period constraints to obtain the consumer’s
“lifetime” budget constraint
c1
.
Y ≥ c0 +
1+r
Suppose, further, that the consumer’s preferences over consumption during the two periods
are described by the utility function
ln(c0 ) + β ln(c1 ),
where ln denotes the natural logarithm and β, satisfying 0 < β < 1, determines how patient
(β larger) or impatient (β smaller) the consumer is.
a. Set up the Lagrangian for this consumer’s problem: choose c0 and c1 to maximize the
utility function subject to the lifetime budget constraint. Then write down the two
first-order conditions that characterize the consumer’s optimal choices c∗0 and c∗1 of
consumption in each of the two periods.
b. Suppose now that, by coincidence, the interest rate r and the discount factor β are
related so that
β(1 + r) = 1
1

or, equivalently,
1
.
1+r
When this relation linking β and 1 + r holds, what do the first-order conditions you
derived in part (a), above, imply about the consumer’s optimal choice of consumption
growth c∗1 /c∗0 ? Is consumption rising, falling, or staying constant over time?
β=

c. Suppose, finally, that the consumer’s income during period t = 0 is Y = 210 and that the
interest rate is ten percent, or r = 0.10. Still assuming that the relation linking β and
1 + r given in part (b), above, holds, what are the numerical values for the consumer’s
optimal choices c∗0 and c∗1 ? Note: to find these numerical solutions, you may also have
to use the consumer’s lifetime budget constraint, which will hold as the equality
Y = c∗0 +

c∗1
1+r

when consumptions are chosen optimally.
2. Pricing Risk-Free Assets
Assume, for all the examples in this question, there that is no uncertainty: all specified
payments made by all assets will be received for sure. Suppose, in particular, that the
interest rate on one-year, risk-free discount bonds is 5 percent (r1 = 0.05) and the annualized
interest rate on two-year, risk-free discount bonds is 10 percent (r2 = 0.10).
a. What is the price of a one-year, risk-free discount bond with face (or par) value equal to
$1000? What is the price of a two-year, risk-free discount bond with face value equal
to $1000?
b. What is the price of a two-year coupon bond that makes an annual interest payment of
$100 each year for the next two years then returns face value $1000 at the end of the
second year?
c. What is the price of a risk-free asset that pays off $1 at the end of the first year and
$100 at the end of the second year? What is the price of a risk-free asset that pays off
$100 at the end of the first year and $1 at the end of the second year?
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3. Risk Aversion, Certainty Equivalents, and Risk Premia
Consider a risk-averse investor with von Neumann-Morgenstern expected utility and a Bernoulli
utility function of the constant relative risk aversion form
u(Y ) =

Y 1−γ − 1
,
1−γ

with γ = 1/2. Suppose that this investor has initial income Y0 = 100 and has the chance
to acquire a risky asset that pays off Z G = 75 in a good state that occurs with probability
π = 0.5 but pays off only Z B = 25 in a bad state that occurs with probability 1 − π = 0.5.
a. Recall from our discussions in class that the certainty equivalent CE(Z̃) associated with
this risky asset is the maximum riskless payoff that the investor would be willing to give
up in order to acquire the risky asset. What is the numerical value for the certainty
equivalent CE(Z̃)?
b. Recall also from our discussions in class that the risk premium Ψ(Z̃) associated with
the risky asset is the difference between the expected payoff E(Z̃) from the risky asset
and the certainty equivalent CE(Z̃). What is the numerical value for the risk premium
Ψ(Z̃)?
c. Suppose that instead of having γ = 1/2, the investor had a coefficient of relative risk
aversion equal to γ = 5. Would the certainty equivalent in this case with γ = 5 be
larger or smaller than it was in part (a) above with γ = 1/2? Would the risk premium
in this case with γ = 5 be larger or smaller than it was in part (a) above with γ = 1/2?
Note: to answer these two question in part (c), you don’t necessarily have to compute
the numerical values of the certainty equivalent and risk premium when γ = 5; all you
need to do is to indicate whether each is larger or smaller than in parts (a) and (b),
when γ = 1/2 instead.

3

4. Insurance
Consider a consumer with income $100 who faces a 50 percent probability of suffering a loss
that reduces his or her income to $50. Suppose that this consumer can buy an insurance
policy for $x that protects him or her fully against this loss by paying him or her $50 to make
up for the loss if it occurs. Finally, assume that the consumer has von Neumann-Morgenstern
expected utility and a Bernoulli utility function of the constant relative risk aversion form
u(Y ) =

Y 1−γ − 1
,
1−γ

with γ = 2.
a. Write down an expression for the consumer’s expected utility if he or she decides to buy
the insurance.
b. Write down an expression for the consumer’s expected utility if he or she decides not to
buy the insurance.
c. Suppose, more specifically, that the insurance policy costs $20. If the consumer maximizes expected utility, will he or she buy the insurance policy?
5. Risk Aversion and Investment Decisions
Consider an investor with initial wealth equal to Y0 = 100, who splits that wealth up into an
amount a allocated to the stock market and an amount Y0 − a allocated to a bank account.
The return r̃ on funds invested in the stock market is random: in a good state, which occurs
with probability π = 0.5, it equals rG = 0.12 (twelve percent), and in a bad state, with
occurs with probability 1 − π = 0.5, it equals rB = −0.01 (minus one percent). The return
rf on funds deposited in the bank account is not random: it equals rf = 0.05 (five precent)
for sure. The investor has von Neumann-Morgenstern expected utility and a Bernoulli utility
function of the logarithmic form
u(Y ) = ln(Y ).
a. Write down a mathematical statement of this portfolio allocation problem.
b. Write down the first-order condition for the investor’s optimal choice a∗ .
c. Write down the numerical value of the investor’s optimal choice a∗ .
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1. Optimal Saving
The consumer chooses c0 and c1 to maximize the utility function
ln(c0 ) + β ln(c1 ),
subject to the lifetime budget constraint
Y ≥ c0 +

c1
.
1+r

a. The Lagrangian for the consumer’s problem is


c1
L = ln(c0 ) + β ln(c1 ) + λ Y − c0 −
.
1+r
The first-order condition for c0 is
1
− λ∗ = 0
c∗0
and the first-order condition for c1 is
λ∗
β
−
= 0.
c∗1 1 + r
b. When
β=

1
,
1+r

the first-order condition for c1 becomes
1
− λ∗ = 0.
∗
c1
Comparing this last equation to the first-order condition for c0 reveals that in this case
c∗0 = c∗1 ,
or
c∗1 /c∗0 = 1,
so that consumption is staying constant over time.
1

c. When Y = 210, r = 0.10, and c∗0 = c∗1 , the consumer’s lifetime budget constraint
Y = c∗0 +
implies that
210 =

c∗0

c∗1
1+r





1
2.10
c∗0
∗
∗
= c0 1 +
= c0
+
1.10
1.10
1.10

and hence
c∗0 = c∗1 = 110.
In period t = 0, the consumer spends 110 and saves 100. With the 10 percent interest
rate, this lets the consumer spend 110 during period t = 1 as well.
2. Pricing Risk-Free Assets
The interest rate on one-year, risk-free discount bonds is r1 = 0.05 and the annualized
interest rate on two-year, risk-free discount bonds is r2 = 0.10.
a. The price of a one-year, risk-free discount bond with face (or par) value equal to $1000
is
1000
= 952.38.
P1 =
1.05
The price of a two-year, risk-free discount bond with face value equal to $1000 is
P2 =

1000
= 826.45.
1.102

b. The price of a two-year coupon bond that makes an annual interest payment of $100
each year for the next two years then returns face value $1000 at the end of the second
year is
100
100
1000
P2C =
+
+
= 1004.33.
2
1.05 1.10
1.102
c. The price of a risk-free asset that pays off $1 at the end of the first year and $100 at the
end of the second year is
P1A =

100
1
+
= 83.60.
1.05 1.102

The price of a risk-free asset that pays off $100 at the end of the first year and $1 at
the end of the second year is
P2A =

100
1
+
= 96.06.
1.05 1.102

2

3. Risk Aversion, Certainty Equivalents, and Risk Premia
The investor has von Neumann-Morgenstern expected utility and a Bernoulli utility function
of the constant relative risk aversion form
u(Y ) =

Y 1−γ − 1
,
1−γ

with γ = 1/2. This investor has initial income Y0 = 100, and has the chance to acquire a
risky asset, that pays off Z G = 75 in a good state that occurs with probability π = 0.5 but
pays off only Z B = 25 in a bad state that occurs with probability 1 − π = 0.5.
a. The certainty equivalent CE(Z̃) associated with this risky asset is the maximum riskless
payoff that the investor would be willing to give up in order to acquire the risky asset.
To find the certainty equivalent, set the utility from getting the CE(Z̃) for sure to the
expected utility from acquiring the risky asset instead:




1751/2
1251/2
(100 + CE(Z̃))1/2
= 0.5
+ 0.5
.
1/2
1/2
1/2
Dividing through by 1/2 and squaring both sides yields
100 + CE(Z̃) = 148.95.
Therefore,
CE(Z̃) = 48.95.
b. The risk premium Ψ(Z̃) associated with the risky asset is the difference between the
expected payoff E(Z̃) from the risky asset and the certainty equivalent CE(Z̃). Since
the risky asset has
E(Z̃) = 0.5(75) + 0.5(25) = 50,
the risk premium is
Ψ(Z̃) = 50 − 48.95 = 1.05.
c. If instead of having γ = 1/2, the investor had a coefficient of relative risk aversion equal
to γ = 5, he or she would be more risk averse. The certainty equivalent would be lower
and the risk premium would be larger than they were in part (a) above.
4. Insurance
The consumer has income $100 and faces a 50 percent probability of suffering a loss that
reduces his or her income to $50. The consumer can buy an insurance policy for $x that
protects him or her fully against this loss by paying him or her $50 to make up for this loss if
it occurs, and the consumer has von Neumann-Morgenstern expected utility and a Bernoulli
utility function of the constant relative risk aversion form
u(Y ) =

Y 1−γ − 1
,
1−γ

with γ = 2.
3

a. If the consumer decides to buy the insurance, his or her expected utility is
(100 − x)−1 − 1
1
=1−
.
−1
100 − x
b. If the consumer decides not to buy the insurance, his or her expected utility is

 −1




50 − 1
1
1
100−1 − 1
+ 0.5
= 1 − 0.5
+
= 0.985.
0.5
−1
−1
100 50
c. The insurance policy costs $20, and the expected loss is $25, so we know in advance that
any risk-averse investor will buy the insurance. But this outcome can be confirmed by
noting that with x = 20, the solution from part (a), above, implies that the consumer’s
expected utility when buying insurance is
1−

1
= 0.9875,
80

which is larger than expected utility when not buying insurance given by the solution
to part (b), above.
5. Risk Aversion and Investment Decisions
The investor has initial wealth equal to Y0 = 100, and splits that wealth up into an amount
a allocated to the stock market and an amount Y0 − a allocated to a bank account. The
return r̃ on funds invested in the stock market is random: in a good state, which occurs
with probability 1/2, it equals rG = 0.12 (ten percent), and in a bad state, with occurs
with probability 1/2, it equals rB = −0.01 (minus one percent). The return rf on funds
deposited in the bank account is not random: it equals rf = 0.05 (four precent) for sure.
The investor has von Neumann-Morgenstern expected utility and a Bernoulli utility function
of the logarithmic form
u(Y ) = ln(Y ).
a. In general, the investor’s problem can be expressed mathematically as
max E{u[(1 + rf )Y0 + a(r̃ − rf )]},
a

but given the assumptions about the utility function and the asset returns made above,
the problem can be written more specifically here as
max 0.5 ln(105 + 0.07a) + 0.5 ln(105 − 0.06a).
a

b. The first-order condition for the investor’s optimal choice a∗ is
0.5(0.06)
0.5(0.07)
−
= 0.
∗
105 + 0.07a
105 − 0.06a∗
4

c. The first-order condition for a∗ from part (b), above, implies that
0.07
0.06
=
105 + 0.07a∗
105 − 0.06a∗
0.07(105 − 0.06a∗ ) = 0.06(105 + 0.07a∗ )
(0.07 − 0.06)105 = 2(0.06)(0.07)a∗
a∗ =

1.05
= 125.
2(0.06)(0.07)
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This exam has four questions on three pages; before you begin, please check to make sure
that your copy has all four questions and all three pages. The four questions will be weighted
equally in determining your overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Portfolio Allocation and the Gains from Diversification
Consider portfolios formed from two risky assets, the first with expected return equal to
µ1 = 10 and standard deviation of its return equal to σ1 = 2 and the second with expected
return equal to µ2 = 5 and standard deviation of its return equal to σ2 = 1. Let w denote the
fraction of wealth in the portfolio allocated to asset 1 and 1 − w the corresponding fraction
of wealth allocated to asset 2.
a. Calculate the expected return and the standard deviation of the return on the portfolio
that sets w = 1/2, assuming that the correlation between the two returns is ρ12 = 0.
b. Calculate the expected return and the standard deviation of the return on the same
portfolio that sets w = 1/2, assuming instead that the correlation between the two
returns is ρ12 = −0.25.
c. Finally, suppose the correlation between the two returns is ρ12 = −1. For what value of
w will the portfolio of the two assets be entirely risk free, in the sense that the standard
deviation of the return on the portfolio equals zero?

1

2. The Capital Asset Pricing Model
Suppose that the random return r̃M on the market portfolio has expected value E(r̃M ) = 0.07
2
and variance σM
= 0.025 and that the return on risk-free assets is rf = 0.01.
a. According to the capital asset pricing model, what is the expected return on a risky
asset with random return r̃j that has a covariance σjM = 0 of zero with the random
return on the market?
b. According to the capital asset pricing model, what is the expected return on the risky
asset if, instead, its random return r̃j has a covariance of σjM = 0.025 with the random
return on the market?
c. According to the capital asset pricing model, what is the expected return on the risky
asset if, instead, its random return r̃j has a covariance of σjM = 0.050 with the random
return on the market?
3. The Market Model and Arbitrage Pricing Theory
Consider a version of the arbitrage pricing theory that is built on the assumption that the
random return r̃i on each individual asset i is determined by the market model
r̃i = E(r̃i ) + βi [r̃M − E(r̃M )] + εi
where, as we discussed in class, E(r̃i ) is the expected return on asset i, r̃M is the return
on the market portfolio and E(r̃M ) is the expected return on the market portfolio, βi is the
same beta for asset i as in the capital asset pricing model, and εi is an idiosyncratic, firmspecific component. Assume, as Stephen Ross did when developing the APT, that there are
enough assets for investors to form many well-diversified portfolios and that investors act to
eliminate all arbitrage opportunities that may arise across all well-diversified portfolios.
a. Write down the equation, implied by the APT, for the random return r̃w on a welldiversified portfolio with beta βw .
b. Write down the equation, implied by the APT, for the expected return E(r̃w ) on this
well-diversified portfolio with beta βw .
c. Suppose that you find another well-diversified portfolio with the same beta βw that
has an expected return that is lower than the expected return given in your answer
to part (b), above. Describe briefly (a sentence or two is all that it should take) the
trading opportunity provided by this discrepancy that is free of risk, self-financing, but
profitable for sure.

2

4. Stocks, Options, and Contingent Claims
Consider a version of the no-arbitrage variant of the Arrow-Debreu pricing model in which
there are two periods: t = 0, when investment decisions are made, and t = 1, when investment payoffs become known and are received. Looking ahead from period t = 0, there
are three possible states, i = 1, 2, 3, during period t = 1. Markets are complete, in that
contingent claims are traded at t = 0 for all three states at t = 1. Suppose, in particular,
that at t = 0, a contingent claim that pays off one dollar in state i = 1 at t = 1 and zero
otherwise sells for q 1 = 0.60. Suppose, similarly, that a contingent claim for state i = 2 at
t = 1 sells for q 2 = 0.20 at t = 0 and that a contingent claim for state i = 3 at t = 1 sells for
q 3 = 0.15 at t = 0.
a. Suppose that, in addition to the three contingent claims, another asset – a stock – trades
at t = 0. Suppose that the price of a share of stock at t = 1 depends on the state:
it can be sold for Ps1 = 1 in state i = 1 at t = 1, Ps2 = 2 in state i = 2 at t = 1,
and Ps3 = 3 in state i = 3 at t = 1; therefore, Ps1 , Ps2 , and Ps3 measure the payoffs in
each state at t = 1 from investing in one share of stock at t = 0. Given the contingent
claims prices, what is the numerical value of the price Ps0 at which the stock should
trade at t = 0?
b. Now consider a call option that gives the owner the right, but not the obligation, to
purchase one share of stock at t = 1 at the strike price K = 2. Let C 1 , C 2 , and C 3
denote the payoffs that an investor who purchases this call option at t = 0 receives in
each state of the world i = 1, 2, 3 at t = 1. What are the numerical values of C 1 , C 2 ,
and C 3 ?
c. At what price V0 will the call option described in part (b), above, sell for at t = 0?
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1. Portfolio Allocation and the Gains from Diversification
The first asset has expected return equal to µ1 = 10 and standard deviation of its return
equal to σ1 = 2 and the second asset has expected return equal to µ2 = 5 and standard
deviation of its return equal to σ2 = 1. In each portfolio, w denotes the fraction of wealth in
the portfolio allocated to asset 1 and 1 − w the corresponding fraction of wealth allocated to
asset 2. In general, the formulas for the expected return and the standard deviation of the
return of these portfolios are given by
µw = wµ1 + (1 − w)µ2
and
σw = [w2 σ12 + (1 − w)2 σ22 + 2w(1 − w)σ1 σ2 ρ12 ]1/2 ,
where ρ12 is the correlation between the two individual assets’ returns.
a. Assuming that ρ12 = 0, the expected return on the portfolio that sets w = 1/2 is
(1/2)µ1 + (1/2)µ2 = 7.5
and the standard deviation of this portfolio’s random return is
[(1/2)2 σ12 + (1/2)2 σ22 ]1/2 = 1.251/2 = 1.118.
b. Assuming instead that ρ12 = −0.25, the expected return on the portfolio that sets
w = 1/2 is still
(1/2)µ1 + (1/2)µ2 = 7.5
but the standard deviation of this portfolio’s random return falls to
[(1/2)2 σ12 + (1/2)2 σ22 − 2(1/2)(1/2)σ1 σ2 ρ12 ]1/2 = 11/2 = 1.
c. If the correlation between the two returns is ρ12 = −1, the standard deviation of the
portfolio’s return is
σw = [w2 σ12 + (1 − w)2 σ22 − 2w(1 − w)σ1 σ2 ]1/2 = [4w2 + (1 − w)2 − 4w(1 − w)]1/2 .
Therefore, to make this portfolio risk free, we need to find the value of w that makes
4w2 + (1 − w)2 − 4w(1 − w) = 0.
1

Since (1 − w)2 = 1 − 2w + w2 and 4w(1 − w) = 4w − 4w2 , this last equation requires
that
4w2 + 1 − 2w + w2 − 4w + 4w2 = 0
9w2 − 6w + 1 = 0
or
(3w − 1)2 = 0.
But this last equation can only hold if w = 1/3. Therefore, risk-free portfolio has
one-third of its funds allocated to asset one and two-thirds allocated to asset two.
2. The Capital Asset Pricing Model
The random return r̃M on the market portfolio has expected value E(r̃M ) = 0.07 and variance
2
= 0.025 and the return on risk-free assets is rf = 0.01. In general, the capital asset pricing
σM
model implies that the expected return on any individual asset j is
E(r̃j ) = rf + βj [E(r̃M ) − rf ]
where the asset’s beta
βj =

σjM
2
σM

depends on the covariance σjM between its random return r̃j and the random return r̃M on
the market portfolio.
a. Since an asset with σjM = 0 has a beta of zero, its expected return equals the risk-free
rate rf = 0.01.
b. Since an asset with σjM = 0.025 has a beta of one, its expected return equals the
expected return E(r̃M ) = 0.07 on the market portfolio.
c. Since an asset with σjM = 0.050 has a beta of two, its expected return is
E(r̃j ) = rf + 2[E(r̃M ) − rf ] = rf + 2E(r̃M ) − 2rf = 2E(r̃M ) − rf = 0.14 − 0.01 = 0.13.
3. Arbitrage Pricing Theory
In this version of the arbitrage pricing theory the random return r̃i on each individual asset
i is determined by the market model
r̃i = E(r̃i ) + βi [r̃M − E(r̃M )] + εi .
a. Since the defining characteristic of a well-diversified portfolio is that it has no idiosyncratic risk, the random return r̃w on a well-diversified portfolio with beta βw is
r̃w = E(r̃w ) + βw [r̃M − E(r̃M )].
2

b. Since the random return on this well-diversified portfolio can be replicated perfectly by
another well diversified portfolio that allocates the share βw of its funds to the market
portfolio and the remaining share 1 − βw to a portfolio of risk-free assets, the absence
of arbitrage opportunities requires that
E(r̃w ) = rf + βw [E(r̃M ) − rf ].
c. If you find another well-diversified portfolio with the same beta βw that has an expected
return that is lower than the expected return given in the answer to part (b), above,
you can take a long position worth x in the portfolio from part (b) and a short position
worth −x in this new portfolio. This strategy is self-financing, and since both portfolios
are well-diversified and have the same betas, the strategy is free of risk as well. It is
therefore profitable for sure.
4. Stocks, Options, and Contingent Claims
At t = 0, a contingent claim that pays off one dollar in state i = 1 at t = 1 and zero otherwise
sells for q 1 = 0.60. Similarly, a contingent claim for state i = 2 at t = 1 sells for q 2 = 0.20
at t = 0 and a contingent claim for state i = 3 at t = 1 sells for q 3 = 0.15 at t = 0.
a. The payoffs from a share of stock that can be sold for Ps1 = 1 in state i = 1 at t = 1,
Ps2 = 2 in state i = 2 at t = 1, and Ps3 = 3 in state i = 3 at t = 1 can be replicated by
a portfolio that consists of Psi contingent claims for each state i = 1, 2, 3. The price Ps0
at which the share of stock should trade at t = 0 can therefore be found by calculating
the cost of this portfolio of contingent claims:
Ps0 = Ps1 q 1 + Ps2 q 2 + Ps3 q 3 = 1 × 0.60 + 2 × 0.20 + 3 × 0.15 = 1.45.
b. A call option that gives the owner the right, but not the obligation, to purchase one
share of stock at t = 1 at the strike price K = 2 is worth C 1 = 0 in state i = 1 at
t = 1, C 2 = 0 in state i = 2 at t = 1, and C 3 = 1 in state i = 3 at t = 1.
c. The payoff structure for the call described in part (b), above, is the same as the payoff
structure for a contingent claim for state i = 3. Therefore, the price of the call option
must equal the price of a contingent claim for state i = 3: V0 = q 3 = 0.15.
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Final Exam
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This exam has four questions on four pages; before you begin, please check to make sure
that your copy has all four questions and all four pages. The four questions will be weighted
equally in determining your overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Portfolio Allocation and the Gains from Diversification
Consider a portfolio formed from two risky assets, the first with expected return equal to
µ1 = 10 and standard deviation of its return equal to σ1 = 2 and the second with expected
return equal to µ2 = 5 and standard deviation of its return equal to σ2 = 2. Let w denote the
fraction of wealth in the portfolio allocated to asset 1 and 1 − w the corresponding fraction
of wealth allocated to asset 2.
a. Calculate the expected return and the standard deviation of the return on the portfolio
that sets w = 1/2, assuming that the correlation between the two returns is ρ12 = 0.
b. Now suppose there is a third asset, with expected return equal to µ3 = 7.5 and standard
deviation of its return equal to σ3 = 2. Assume that the return on this third asset
is uncorrelated with the returns on the first two assets, so that ρ13 = 0 and ρ23 = 0.
Calculate the expected return and the standard deviation of the return on the portfolio
that allocates equal, one-third shares of wealth to each of the three assets.
c. Suppose, finally, that there is a fourth asset, with expected return equal to µ4 = 7.5
and standard deviation of its return equal to σ4 = 2. Assume that the return on this
fourth asset is uncorrelated with the returns on the other three assets, so that ρ14 = 0,
ρ24 = 0, and ρ34 = 0. Calculate the expected return and the standard deviation of the
return on the portfolio that allocates equal, one-fourth shares of wealth to each of the
four assets.

1

2. The Capital Asset Pricing Model
Suppose that the random return r̃M on the market portfolio has expected value E(r̃M ) = 0.07
2
and variance σM
= 0.02 and that the return on risk-free assets is rf = 0.02.
a. According to the capital asset pricing model, if a risky asset has a random return r̃j with
expected value E(r̃j ) = 0.145, what is the numerical value of this asset’s beta βj ?
b. According to the capital asset pricing model, what is the numerical value of the covariance
between this risky asset’s random return r̃j and the random return r̃M on the market
portfolio?
c. According to the capital asset pricing model, if another risky asset has a random return
r̃k with expected value E(r̃k ) = 0.01, what is the numerical value of this asset’s beta
βk ?

2

3. A Two-Factor Arbitrage Pricing Theory
Consider an economy in which the random return r̃i on each individual asset i is given by
r̃i = E(r̃i ) + βi,m [r̃M − E(r̃M )] + βi,v [r̃V − E(r̃V )] + εi
where, as we discussed in class, E(r̃i ) equals the expected return on asset i, r̃M is the
random return on the market portfolio, r̃V is the random return on a “value” portfolio
that takes a long position in shares of stock issued by smaller, overlooked companies or
companies with high book-to-market values and a corresponding short position in shares of
stock issued by larger, more popular companies or companies with low book-to-market values,
εi is an idiosyncratic, firm-specific component, and βi,m and βi,v are the “factor loadings”
that measure the extent to which the return on asset i is correlated with the return on the
market and value portfolios. Assume, as Stephen Ross did when developing the arbitrage
pricing theory (APT), that there are enough individual assets for investors to form many
well-diversified portfolios and that investors act to eliminate all arbitrage opportunities that
may arise across all well-diversified portfolios.
a. Consider, first, a well-diversified portfolio that has βw,m = βw,v = 0. Write down the
equation, implied by this version of the APT, that links the expected return E(r̃w1 ) on
this portfolio to the return rf on a portfolio of risk-free assets. Consider, next, two
more well-diversified portfolios: portfolio two with βw,m = 1 and βw,v = 0 and portfolio
three with βw,m = 0 and βw,v = 1. Write down the equations, implied by this version
of the APT, for the expected returns E(r̃w2 ) and E(r̃w3 ) on each of these two additional
portfolios.
b. Suppose you find a fourth well-diversified portfolio that has non-zero values of both
βw,m and βw,v . Write down the equation, implied by this version of the APT, for the
expected return E(r̃w4 ) on this portfolio.
c. Suppose that the expected return on the well-diversified portfolio described in part (b),
above, is lower than the expected return given in your answer. Describe briefly (a
sentence or two is all that it should take) the trading opportunity provided by this
discrepancy that is free of risk, self-financing, but profitable for sure.

3

4. Stocks, Bonds, and Options Pricing
Consider a version of the no-arbitrage variant of the Arrow-Debreu pricing model in which
there are two periods: t = 0, when investment decisions are made, and t = 1, when investment payoffs become known and are received. Looking ahead from period t = 0, there are
two possible states, i = 1 and i = 2, at t = 1. Suppose that two complex assets are traded.
One is a share of stock, which can be purchased for Ps0 = 1.25 at t = 0 and sold for Ps1 = 3
in state i = 1 at t = 1 and Ps2 = 1 in state i = 2 at t = 1. The other is a bond, which can
be purchased for Q0 = 0.75 at t = 0 and pays off one dollar for sure, that is, in both states
i = 1 and i = 2 at t = 1.
a. Now consider a call option that gives the owner the right, but not the obligation, to
purchase one share of stock at t = 1 at the strike price K = 2. Let C 1 and C 2 be the
payoffs that an investor who purchases this call option at t = 0 receives in states i = 1
and i = 2 at t = 1. What are the numerical values of C 1 and C 2 ?
b. Suppose that an investor wants to form a portfolio at t = 0 consisting of S shares of
stock and B bonds that will replicate the payoffs that he or she will receive by buying
the call option described in part (a), above. What numerical values of S and B should
he or she choose?
c. Using your answers to part (b), above, together with the information on the stock and
bond prices given previously, calculate the price V0 at which the call option should
trade at t = 0.
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1. Portfolio Allocation and The Gains From Diversification
The first asset has expected return equal to µ1 = 10 and standard deviation of its return
equal to σ1 = 2 and the second asset has expected return equal to µ2 = 5 and standard
deviation of its return equal to σ2 = 2. A portfolio has the fraction w of wealth in the
portfolio allocated to asset 1 and the remaining fraction 1 − w of wealth allocated to asset 2.
a. When the correlation between the two returns is ρ12 = 0, the expected return on the
portfolio that sets w = 1/2 is
(1/2)µ1 + (1/2)µ2 = 7.5
and the standard deviation of the return on the same portfolio is
[(1/2)2 σ12 + (1/2)2 σ22 ]1/2 = 21/2 = 1.414.
b. The third asset has expected return equal to µ3 = 7.5 and standard deviation of its return
equal to σ3 = 2. When all of the individual returns are uncorrelated, the portfolio that
allocates equal, one-third shares of wealth to each of the three assets has expected
return
(1/3)µ1 + (1/3)µ2 + (1/3)µ3 = 7.5
and the standard deviation of the return on the same portfolio is
[(1/3)2 σ12 + (1/3)2 σ22 + (1/3)2 σ32 ]1/2 = (4/3)1/2 = 1.155.
c. The fourth asset has expected return equal to µ4 = 0.75 and standard deviation of
its return equal to σ4 = 2. When all of the individual returns are uncorrelated, the
portfolio that allocates equal, one-fourth shares of wealth to each of the four assets has
expected return
(1/4)µ1 + (1/4)µ2 + (1/4)µ3 + (1/4)µ4 = 7.5
and the standard deviation of the return on the same portfolio is
[(1/4)2 σ12 + (1/4)2 σ22 + (1/4)2 σ32 + (1/4)2 σ32 ]1/2 = 1.

1

2. The Capital Asset Pricing Model
The random return r̃M on the market portfolio has expected value E(r̃M ) = 0.07 and variance
2
σM
= 0.02 and the return on risk-free assets is rf = 0.02. In general, the CAPM implies
that any asset with random return random return r̃j must have expected return
E(r̃j ) = rf + βj [E(r̃M ) − rf ],
where its beta,
βj =

σjM
2
σM

depends on the covariance σjM between r̃j and r̃M .
a. If a risky asset has a random return r̃j with expected value E(r̃j ) = 0.145, its beta must
satisfy
0.145 = 0.02 + βj (0.07 − 0.02).
From this equation, we can tell that βj = 0.125/0.05 = 2.5.
2
= 0.02, it must be that σjM = 2.5 × 0.02 = 0.05.
b. With βj = 2.5 and σM

c. If another risky asset has a random return r̃k with expected value E(r̃k ) = 0.01, its beta
must satisfy
0.01 = 0.02 + βk (0.07 − 0.02).
From this equation, we can tell that βk = −0.01/0.05 = −0.2.
3. A Two-Factor Arbitrage Pricing Theory
In this version of the APT, the random return r̃i on each individual asset i is given by
r̃i = E(r̃i ) + βi,m [r̃M − E(r̃M )] + βi,v [r̃V − E(r̃V )] + εi .
a. The APT implies that the first well-diversified portfolio, with βw,m = βw,v = 0, will have
an expected return equal to the risk-free rate,
E(r̃w1 ) = rf .
that the second well-diversified portfolio, with βw,m = 1 and βw,v = 0, will have
expected return equal to the expected return of the market portfolio,
E(r̃w2 ) = rf + [E(r̃M ) − rf ] = E(r̃M ),
and that the third well-diversified portfolio, with βw,m = 0 and βw,v = 1, will have
expected return equal to the expected return of the value portfolio,
E(r̃w3 ) = rf + [E(r̃V ) − rf ] = E(r̃V ).
2

b. According to the APT, a fourth well-diversified portfolio that has non-zero values of
both βw,m and βw,v will have expected return
E(r̃w4 ) = rf + βw,m [E(r̃M ) − rf ] + βw,v [E(r̃V ) − rf ].
c. If the expected return on portfolio four is lower than the expected return given by the
solution to part (b), above, then one should form a fifth well-diversified portfolio that
allocates the share βw,m of total wealth to portfolio two (or the market portfolio), the
share βw,v of total wealth to portfolio 3 (or the value portfolio), and the remaining share
1 − βw.m − βw,v to portfolio 1 (or to risk-free assets). Taking a long position worth
x in this fifth portfolio, while simultaneously taking a short position worth −x in the
fourth portfolio is a trading strategy that is free of risk, self-financing, but profitable
for sure.
4. Stocks, Bonds, and Options Pricing
There are two periods t = 0 and t = 1, and two possible states, i = 1 and = 2, at t = 1. Two
complex assets are traded. One is a share of stock, which can be purchased for Ps0 = 1.25
at t = 0 and sold for Ps1 = 3 in state i = 1 at t = 1 and Ps2 = 1 in state i = 2 at t = 1. The
other is a bond, which can be purchased for Q0 = 0.75 at t = 0 and pays off one dollar for
sure, that is, in both states i = 1 and i = 2 at t = 1.
a. A call option that gives the owner the right, but not the obligation, to purchase one
share of stock at t = 1 at the strike price K = 2 has payoff C 1 = 1 in state i = 1 and
C 2 = 0 in states i = 2 at t = 1.
b. If an investor wants to form a portfolio at t = 0 consisting of S shares of stock and
B bonds that will replicate the payoffs that he or she will receive by buying the call
option described in part (a), above, he or she should choose S and B to satisfy
3S + B = 1
to replicate the call’s payoff in state i = 1 and
S+B =0
to replicate the call’s payoff in state i = 2. The second equation implies that B = −S.
Substituting this result into the first equation reveals that
3S − S = 1
or S = 1/2 and B = −1/2.
c. Since the stock trades for Ps0 = 1.25 and the bond for Q0 = 0.75, the portfolio described
in part (b), above, costs
(1/2) × 1.25 − (1/2) × 0.75 = 0.25
at t = 0. And since the call provides the same payoffs as this portfolio, it must also
cost V0 = 0.25 at t = 0.
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This exam has five questions on four pages; before you begin, please check to make sure
that your copy has all five questions and all four pages. The five questions will be weighted
equally in determining your overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Stocks and Contingent Claims
Consider an economic environment with risk in which there are two periods, t = 0 and t = 1,
and two possible states at t = 1: a “good” state that occurs with probability π = 1/2 and
a “bad” state that occurs with probability 1 − π = 1/2. Suppose that two stocks trade in
this economy. Each share in company 1 sells for q 1 = 5 at t = 0, and pays a large dividend
B
dG
1 = 3 in the good state at t = 1 and a small dividend d1 = 1 in the bad state at t = 1.
Each share in company 2 sells for q 2 = 8 at t = 0, and pays a large dividend dG
2 = 4 in the
=
2
in
the
bad
state
at
t
=
1.
Suppose,
as we
good state at t = 1 and a small dividend dB
2
have in class, that investors can take long or short positions in both assets, and there are no
brokerage fees or trading costs.
a. Find the combination of purchases and/or short sales of shares in companies 1 and 2
that will replicate the payoffs on a contingent claim for the good state at t = 1.
b. Find the combination of purchases and/or short sales of shares in companies 1 and 2
that will replicate the payoffs on a contingent claim for the bad state at t = 1.
c. Find the prices at which each of the two contingent claims should sell at t = 0.
2. Pareto Optimal and Equilibrium Allocations
The graph on the next page shows an Edgeworth box, describing resource allocations in an
economy with two consumers, “consumer one” and “consumer two,” and two goods, “good
a” and “good b.” In the diagram, the origin for consumer one is at the bottom left, so
that c1a , consumer one’s consumption of good a, increases moving to the right along the
horizontal axis, and c1b , consumer one’s consumption of good b, increases moving up along
the vertical axis. The origin for consumer two is at the top right, so that c2a , consumer
two’s consumption of good a, increases moving to the left along the horizontal axis, and
c2b , consumer two’s consumption of good b, increases moving down along the vertical axis.
Both consumers prefer more to less and have a preference for variety. Thus, consumer one’s
1

indifference curve, traced out by the sold line, slopes down and is bowed towards to bottom
left, and consumer two’s indifference curve, traced out by the dashed line, also slopes down
but is bowed towards to the top right.

a. Could the resource allocation shown as point A in the graph describe a Pareto optimal
allocation? Explain briefly (a sentence or two is all it should take) why or why not.
b. Could the resource allocation shown as point A in the graph describe a competitive
equilibrium allocation? Explain briefly (again, a sentence or two is all it should take)
why or why not.
c. Starting from the resource allocation shown as point A in the graph, consider two possible
reallocations:
Reallocation 1: Take some of good a away from consumer one and give it to consumer
two; and take some of good b away from consumer two and give it to consumer
one.
Reallocation 2: Take some of good b away from consumer one and give it to consumer
two; and take some of good a away from consumer two and give it to consumer
one.
Which of these resource reallocations would make both consumers better off: 1, 2,
neither, or both? Here, you don’t have to explain; just write down an answer.

2

3. Pricing Risk-Free Assets
Assume, for all of the examples in this question, that there is no uncertainly: all specified
payments made by all assets will be received for sure. Suppose initially that two government
bonds are traded. The first is a one-year discount bond, with face (or par) value equal to
$1000, which sells for $900 today, and the other is a two-year discount bond, also with face
(or par) value equal to $1000, which sells for $850 today.
a. Calculate the interest rate on the one-year discount bond.
b. Calculate the annualized interest rate on the two-year bond.
c. Now suppose that the government decides to sell a third type of bond: a two-year
coupon bond that makes an annual interest payment of $100 each year for the next
two years then returns face value $1000 at the end of the second year. Given the prices
at which the two discount bond are already trading, calculate the price at which this
new, coupon bond should be expected to sell for today.
4. Criteria for Choice Over Risky Prospects
Consider once again an economic environment with risk in which there are two periods, t = 0
and t = 1, and two possible states at t = 1: a “good” state that occurs with probability
π = 1/2 and a “bad” state that occurs with probability 1 − π = 1/2. In this economy, “asset
one” provides a return of 3 percent in the good state and 1 percent in the bad state.
a. Calculate the expected return and the standard deviation of the return on asset one.
b. Provide an example, by writing down the expected return and standard deviation of the
return, on another asset, call it “asset two,” that exhibits mean-variance dominance
over asset one.
c. Provide an example, by writing down the returns provided in the good state and in the
bad state, of a third asset, “asset three,” that exhibits state-by-state dominance over
asset one.

3

5. Measuring Risk Aversion
Consider a risk-averse investor with von Neumann-Morgenstern expected utility who has
initial income Y and is offered a bet: win kY with probability π and lose kY with probability
1 − π. In class, we derived the approximation
π∗ ≈

1 1
+ kRR (Y )
2 4

for the probability of winning π ∗ that makes the investor indifferent between accepting and
rejecting the bet, where RR (Y ) is his or her coefficient of relative risk aversion and k is the
size of the bet measured as a fraction of income. Use this approximation to answer the
following questions.
a. Suppose, in particular, that the consumer’s initial income is Y = 100000 and that he
or she is indifferent between the bet: win 2000 with probability π ∗ = 0.55 and lose
2000 with probability 1 − π ∗ = 0.45. What is the numerical value of the consumer’s
coefficient of relative risk aversion implied by the approximation?
b. Suppose that the consumer described in part (a), above, has preferences over risky alternatives that are described by a von Neumann-Morgenstern expected utility function
with Bernoulli utility function
u(Y ) =

Y 1−γ − 1
1−γ

over monetary values Y received in any particular state of the world. Given your answer
to part (a), above, what value would you assign to the parameter γ that appears in
this Bernoulli utility function?
c. Suppose that this same consumer was offered a different bet: win 4000 with probability
π = 0.55 and lose 4000 with probability 1 − π = 0.45. Given his or her coefficient
of relative risk aversion, which you calculated in part (a), above, would the investor
accept or reject this bet?
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1. Stocks and Contingent Claims
a. Shares in company 1 pay a large dividend dG
1 = 3 in the good state at t = 1 and a small
B
dividend d1 = 1 in the bad state at t = 1. Shares in company 2 pays a large dividend
B
dG
2 = 4 in the good state at t = 1 and a small dividend d2 = 2 in the bad state at
t = 1. A contingent claim for the good state pays 1 in the good state at t = 1 and
0 in the bad state at t = 1. Thus, to replicate the payoffs on the contingent claim
for the good state, an investor must purchase s1 shares in company 1 and s2 shares in
company 2, where these two unknown values satisfy the two equations
G
1 = dG
1 s1 + d2 s2 = 3s1 + 4s2

and
B
0 = dB
1 s1 + d2 s2 = s1 + 2s2 .

Although there are many ways to solve this system of equations, perhaps the easiest
is to observe that the second equation requires that
s1 = −2s2 .
Substituting this result into the first equation yields
1 = 3(−2s2 ) + 4s2 = −2s2 .
These last two equations imply
s1 = 1 and s2 = −1/2,
indicating that by buying one share in company 1 and selling short one-half share in
company 2, an investor can replicate the payoffs on a contingent claim for the good
state.
b. A contingent claim for the bad state pays 0 in the good state at t = 1 and 1 in the bad
state at t = 1. Thus, to replicate the payoffs on the contingent claim for the bad state,
an investor must purchase s1 shares in company 1 and s2 shares in company 2, where
G
0 = dG
1 s1 + d2 s2 = 3s1 + 4s2

and
B
1 = dB
1 s1 + d2 s2 = s1 + 2s2 .

1

Once again, there are many ways to solve this system of equations, but perhaps the
easiest is to observe that the second equation requires that
s1 = 1 − 2s2 .
Substituting this result into the first equation yields
0 = 3(1 − 2s2 ) + 4s2 = 3 − 2s2 .
These last two equations imply
s1 = −2 and s2 = 3/2,
indicating that by selling short two shares in company 1 and buying one and one-half
shares in company 2, an investor can replicate the payoffs on a contingent claim for
the bad state.
c. Shares in company 1 sell for q 1 = 5 at t = 0 and shares in company 2 sell for q 2 = 8 at
t = 0. The solution to part (a), above, indicates that to replicate a contingent claim
for the good state, an investor needs to purchase 1 share in company 1 and sell short
one-half share in company 2. Computing the cost of assembling this portfolio provides
the price q G at which a contingent claim for the good state should sell at t = 0:
q G = q 1 − (1/2)q 2 = 5 − (1/2)8 = 1.
The solution to part (b), above, indicates that to replicate a contingent claim for the
bad state, an investor needs to purchase one and one-half shares in company 2 and sell
short 2 shares in company 1. Computing the cost of assembling this portfolio provides
the price q B at which a contingent claim for the bad state should sell at t = 0:
q B = (3/2)q 2 − 2q 1 = (3/2)8 − 2(5) = 2.
2. Pareto Optimal and Equilibrium Allocations
a. Any Pareto optimal allocation will equate the two consumers’ marginal rates of substitution between the two goods, implying that their indifference curves in the Edgeworth
box should be tangent. Since the two consumers’ indifference curves are not tangent
at point A, this resource allocation cannot be Pareto optimal.
b. In any competitive equilibrium, each consumer will equate his or her marginal rate of
substitution between the two goods to the relative prices of those same two goods. And
since both consumers face the same relative prices, an equilibrium allocation must also
equate the two consumers’ marginal rates of substitution. Since the two consumers’
indifference curves are not tangent at point A, this resource allocation can not be part
of a competitive equilibrium either.

2

c. Compared to the initial allocation described by point A, both consumers are better
off with any other allocation that lies inside the lens-shaped region between the two
indifference curves shown in the graph. Since reallocating resources in this way means
taking some of good a away from consumer one and giving it to consumer two and taking some of good b away from consumer two and giving it to consumer one, reallocation
1 will make both consumers better off but realloaction 2 will not.
3. Pricing Risk-Free Assets
a. The one-year discount bond has face value equal to $1000 and sells for $900 today. The
interest rate on this bond is therefore
1000
− 1 = 1.1111 − 1 = 0.1111
r1 =
900
or 11.11 percent.
b. The two-year discount bond has face value equal to $1000 and sells for $850 today. The
annualized interest rate on this bond is therefore

1/2
1000
− 1 = 1.0847 − 1 = 0.0847
r2 =
850
or 8.47 percent.
c. The cash flows from a two-year coupon bond that makes an annual interest payment of
$100 each year for the next two years then returns face value $1000 at the end of the
second year can be replicated by buying 0.1 one-year discount bonds and 1.1 two-year
discount bonds. Since the one-year discount bond sells for $950 today and the two-year
discount bond sells for $850 today, the price P C at which the coupon bond should sell
for today is
P C = 0.1(900) + 1.1(850) = 90 + 935 = 1025.
4. Criteria for Choice Over Risky Prospects
a. Asset one provides a return of 3 percent in the good state and 1 percent in the bad state,
each of which occurs with probability 1/2. Hence, the expected return on asset one is
E(r1 ) = (1/2)3 + (1/2)(1) = 3/2 + 1/2 = 2
and the standard deviation of the return on asset one is
σ(r1 ) = [(1/2)(3 − 2)2 + (1/2)(1 − 2)2 ]1/2 = 1.
b. If asset two exhibits mean-variance dominance over asset one it must have an expected
return E(r2 ) that is at least as large as E(r1 ) = 2 and a return with standard deviation
σ(r2 ) that is no larger than σ(r1 ) = 1. Many combinations will work, but one example
is E(r2 ) = 3 and σ(r2 ) = 1.
3

c. If asset three exhibits state-by-state dominance over asset one, its return r3G in the good
state must be at least as large as r1G = 3 and its return r3B in the bad state must be at
least as large as r1B = 1. Once again, many combinations will work, but one example
is r3G = 4 and r3B = 1.
5. Measuring Risk Aversion
a. With Y = 100000, the bet of 2000 represents two percent of the investor’s initial income.
Hence, with π ∗ = 0.55 and k = 0.02, the approximation
π∗ ≈

1 1
+ kRR (Y )
2 4

implies more specifically that
0.55 ≈

1
+ (0.005)RR (Y ).
2

Hence, the investor’s coefficient of relative risk aversion RR (Y ) must be
RR (Y ) =

0.55 − 0.50
= 10.
0.005

b. The Bernoulli utility function
u(Y ) =

Y 1−γ − 1
1−γ

implies a coefficient of relative risk aversion that is constant (independent of income)
and given by RR (Y ) = γ. Hence, the answer to part (a), above, implies that γ = 10.
c. With Y = 100000, the new bet of 4000 represents four percent of the investor’s initial
income. Hence, with k = 0.04 and RR (Y ) = 10, the approximation
π∗ ≈

1 1
+ kRR (Y )
2 4

implies more specifically that
π∗ ≈

1 1
+ (0.04)(10) = 0.50 + 0.10 = 0.60
2 4

is the probability of winning that makes the investor indifferent between accepting and
rejecting the bet. Since the probability of winning that is actually offered is π = 0.55,
the investor will reject this new bet.

4

Final Exam
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This exam has five questions on four pages; before you begin, please check to make sure
that your copy has all five questions and all four pages. The five questions will be weighted
equally in determining your overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Risk Aversion and Portfolio Allocation
Consider the portfolio allocation problem faced by an investor who has initial wealth Y0 =
100. The investor allocates the amount a to stocks, which provide return rG = 0.35 (a 35
percent gain) in a good state that occurs with probability 1/2 and return rB = −0.15 (a
15 percent loss) in a bad state that occurs with probability 1/2. The investor allocates the
remaining Y0 − a to a risk-free bond which provides the return rf = 0.05 (a five percent gain)
in both states. The investor has von Neumann-Morgenstern expected utility, with Bernoulli
utility function of the logarithmic form
u(Y ) = ln(Y ).
a. Write down a mathematical statement of this portfolio allocation problem.
b. Write down the numerical value of the investor’s optimal choice a∗ .
c. Suppose that a second investor also has vN-M expected utility with Bernoulli utility
function of the logarithmic form u(Y ) = ln(Y ), but has initial wealth Y0 = 1000 that
is ten times as large as the investor considered in parts (a) and (b) above. Still assuming
that stocks provide return rG = 0.35 in a good state that occurs with probability 1/2
and return rB = −0.15 in a bad state that occurs with probability 1/2 and that the
risk-free bond provides the return rf = 0.05 in both states, what is the numerical value
of a∗ measuring the amount that this second investor optimally allocates to stocks?

1

2. Portfolio Allocation and the Gains from Diversification
Consider portfolios formed from two risky assets, the first with expected return equal to
µ1 = 10 and standard deviation of its return equal to σ1 = 4 and the second with expected
return equal to µ2 = 7 and standard deviation of its return equal to σ2 = 2. Let w1 denote
the fraction of wealth in the portfolio allocated to asset 1 and w2 the fraction of wealth
allocated to asset 2.
a. Calculate the expected return and the standard deviation of the return on the portfolio
that sets w1 = 1/2 and w2 = 1/2, assuming that the correlation between the two
returns is ρ12 = 1.
b. Calculate the expected return and the standard deviation of the return on the same
portfolio that sets w1 = 1/2 and w2 = 1/2, assuming instead that the correlation
between the two returns is ρ12 = 0.
c. Finally, suppose that in addition to the two risky assets described above, there is also a
risk-free asset with return rf = 5. Still assuming, as in part (b), that the correlation
between the two random returns is ρ12 = 0, calculate the expected return and the
standard deviation of the return on the portfolio that allocates the fraction w1 = 1/4
of wealth to asset 1, w2 = 1/4 of wealth to asset 2, and the remaining fraction wr = 1/2
to the risk-free asset.

2

3. Modern Portfolio Theory
The graph below traces out the minimum variance frontier from Modern Portfolio Theory.
Each of the three portfolios shown, A, B, and C, lies on the minimum variance frontier: each
one provides the minimized variance σP2 for a given mean or expected return µP . Portfolio A
has a higher expected return than portfolio C, however, even though both returns have the
same standard deviation. Thus, portfolios A and B lie on the efficient frontier, but portfolio
C does not.

In answering each part of this question, assume, as Harry Markowitz did when he invented
Modern Portfolio Theory, that all investors have mean-variance preferences, that is, utility
functions that are increasing in their portfolio’s expected return and decreasing the variance
or standard deviation of their portfolio’s random return. Assume, as well, that there is no
risk-free asset, so that all investors much choose portfolios on or inside the minimum variance
frontier.
a. Would any investor ever choose to hold portfolio C? Here, you can just say “yes” or
“no;” you don’t have to explain why.
b. Suppose you observed one investor – call him or her “investor 1” – holding portfolio
A and another investor – call him or her “investor 2” – holding portfolio B. Which
investor is more risk averse: investor 1 or investor 2? Again, you can just say “investor
1” or “investor 2;” you don’t have to explain why.
c. Does portfolio A exhibit mean-variance dominance over portfolio B? Here, once more,
you can just say “yes” or “no;” you don’t have to explain why.
3

4. The Capital Asset Pricing Model
Suppose that the random return r̃M on the market portfolio has expected value E(r̃M ) = 0.07
and the return on risk-free assets is rf = 0.02.
a. According to the capital asset pricing model, what is the expected return on an asset
with random return that has a “beta” equal to βj = 1?
b. According to the capital asset pricing model, what is the expected return on an asset
with random return that has a “beta” equal to βj = 0?
c. According to the capital asset pricing model, what is the expected return on an asset
with random return that has a “beta” equal to βj = −0.20?
5. The Market Model and Arbitrage Pricing Theory
Consider a version of the arbitrage pricing theory that is built on the assumption that the
random return r̃i on each individual asset i is determined by the market model
r̃i = E(r̃i ) + βi [r̃M − E(r̃M )] + εi
where, as we discussed in class, E(r̃i ) is the expected return on asset i, r̃M is the return
on the market portfolio and E(r̃M ) is the expected return on the market portfolio, βi is the
same beta for asset i as in the capital asset pricing model, and εi is an idiosyncratic, firmspecific component. Assume, as Stephen Ross did when developing the APT, that there are
enough assets for investors to form many well-diversified portfolios and that investors act to
eliminate all arbitrage opportunities that may arise across all well-diversified portfolios.
a. Write down the equation, implied by the APT, for the random return r̃w1 on a welldiversified portfolio with beta βw .
b. Write down the equation, implied by the APT, for the expected return E(r̃w1 ) on this
well-diversified portfolio with beta βw .
c. Suppose that you find another well-diversified portfolio with the same beta βw that has
an expected return E(r̃w2 ) that is lower than the expected return E(r̃w1 ) given in your
answer to part (b), above. Describe briefly (a sentence or two is all that it should take)
the trading opportunity provided by this discrepancy that is free of risk, self-financing,
but profitable for sure.
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1. Risk Aversion and Portfolio Allocation
An investor has initial wealth Y0 = 100 and allocates the amount a to stocks, which provide
return rG = 0.35 in a good state that occurs with probability 1/2 and return rB = −0.15 in
a bad state that occurs with probability 1/2. The investor allocates the remaining Y0 − a to
a risk-free bond which provides the return rf = 0.05 in both states. The investor has von
Neumann-Morgenstern expected utility, with Bernoulli utility function of the logarithmic
form
u(Y ) = ln(Y ).
a. In general, the investor’s portfolio allocation problem can be stated mathematically as
max E{u[(1 + rf )Y0 + a(r̃ − rf )]},
a

where r̃ is the random return on stocks, but under the particular assumptions about the
Bernoulli utility function and stock returns made above, the problem can be written
more specifically as
max(1/2) ln(105 + 0.30a) + (1/2) ln(105 − 0.20a).
a

b. The first-order condition for the investor’s optimal choice a∗ is
(1/2)(0.20)
(1/2)(0.30)
−
= 0.
105 + 0.30a∗ 105 − 0.20a∗
This first-order condition leads to the numerical solution for a∗ as
(1/2)(0.30)
(1/2)(0.20)
=
105 + 0.30a∗
105 − 0.20a∗
(1/2)(0.30)(105 − 0.20a∗ ) = (1/2)(0.20)(105 + 0.30a∗ )
(0.30)(105) − (0.30)(0.20)a∗ = (0.20)(105) + (0.20) ∗ (0.30)a∗
(0.10)(105) = 2(0.30)(0.20)a∗
a∗ =

(0.10)(105)
= 87.5.
2(0.30)(0.20)

1

c. A second investor also has vN-M expected utility with Bernoulli utility function of the
logarithmic form u(Y ) = ln(Y ), but has initial wealth Y0 = 1000 that is ten times as
large as the investor considered in parts (a) and (b) above. Although it is possible
to re-solve the entire problem after replacing the first investor’s Y0 = 100 with the
second investor’s Y0 = 1000, we know from class that because the logarthimic utility
function implies that the coefficient of relative risk aversion is constant, both of these
investors will allocate the same fraction of their wealth to stocks. Since this fraction
equals 0.875 for the first investor, it will equal 0.875 for the second investor as well.
With Y0 = 1000, this second investor will therefore choose a∗ = 875.
2. Portfolio Allocation and the Gains from Diversification
Asset 1 has expected return equal to µ1 = 10 and standard deviation of its return equal to
σ1 = 4; asset 2 has expected return equal to µ2 = 7 and standard deviation of its return
equal to σ2 = 2. The fraction of wealth in the portfolio allocated to asset 1 is w1 and the
fraction of wealth allocated to asset 2 is w2 .
a. Assuming that the correlation between the two returns is ρ12 = 1, the portfolio that sets
w1 = 1/2 and w2 = 1/2 has expected return equal to
µp = w1 µ1 + w2 µ2 = (1/2)10 + (1/2)7 = 5 + 3.5 = 8.5
and standard deviation of its return equal to
σp = [w12 σ12 + w22 σ22 + 2w1 w2 σ1 σ2 ρ12 ]1/2
= [(1/2)2 16 + (1/2)2 4 + 2(1/2)(1/2)(4)(2)(1)]1/2
√
= (4 + 1 + 4)1/2 = 9 = 3.
b. If instead the correlation between the two returns is ρ12 = 0, the same portfolio will have
still have expected return µp = 8.5, but the standard deviation of its return will equal
σp = [w12 σ12 + w22 σ22 + 2w1 w2 σ1 σ2 ρ12 ]1/2
= [(1/2)2 16 + (1/2)2 4 + 2(1/2)(1/2)(4)(2)(0)]1/2
√
= (4 + 1)1/2 = 5 = 2.24.
c. A risk-free asset has return rf = 5. Still assuming, as in part (b), that the correlation
between the two random returns is ρ12 = 0, the expected return on the portfolio that
allocates the fraction w1 = 1/4 of wealth to asset 1, w2 = 1/4 of wealth to asset 2, and
the remaining fraction wr = 1/2 to the risk-free asset is
µp = w1 µ1 + w2 µ2 + wr rf = (1/4)10 + (1/4)7 + (1/2)5 = 2.5 + 1.75 + 2.5 = 6.75.
There are a number of different ways of calculating the standard deviation of the return
on this portfolio of assets, but perhaps the easiest is to note that since the two risky
asset returns are assumed to be uncorrelated, and since the correlations between the
2

risk-free return and each of the risky returns are zero, all of the “cross-products” in
the formula for the portfolio’s standard deviation equal zero, so that
√
σp = (w12 σ12 + w22 σ22 )1/2 = [(1/4)2 16 + (1/4)2 4]1/2 = (1 + 1/4)1/2 = 5/2 = 1.12.
3. Modern Portfolio Theory
The graph below traces out the minimum variance frontier from Modern Portfolio Theory.

a. No investor with mean-variance utility would ever choose to hold portfolio C, since
portfolio A offers a higher expected return with the same standard deviation.
b. Investor 2, holding portfolio B, is more risk averse than investor 1, holding portfolio
A, since investor 2 is accepting lower expected return in order to reduce the standard
deviation of his or her portfolio’s random return.
c. No, portfolio A does not exhibit mean-variance dominance over portfolio B since, while
it does have a higher expected return, the standard deviation of its return is higher as
well.

3

4. The Capital Asset Pricing Model
The random return r̃M on the market portfolio has expected value E(r̃M ) = 0.07 and the
return on risk-free assets is rf = 0.02.
a. According to the capital asset pricing model, the expected return on an asset with
random return that has βj = 1 is
E(r̃j ) = rf + βj [E(r̃M ) − rf ] = 0.02 + 1(0.07 − 0.02) = 0.07.
b. The expected return on an asset with random return that has βj = 0 is
E(r̃j ) = rf + βj [E(r̃M ) − rf ] = 0.02 + 0(0.07 − 0.02) = 0.02.
c. The expected return on an asset with random return that has βj = −0.20 is
E(r̃j ) = rf + βj [E(r̃M ) − rf ] = 0.02 − (0.20)(0.07 − 0.02) = 0.01.
5. The Market Model and Arbitrage Pricing Theory
This version of the arbitrage pricing theory is built on the assumption that the random
return r̃i on each individual asset i is determined by the market model
r̃i = E(r̃i ) + βi [r̃M − E(r̃M )] + εi .
a. The APT implies that a well-diversified portfolio with beta βw will have random return
r̃w1 = E(r̃w1 ) + βw [r̃M − E(r̃M )].
b. The APT also implies that the well-diversified portfolio with beta βw will have expected
return
E(r̃w1 ) = rf + βw [E(r̃M ) − rf ].
c. If you find another well-diversified portfolio with the same beta βw that has an expected
return E(r̃w2 ) that is lower than the expected return given in the answer to part (b),
you can take a long position worth x in the portfolio described in parts (a) and (b)
and a short position worth −x in this new portfolio. This strategy is self-financing,
and since both portfolios are well-diversified and have the same betas, the strategy is
free of risk as well. It is therefore profitable for sure, and the larger the value of x, the
larger the profit you will make.
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This exam has five questions on four pages; before you begin, please check to make sure
that your copy has all five questions and all four pages. The five questions will be weighted
equally in determining your overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Risk Aversion and Portfolio Allocation
Consider the portfolio allocation problem faced by an investor who has initial wealth Y0 =
100. The investor allocates the amount a to stocks, which provide return rG = 0.40 (a 40
percent gain) in a good state that occurs with probability 1/2 and return rB = −0.20 (a
20 percent loss) in a bad state that occurs with probability 1/2. The investor allocates the
remaining Y0 − a to a risk-free bond which provides the return rf = 0.05 (a five percent gain)
in both states. The investor has von Neumann-Morgenstern expected utility, with Bernoulli
utility function of the logarithmic form
u(Y ) = ln(Y ).
a. Write down a mathematical statement of this portfolio allocation problem.
b. Write down the numerical value of the investor’s optimal choice a∗ .
c. Suppose that instead of the logarithmic function given above, the investor has Bernoulli
utility function of the form
Y 1−γ − 1
,
u(Y ) =
1−γ
with γ = 1/2. Would the solution for a∗ in this case be larger than, the same as, or
smaller than, the solution for a∗ that you derived in part (b), above? Note: Here, you
don’t need to actually solve for a∗ , all you need to do is say how it compares to the
solution from part (b).

1

2. Portfolio Allocation and the Gains from Diversification
Consider portfolios formed from two risky assets, the first with expected return equal to
µ1 = 10 and standard deviation of its return equal to σ1 = 2 and the second with expected
return equal to µ2 = 6 and standard deviation of its return equal to σ2 = 4. Let w denote
the fraction of wealth in the portfolio allocated to asset 1, so that 1 − w is the corresponding
fraction of wealth allocated to asset 2.
a. Calculate the expected return and the standard deviation of the return on the portfolio
that sets w = 1/2, assuming that the correlation between the two returns is ρ12 = 0.
b. Calculate the expected return and the standard deviation of the return on the same
portfolio that sets w = 1/2, assuming instead that the correlation between the two
returns is ρ12 = −0.25.
c. Continue to assume, as in part (b), above, that the correlation between the two returns
is ρ12 = −0.25. Which of the following three options would an investor with meanvariance utility prefer: (i) a portfolio with w = 1, consisting only of asset 1, (ii) a
portfolio with w = 0, consisting only of asset 2, or (iii) the portfolio with w = 1/2, so
that equal amounts are allocated to both assets?

2

3. Modern Portfolio Theory
The graph below traces out the minimum variance frontier from Modern Portfolio Theory,
but also assumes that there is a risk-free asset that offers the return rf . The graph shows
indifference curves for two investors; in particular, U1 describes the preferences of “investor
1” and U2 describes the preferences of ”investor 2.” The tangency points indicate that each
investor is holding a larger portfolio consisting partly of the risk-free asset and partly of the
“tangency portfolio” labelled T, which is the portfolio along the efficient frontier that has
the highest Sharpe ratio.

a. Which investor – investor 1 or investor 2 – is more risk averse? Here, you can just say
“investor 1” or “investor 2;” you don’t have to explain why.
b. Which investor – investor 1 or investor 2 – has a larger fraction of his or her assets
invested in the tangency portfolio? Again, you can just say “investor 1” or “investor
2;” you don’t have to explain why.
c. In the graph, portfolio A lies on the efficient frontier but below the line connecting the
risk-free asset to the tangency portfolio. Assume, as Harry Markowitz did when he
invented Modern Portfolio Theory, that all investors have mean-variance preferences,
that is, utility functions that are increasing in their portfolio’s expected return and
decreasing the variance or standard deviation of their portfolio’s random return. Should
any such investor ever allocate all of his or her funds to portfolio A instead of holding
some combination of the risk-free asset and the tangency portfolio? Here, you can just
say “yes” or “no;” once more, you don’t have to explain why.
3

4. The Capital Asset Pricing Model
Suppose that the random return r̃M on the market portfolio has expected value E(r̃M ) = 0.10
and the return on risk-free assets is rf = 0.04.
a. According to the capital asset pricing model, what is the “beta” βj on a stock with
expected return equal to E(r̃j ) = 0.10?
b. According to the capital asset pricing model, what is the “beta” βj on a stock with
expected return equal to E(r̃j ) = 0.04?
c. According to the capital asset pricing model, what is the “beta” βj on a stock with
expected return equal to E(r̃j ) = 0.01?
5. The Market Model and Arbitrage Pricing Theory
Consider a version of the arbitrage pricing theory that is built on the assumption that the
random return r̃i on each individual asset i is determined by the market model
r̃i = E(r̃i ) + βi [r̃M − E(r̃M )] + εi
where, as we discussed in class, E(r̃i ) is the expected return on asset i, r̃M is the return
on the market portfolio and E(r̃M ) is the expected return on the market portfolio, βi is the
same beta for asset i as in the capital asset pricing model, and εi is an idiosyncratic, firmspecific component. Assume, as Stephen Ross did when developing the APT, that there are
enough assets for investors to form many well-diversified portfolios and that investors act to
eliminate all arbitrage opportunities that may arise across all well-diversified portfolios.
a. Write down the equation, implied by the APT, for the random return r̃w1 on a welldiversified portfolio with beta βw1 = 1.
b. Write down the equation, implied by the APT, for the expected return E(r̃w1 ) on this
well-diversified portfolio with beta βw1 = 1.
c. Suppose that you find another well-diversified portfolio with beta βw2 = 1/2 that has
an expected return E(r̃w2 ) that is equal to the expected return E(r̃M ) on the market
portfolio. Describe briefly (a sentence or two is all that it should take) the trading
opportunity provided by this involving the two well-diversified portfolios and a portfolio
of risk-free assets that is free of risk, self-financing, and profitable for sure. Here, as
usual, you can assume that the expected return E(r̃M ) on the market portfolio is above
the risk-free rate rf .
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1. Risk Aversion and Portfolio Allocation
An investor has initial wealth Y0 = 100 and allocates the amount a to stocks, which provide
return rG = 0.40 in a good state that occurs with probability 1/2 and return rB = −0.20 in
a bad state that occurs with probability 1/2. The investor allocates the remaining Y0 − a to
a risk-free bond which provides the return rf = 0.05 in both states. The investor has von
Neumann-Morgenstern expected utility, with Bernoulli utility function of the logarithmic
form
u(Y ) = ln(Y ).
a. In general, the investor’s portfolio allocation problem can be stated mathematically as
max E{u[(1 + rf )Y0 + a(r̃ − rf )]},
a

where r̃ is the random return on stocks, but under the particular assumptions about the
Bernoulli utility function and stock returns made above, the problem can be written
more specifically as
max(1/2) ln(105 + 0.35a) + (1/2) ln(105 − 0.25a).
a

b. The first-order condition for the investor’s optimal choice a∗ is
(1/2)(0.25)
(1/2)(0.35)
−
= 0.
105 + 0.35a∗ 105 − 0.25a∗
This first-order condition leads to the numerical solution for a∗ as
(1/2)(0.35)
(1/2)(0.25)
=
105 + 0.35a∗
105 − 0.25a∗
(1/2)(0.35)(105 − 0.25a∗ ) = (1/2)(0.25)(105 + 0.35a∗ )
(0.35)(105) − (0.35)(0.25)a∗ = (0.25)(105) + (0.25)(0.35)a∗
(0.10)(105) = 2(0.35)(0.25)a∗
a∗ =

(0.10)(105)
= 60.
2(0.35)(0.25)

1

c. If, instead of the logarithmic function given above, the investor has Bernoulli utility
function of the form
Y 1−γ − 1
u(Y ) =
,
1−γ
with γ = 1/2, the solution for a∗ would be larger than the value of 60 found in part
(b), above. This is because the coefficient of relative risk aversion implied by this new
utility function is γ = 1/2, whereas the coefficient of relative risk aversion implied by
the logarithmic utility function is one. Since with this new utility function the investor
is less risk averse, it is possible to conclude that a∗ will be larger than 60 even without
solving the problem again. If you do solve for a∗ again, however, you will find that
a∗ = 120.
2. Portfolio Allocation and the Gains from Diversification
Asset 1 has expected return equal to µ1 = 10 and standard deviation of its return equal to
σ1 = 2; asset 2 has expected return equal to µ2 = 6 and standard deviation of its return
equal to σ2 = 4. The fraction of wealth in the portfolio allocated to asset 1 is w and the
fraction of wealth allocated to asset 2 is 1 − w.
a. Assuming that the correlation between the two returns is ρ12 = 0, the portfolio that sets
w = 1/2 has expected return equal to
µp = wµ1 + (1 − w)µ2 = (1/2)10 + (1/2)6 = 8
and standard deviation of its return equal to
σp = [w2 σ12 + (1 − w)2 σ22 + 2w(1 − w)σ1 σ2 ρ12 ]1/2
= [(1/2)2 4 + (1/2)2 16]1/2
√
= (1 + 4)1/2 = 5 = 2.24.
b. If instead the the correlation between the two returns is ρ12 = −0.25, the same portfolio
will have still have expected return µp = 8, but the standard deviation of its return
will equal
σp = [w2 σ12 + (1 − w)2 σ22 + 2w(1 − w)σ1 σ2 ρ12 ]1/2
= [(1/2)2 4 + (1/2)2 16 + 2(1/2)(1/2)(2)(4)(−0.25)]1/2
√
= (1 + 4 − 1)1/2 = 4 = 2.
c. Continuing to assume, as in part (b), above, that the correlation between the two returns
is ρ12 = −0.25, the portfolio with w = 1 will have expected return µ1 = 10 and standard
deviation of its return equal to σ1 = 2, the portfolio with w = 0 will have expected
return µ2 = 6 and standard deviation of its return equal to σ2 = 4, and the portfolio
with w = 1/2 will have have expected return µp = 8 and standard deviation of its
return equal to σp = 2. Because it exhibits mean-variance dominance over both of the
others, any investor with mean-variance utility will prefer the portfolio with w = 1.
2

3. Modern Portfolio Theory
The graph below traces out the minimum variance frontier from Modern Portfolio Theory,
but also assumes that there is a risk-free asset that offers the return rf . The graph shows
indifference curves for two investors; in particular, U1 describes the preferences of “investor
1” and U2 describes the preferences of ”investor 2.” The tangency points indicate that each
investor is holding a larger portfolio consisting partly of the risk-free asset and partly of the
“tangency portfolio” labelled T, which is the portfolio along the efficient frontier that has
the highest Sharpe ratio.

a. Investor 1 is more risk averse, since he or she is accepting a lower expected return on his
or her portfolio in order to reduce the standard deviation of its random return.
b. Investor 2 has a larger fraction of his or her assets invested in the tangency portfolio
and therefore accepts a higher standard deviation in exchange for a higher expected
return.
c. No investor with mean-variance utility will ever allocate all of his or her funds to portfolio
A instead of holding some combination of the risk-free asset and the tangency portfolio.
This is because there are portfolios consisting of the tangency portfolio and the risk
free asset that exhibit mean-variance dominance over portfolio A.

3

4. The Capital Asset Pricing Model
When the random return r̃M on the market portfolio has expected value E(r̃M ) = 0.10 and
the return on risk-free assets is rf = 0.04, the capital asset pricing model implies that the
expected return on any individual stock with random return r̃j is
E(r̃j ) = rf + βj [E(r̃M ) − rf ] = 0.04 + βj (0.06).
Therefore, knowing the stock’s expected return is enough to determine the stock’s beta
according to
E(r̃j ) − 0.04
.
βj =
0.06
a. Using this formula, if E(r̃j ) = 0.10,
βj =

0.06
= 1.
0.06

βj =

0
= 0.
0.06

b. If E(r̃j ) = 0.04,

c. If E(r̃j ) = 0.01,
βj =

−0.03
= −0.5.
0.06

5. The Market Model and Arbitrage Pricing Theory
This version of the arbitrage pricing theory that is built on the assumption that the random
return r̃i on each individual asset i is determined by the market model
r̃i = E(r̃i ) + βi [r̃M − E(r̃M )] + εi .
a. The APT implies that the random return r̃w1 on a well-diversified portfolio with βw1 = 1
is
r̃w1 = E(r̃w1 ) + βw1 [r̃M − E(r̃M )] = E(r̃w1 ) + r̃M − E(r̃M ).
b. The APT also implies that the well-diversified portfolio with βw1 = 1 will have expected
return
E(r̃w1 ) = rf + βw1 [E(r̃M ) − rf ] = E(r̃M ).
c. If you find another well-diversified portfolio with βw2 = 1/2 that has an expected return
E(r̃w2 ) that is equal to the expected return E(r̃M ) on the market portfolio, then you
should take a long position worth x in this new portfolio. At the same time, you should
take a short position worth −x in a third portfolio that allocates half of its funds to
portfolio 1, with βw1 = 1 and E(r̃w1 ) = E(r̃M ) and half of its funds to risk-free assets.
This third portfolio has the same beta βw3 = 1/2 as portfolio 2, but has an expected
return of only E(r̃w3 ) = (1/2)E(r̃M ) + (1/2)rf , which is less than E(r̃w2 ) = E(r̃M )
so long as the market’s expected return is above the risk-free rate. In this case, the
trading strategy is free of risk, self-financing, and profitable for sure.
4
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This exam has five questions on three pages; before you begin, please check to make sure
that your copy has all five questions and all three pages. The five questions will be weighted
equally in determining your overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Consumer Optimization
Consider a consumer who uses his or her income Y to purchase ca apples at the price of pa
per apple and cb bananas at the price of pb per banana, subject to the budget constraint
Y ≥ p a ca + p b cb .
Suppose that the consumer’s preferences over apples and bananas are described by the utility
function
ln(ca ) + β ln(cb ),
where ln(c) denotes the natural logarithm of c and β is a positive weight that captures how
much the consumer likes bananas relative to apples.
a. Set up the Lagrangian for this consumer’s problem: choose ca and cb to maximize the
utility function subject to the budget constraint. Then write down the two first-order
conditions that characterize the consumer’s optimal choices c∗a and c∗b of how many
apples and bananas to purchase.
b. Use your two first-order conditions from part (a), above, together with the budget
constraint,
Y = pa c∗a + pb c∗b ,
which will hold with equality when the consumer chooses c∗a and c∗b optimally, to derive
solutions that show how c∗a and c∗b depend on income Y , the prices pa and pb , and the
parameter β from the utility function. Note: To do this, you will probably also have
to find an equation that shows how the value of the Lagrange multiplier λ∗ associated
with the solution to the consumer’s problem also depends on Y , pa , pb , and β.
c. Use your solutions from from part (b), above, to answer the following question: Suppose
that there are two consumers, both with the same utility function and budget constraint
shown above. Consumer one, however, has a value of β = 1, while consumer two has
a value of β = 2. Who buys more apples, consumer one or consumer two? Who buys
more bananas?
1

2. Stocks, Bonds, and Contingent Claims
Consider an economic environment with risk in which there are two periods, t = 0 and t = 1,
and two possible states at t = 1: a “good” state that occurs with probability π = 1/2 and a
“bad” state that occurs with probability 1 − π = 1/2. Suppose that two assets trade in this
economy. The first is a “stock,” which sells for q s = 1.1 at t = 0 and pays a large dividend
B
dG
1 = 2 in the good state at t = 1 and a small dividend d1 = 1 in the bad state at t = 1.
The second is a “bond,” which sells for q b = 0.9 at t = 0 and makes a payoff of one for sure,
in both states, t = 1. Suppose, as we have done class, that investors can take long or short
positions in both assets, and there are no brokerage fees or trading costs.
a. Find the combination of purchases and/or short sales of shares of stock and bonds that
will replicate the payoffs on a contingent claim for the good state at t = 1.
b. Find the combination of purchases and/or short sales of shares of stock and bonds that
will replicate the payoffs on a contingent claim for the bad state at t = 1.
c. Find the prices at which each of the two contingent claims should sell at t = 0 if there
are to be no arbitrage opportunities across markets for stocks, bonds, and claims.
3. Pricing Safe Cash Flows
Consider an economy in which, initially, only two assets are traded. A one-year, risk-free
discount bond sells for $90 today and pays off $100 for sure one year from now, and a twoyear, risk-free discount bond sells for $80 today and pays off $100 two years for sure from
now.
a. Given the prices of the two discount bonds described above, what would be the price of
a two-year, risk-free coupon bond that makes annual interest payments of $100 each
year for the next two years and then returns face value $1000 at the end of the second
year if such a bond were introduced and if there are to be no arbitrage opportunities
in the bond market?
b. Still taking the prices of the two discount bonds as given and still assuming there are no
arbitrage opportunities, would would be the price of another new risk-free asset, which
pays off $100 for sure one year from now and $100 for sure two years from now?
c. Finally, suppose that yet another new risk-free asset begins trading, which sells for $240
today, and pays off $100 for sure one year from now, $100 for sure two years from now,
and $100 for sure three years from now. Based on the prices and payoffs of this new
asset, as well as those of the other risk-free assets described above, what would be the
price of a three-year, risk-free discount bond that pays off $100 for sure three years
from now? Hint: To answer this question, think first about how you could replicate
the payoff on a three-year discount bond by buying the asset that pays $100 annually
for each of the next three years and simultaneously short selling one or more of the
other assets described above. If there are to be no arbitrage opportunities, the cost of
assembling this portfolio will equal the price of the three-year discount bond.
2

4. Comparing Risky Alternatives
Suppose that two risky assets trade in an economic environment with two periods, t = 0
and t = 1, and two possible states at t = 1: “state A” that occurs with probability π = 1/2
and “state B” that occurs with probability 1 − π = 1/2. Asset 1 pays an 8 percent return in
state A and a 3 percent return in state B; whereas asset 2 pays a 4 percent return in state A
and a 6 percent return in state B. This example differs slightly from those we considered in
class, therefore, because state A is “good” for asset 1, whereas state B is “good” for asset 2.
a. Use the numbers from above to compute the expected return and the standard deviation
of the return on each of the two assets.
b. Does one of the two asset display state-by-state dominance over the other? If so, which
one dominates? Does one of the two assets display mean-variance dominance over the
other? If so, which one dominates?
c. Suppose that a portfolio of these two assets can be formed by any investor who chooses
to allocate one half of his or her funds to asset 1 and the other half of his or her funds
to asset 2. It turns out that this portfolio will pay off a return of 6 percent (an average
of 8 and 4) in state A and a return of 4.5 percent (an average of 3 and 6) in state B. Use
these numbers to compute the expected return and standard deviation of the return
on this portfolio. Does this portfolio display mean-variance dominance over either of
the two individual assets? If so, over which one?
5. Insurance
Consider a consumer with income $100 who faces a 50 percent probability of suffering a loss
that reduces his or her income to $50. Suppose that this consumer can buy an insurance
policy for $x that protects him or her fully against this loss by paying him or her $50 to make
up for the loss if it occurs. Finally, assume that the consumer has von Neumann-Morgenstern
expected utility and a Bernoulli utility function of the form
u(Y ) =

Y 1−γ
,
1−γ

with γ = 2.
a. Write down an expression for the consumer’s expected utility if he or she decides to buy
the insurance.
b. Write down an expression for the consumer’s expected utility if he or she decides not to
buy the insurance.
c. What is the maximum amount x∗ that the consumer’s will be willing to pay for the
insurance policy?
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1. Consumer Optimization
The consumer chooses ca and cb to maximize the utility function
ln(ca ) + β ln(cb )
subject to the budget constraint
Y ≥ p a ca + p a cb .
a. The Lagrangian for the consumer’s problem
L = ln(ca ) + β ln(cb ) + λ(Y − pa ca − pb cb )
leads to the first-order conditions
1
− λ∗ pa = 0
c∗a
and

β
− λ∗ pb = 0.
c∗b

b. Together with the budget constraint
Y = pa c∗a + pb c∗b ,
the two first-order conditions form a system of three equations in the three unknowns:
c∗a , c∗b , and λ∗ . There are many ways of solving this three-equation system, but perhaps
the easiest is to rewrite the first-order conditions as
c∗a =
and
c∗b =

1
λ∗ pa
β
λ∗ p

b

and substitute these expressions into the budget constraint to obtain
Y =

1
β
1+β
+ ∗ =
.
∗
λ
λ
λ∗

1

This last question leads directly to the solution for λ∗ ,
λ∗ =

1+β
,
Y

which can then be substituted back to into the previous expressions for c∗a and c∗b to
obtain
Y
c∗a =
(1 + β)pa
and
c∗b =

βY
,
(1 + β)pb

which show how c∗a and c∗b depend on income Y , the prices pa and pb , and the parameter
β from the utility function.
c. The solutions
c∗a =

Y
βY
and c∗b =
(1 + β)pa
(1 + β)pb

from above, imply that consumer 1, with β = 1, will spend 1/2 of his or her income
on apples and 1/2 of his or her income on bananas while consumer 2, with β = 2, will
spend 1/3 of his or her income on apples and 2/3 of his or her income on bananas.
Since both consumers are assumed to have the same income, consumer one buys more
apples and consumer 2 buys more bananas.
2. Stocks, Bonds, and Contingent Claims
There are two periods, t = 0 and t = 1, and two possible states at t = 1: a “good” state that
occurs with probability π = 1/2 and a “bad” state that occurs with probability 1 − π = 1/2.
Two assets trade in this economy. The first is a “stock,” which sells for q s = 1.1 at t = 0
B
and pays a large dividend dG
1 = 2 in the good state at t = 1 and a small dividend d1 = 1 in
b
the bad state at t = 1. The second is a “bond,” which sells for q = 0.9 at t = 0 and makes
a payoff of one for sure, in both states, t = 1. Investors can take long or short positions in
both assets, and there are no brokerage fees or trading costs.
a. A combination of s shares of stock and b bonds that replicates the payoffs on a contingent
claim for the good state at t = 1 must have
sdG + b = 2s + b = 1
so as to pay off one in the good state and
sdB + b = s + b = 0
so as to pay off zero in the bad state. Subtracting the second of these two conditions
from the first yields the solution
s = 1.
2

Substituting this solution for s back into the second equation yields
b = −1.
Evidently, a investor must purchase one share of stock and sell short one bond to
replicate the claim for the good state.
b. A combination of s shares of stock and b bonds that replicates the payoffs on a contingent
claim for the bad state at t = 1 must have
sdG + b = 2s + b = 0
so as to pay off zero in the good state and
sdB + b = s + b = 1
so as to pay off one in the bad state. Subtracting the second of these two conditions
from the first yields the solution
s = −1.
Substituting this solution for s back into the second equation yields
b = 2.
Evidently, a investor must purchase two bonds and sell short one share of stock to
replicate the claim for the bad state.
c. The cost of assembling the portfolio with s = 1 and b = −1 that replicates the payoffs
on the contingent claim for the good state is
sq s + bq b = q s − q b = 1.1 − 0.9 = 0.2.
Hence, if there is to be no arbitrage, the claim for the good state must have price
q G = 0.2. Similarly, the cost of assembling the portfolio with s = −1 and b = 2 that
replicates the payoffs on the contingent claim for the bad state is
sq s + bq b = −q s + 2q b = −1.1 − 2(0.9) = −1.1 + 1.8 = 0.7.
Hence, the claim for the bad state must have price q B = 0.7.
3. Pricing Safe Cash Flows
Initially, two assets are traded. A one-year, risk-free discount bond sells for $90 today and
pays off $100 for sure one year from now, and a two-year, risk-free discount bond sells for
$80 today and pays off $100 two years for sure from now.
a. The cash flow from a risk-free coupon bond that makes annual interest payments of
$100 each year for the next two years and then returns face value $1000 at the end
of the second year can be replicated by forming a portfolio consisting of one one-year
discount bond and 11 two-year discount bonds. If there are no arbitrage opportunities,
the price of this coupon bond must equal the cost of assembling this portfolio:
P2C = (1)$90 + (11)$80 = $970.
3

b. The cash flows from another new risk-free asset, which pays off $100 for sure one year
from now and $100 for sure two years from now, can be replicated by forming a portfolio
consisting of one one-year discount bond and one two-year discount bond. If there are
no arbitrage opportunities, the price of this new asset must equal the cost of assembling
the portfolio:
P A = (1)$90 + (1)$80 = $170.
c. When yet another new risk-free asset begins trading, which sells for $240 today, and
pays off $100 for sure one year from now, $100 for sure two years from now, and $100
for sure three years from now, the payoff on a three-year, risk-free discount bond can
be replicated in two ways. The first possibility is to buy the new risk free asset and
sell short the one described in part (b), above. The cost of assembling this portfolio
is $240 − $170 = $70. The second possibility is to buy the new risk-free asset and sell
short both of the two discount bonds that were initially trading: the one and two-year
discount bonds. The cost of assembling this portfolio is $240 − $90 − $80 = $70. Either
way, the answer is the same: the three-year discount bond should sell for P3 = $70.
4. Comparing Risky Alternatives
Two risky assets trade in an economic environment with two periods, t = 0 and t = 1, and
two possible states at t = 1: “state A” that occurs with probability π = 1/2 and “state B”
that occurs with probability 1 − π = 1/2. Asset 1 pays an 8 percent return in state A and
a 3 percent return in state B; whereas asset 2 pays a 4 percent return in state A and a 6
percent return in the state B.
a. Asset 1 has expected return that is a probability-weighted average of its returns across
the two states,
E(R1 ) = (1/2)8 + (1/2)3 = 5.5,
and a standard deviation of its return that equals the square root of the probabilityweighted average of the squared deviations of its returns from the expected value across
the two states,
σ(R1 ) = [(1/2)(8 − 5.5)2 + (1/2)(3 − 5.5)2 ]1/2 = [(1/2)(2.5)2 + (1/2)(−2.5)2 ]1/2 = 2.5.
Likewise, asset 2 has expected return
E(R2 ) = (1/2)4 + (1/2)6 = 5
and a standard deviation of its return that equals
σ(R2 ) = [(1/2)(4 − 5)2 + (1/2)(6 − 5)2 ]1/2 = [(1/2)(−1)2 + (1/2)(1)2 ]1/2 = 1.
b. Neither asset displays state-by-state dominance over the other, because asset 1 pays a
higher return in state A while asset 2 pays a higher return in state B. Nor does either
asset display mean-variance dominance over the other, because while asset 1 has a
higher expected return, the standard deviation of its return is also higher.
4

c. A portfolio consisting of both assets in equal shares offers a return of 6 percent in state
A and 4.5 percent in state B. Therefore, this portfolio has expected return
E(Rp ) = (1/2)6 + (1/2)4.5 = 5.25
and a standard deviation of its return that equals
σ(Rp ) = [(1/2)(6 − 5.25)2 + (1/2)(4.5 − 5.25)2 ]1/2 = 0.75.
Interestingly, this portfolio dominates asset 2 purchased individually in the meanvariance sense, because it offers both a higher expected return and a lower standard
deviation.
5. Insurance
The consumer has income $100 and faces a 50 percent probability of suffering a loss that
reduces his or her income to $50. The consumer can buy an insurance policy for $x that
protects him or her fully against this loss by paying him or her $50 to make up for this loss if
it occurs, and the consumer has von Neumann-Morgenstern expected utility and a Bernoulli
utility function of the form
Y 1−γ
u(Y ) =
,
1−γ
with γ = 2.
a. If the consumer decides to buy the insurance, his or her expected utility is
1
(100 − x)−1
=−
.
−1
100 − x
b. If the consumer decides not to buy the insurance, his or her expected utility is


 −1 


100−1
50
1
1
3
(1/2)
+ (1/2)
= −(1/2)
+
=−
.
−1
−1
100 50
200
c. The maximum amount x∗ that the consumer will be willing to pay for the insurance
policy can be found by equating expected utility with insurance to expected utility
without insurance, based on the answers to parts (a) and (b), above. This results in
−

1
3
=−
∗
100 − x
200

200
3
200
100
x∗ = 100 −
=
= $33.33.
3
3
Therefore, consumer will buy insurance if it costs less than $33.33 and will choose to
remain uninsured of the policy costs more than $33.33.
100 − x∗ =
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that your copy has all five questions and all four pages. The five questions will be weighted
equally in determining your overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Risk Aversion, Wealth, and Portfolio Allocation
Consider two investors, investor i = 1 and investor i = 2, each of whom has to decide how to
divide up his or her initial wealth Y0i into an amount ai to be allocated to risky stocks and an
amount Y0i − ai to be allocated to perfectly safe government bonds instead. Let r̃ denote the
random return on stocks, let rf denote the risk-free rate of return on government bonds, and
assume that E(r̃) − rf > 0, so that the expected return on stocks exceeds the risk-free rate.
Suppose that each investor i chooses ai to maximize a von Neumann-Morgenstern expected
utility function with Bernoulli utility function of the natural logarithmic form
u(Y1i ) = ln(Y1i ),
where Y1i denotes the investor’s terminal wealth. Therefore, each investor, i = 1 and i = 2,
solves the portfolio allocation problem
max E{ln[(1 + rf )Y0i + ai (r̃ − rf )]}.
ai

a. Suppose that investor i = 1 has initial wealth Y01 = 100 and investor i = 2 has initial
wealth Y02 = 1000. Will a∗1 , the absolute dollar amount that investor i = 1 allocates
to stocks, be larger than, smaller than, or the same as a∗2 , the absolute dollar amount
that investor i = 2 allocates to stocks? Note: To answer this question, you don’t have
to actually find the numerical values of a∗1 and a∗2 , you only need to say whether a∗1 is
larger than, smaller than, or equal to a∗2 .
b. Continue to assume that investor i = 1 has initial wealth Y01 = 100 and investor i = 2
has initial wealth Y02 = 1000. Will w1∗ = a∗1 /Y01 , the share of wealth that investor i = 1
allocates to stocks, be larger than, smaller than, or the same as w2∗ = a∗2 /Y02 , the share
of wealth that investor i = 2 allocates to stocks? Note: Again, to answer this question,
you don’t have to actually find the numerical values of w1∗ and w2∗ , you only need to
say whether w1∗ is larger than, smaller than, or equal to w2∗ .
1

c. Suppose now that both investors have the same amount of initial wealth, so that Y01 =
Y02 = 100, but that instead of having logarithmic Bernoulli utility functions, investor
i = 1 has Bernoulli utility function
u1 (Y11 ) =

(Y11 )−2 − 1
,
−2

while investor i = 2 has Bernoulli utility function
u2 (Y12 ) =

(Y12 )−4 − 1
.
−4

Note that both of these Bernoulli utility functions are of the general form
(Y1 )1−γ − 1
u(Y1 ) =
,
1−γ
but the specific values of γ imply that investor i = 1 has a constant coefficient of
relative risk aversion equal to 3 whereas investor i = 2 has constant coefficient of
relative risk aversion equal to 5. In this case, will a∗1 , the absolute dollar amount that
investor i = 1 allocates to stocks, be larger than, smaller than, or the same as a∗2 , the
absolute dollar amount that investor i = 2 allocates to stocks? Note: As in part (a),
above, you don’t have to actually find the numerical values of a∗1 and a∗2 , you only need
to say whether a∗1 is larger than, smaller than, or equal to a∗2 .
2. The Gains from Diversification
Consider an investor who is able to form portfolios of two risky assets by allocating the share
w of his or her initial wealth to risky asset 1, with expected return µ1 = 5 and standard
deviation of its risky return equal to σ1 = 2, and allocating the remaining share 1 − w of his
of her initial wealth to risky asset 2, with expected return µ2 = 3 and standard deviation
of its risky return equal to σ2 = 1. Suppose that the correlation between the two assets’
random returns is ρ12 = −1.
a. What will the expected return µP on the investor’s portfolio be if he or she splits his or
her funds evenly between the two risky assets, so that w = 1 − w = 1/2?
b. What will the standard deviation σP of the risky return on the investor’s portfolio
be if he or she splits his or her funds evenly between the two risky assets, so that
w = 1 − w = 1/2?
c. What value of w should the investor choose if he or she wishes to eliminate risk from his
or her portfolio entirely?

2

3. Portfolio Allocation with Mean-Variance Utility
Consider an investor whose preferences are described by a utility function defined directly
over the mean µP and variance σP2 of the random return that he or she earns from his or her
portfolio; suppose, in particular, that this utility function takes the form
 
A
2
σP2 .
U (µP , σP ) = µP −
2
The investor forms this portfolio by allocating the fraction w1 of his or her initial wealth
to risky asset 1, with expected return E(r̃1 ) and variance of its risky return σ12 , fraction w2
to risky asset 2, with expected return E(r̃2 ) and variance of its risky return σ22 , and the
remaining fraction 1 − w1 − w2 to risk-free assets with return rf . The mean return on the
investor’s portfolio is therefore
µP = (1 − w1 − w2 )rf + w1 E(r̃1 ) + w2 E(r̃2 )
and, under the additional assumption that the random returns on the two risky assets are
uncorrelated, the variance of the return on the investor’s portfolio is
σP2 = w12 σ12 + w22 σ22 .
Thus, the investor solves the portfolio allocation problem
 
A
(w12 σ12 + w22 σ22 ).
max (1 − w1 − w2 )rf + w1 E(r̃1 ) + w2 E(r̃2 ) −
w1 ,w2
2
a. Write down the first-order conditions that determine the investor’s optimal choices w1∗
and w2∗ for the two portfolio shares w1 and w2 . Then use the first-order conditions to
derive expressions that show how the portfolio shares w1∗ and w2∗ depend on the expected
returns E(r̃1 ) and E(r̃2 ) on the risky assets, the risk-free rate rf , the variances σ12 and
σ22 of the two risky returns, and the risk aversion parameter A from the utility function.
b. Suppose, in particular, that E(r̃1 ) = 10, σ12 = 4, E(r̃2 ) = 6, σ22 = 8, rf = 2, and A = 4.
What are the optimal choices w1∗ , w2∗ , and 1 − w1∗ − w2∗ in this case?
c. Note that with the specific numbers set in part (b), above, risky asset 1 dominates
risky asset 2 by the mean-variance criterion, since it offers a higher expected return
and a lower variance of its return. Would any investor with mean-variance utility ever
allocate any funds to risky asset 2 (that is, choose a value of w2∗ > 0) when he or she
can always allocate those funds to asset 1 instead? Explain briefly (a sentence or two
is all that it should take) why or why not.

3

4. The Capital Asset Pricing Model
Suppose the expected return on the stock market as a whole is E(r̃M ) = 8, the variance of
2
the random return on the stock market as a whole is σM
= 4, and the risk-free rate is rf = 2.
Use the Capital Asset Pricing Model (CAPM) to answer the following questions.
a. What is the value βj for the CAPM beta on an individual stock with a random return
r̃j that has variance σj2 = 1 and covariance σjM = 2 with the market’s random return
r̃M ?
b. What is the expected return E(r̃j ) on the individual stock from part (a), above, with
σj2 = 1 and σjM = 2.
c. Continue to assume, as in parts (a) and (b) above, that the individual stock’s random
return has covariance σjM = 2 with the market’s random return, but suppose now
that the individual stock’s random return has variance σj2 = 2 – twice as large as the
variance from parts (a) and (b). What is the expected return on the individual stock
equal to now?
5. The Market Model and Arbitrage Pricing Theory
Consider a version of the arbitrage pricing theory that is built on the assumption that the
random return r̃i on each individual asset i is determined by the market model
r̃i = E(r̃i ) + βi [r̃M − E(r̃M )] + εi
where, as we discussed in class, E(r̃i ) is the expected return on asset i, r̃M is the return
on the market portfolio and E(r̃M ) is the expected return on the market portfolio, βi is the
same beta for asset i as in the capital asset pricing model, and εi is an idiosyncratic, firmspecific component. Assume, as Stephen Ross did when developing the APT, that there are
enough assets for investors to form many well-diversified portfolios and that investors act to
eliminate all arbitrage opportunities that may arise across all well-diversified portfolios.
a. Write down the equation, implied by the APT, for the random return r̃w on a welldiversified portfolio with beta βw .
b. Write down the equation, implied by the APT, for the expected return E(r̃w ) on this
well-diversified portfolio with beta βw .
c. Suppose that you find another well-diversified portfolio with the same beta βw that
has an expected return that is higher than the expected return given in your answer
to part (b), above. Describe briefly (a sentence or two is all that it should take) the
trading opportunity provided by this discrepancy that is free of risk, self-financing, but
profitable for sure.
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1. Risk Aversion, Wealth, and Portfolio Allocation
Two investors, investor i = 1 and investor i = 2, solve the portfolio allocation problem
max E{ln[(1 + rf )Y0i + ai (r̃ − rf )]},
ai

Y0i

where
denotes investor i’s initial wealth, ai is the amount that he or she allocates to
risky stocks, r̃ is the random return on stocks, and rf is the risk-free rate. Hence, both
investors maximize a von-Neumann-Morgenstern expected utility function with Bernoulli
utility function of the natural logarithmic form.
a. The logarithmic Bernoulli utility function implies that each investor will allocate the
same fraction of his or her initial wealth to stocks. Therefore, if investor i = 1 has
initial wealth Y01 = 100 and investor i = 2 has initial wealth Y02 = 1000, then investor
i = 2 will allocate ten times as many dollars to the stock market, so that a∗1 < a∗2 .
b. Since, again, the logarithmic Bernoulli utility function implies that each investor will
allocate the same fraction of his or her initial wealth to stocks, w1∗ = w2∗ .
c. Both investors have Bernoulli utility functions of the constant relative risk aversion form,
but investor i = 1’s coefficient of relative risk aversion is smaller than investor i = 2’s.
Since both investors have the amount of initial wealth, this implies that investor i = 1
will allocate more dollars to stocks, so that a∗1 > a∗2 .
2. The Gains from Diversification
The investor allocates the share w of his or her initial wealth to risky asset 1, with expected
return µ1 = 5 and standard deviation of its risky return equal to σ1 = 2, and the remaining
share 1 − w to risky asset 2, with expected return µ2 = 3 and standard deviation of its risky
return equal to σ2 = 1. The correlation between the two assets’ random returns is ρ12 = −1.
a. With w = 1 − w = 1/2, the expected return on the investor’s portfolio will be
µP = (1/2)µ1 + (1/2)µ2 = (1/2)5 + (1/2)3 = 4.
b. With w = 1 − w = 1/2, the standard deviation of the return on the investor’s portfolio
will be
σP = [(1/2)2 σ12 + (1/2)2 σ22 + 2(1/2)(1/2)σ1 σ2 ρ12 ]1/2
= [(1/4)4 + (1/4)1 + 2(1/2)(1/2)(2)(1)(−1)]1/2
= (1/4)1/2 = 1/2.
1

c. To find the value of w that eliminates risk from investor’s portfolio entirely, substitute
the value ρ12 = −1 into the general formula for the portfolio variance
σP2 = w2 σ12 + (1 − w)2 σ22 + 2w(1 − w)σ1 σ2 ρ12
to obtain
σP2 = w2 σ12 + (1 − w)2 σ22 − 2w(1 − w)σ1 σ2 = [wσ1 − (1 − w)σ2 ]2 .
This last expression implies that σP = 0 when
wσ1 − (1 − w)σ2 = 0
or

σ2
,
σ1 + σ2

w=
and, in particular,

w = 1/3
when σ1 = 2 and σ2 = 1.
3. Portfolio Allocation with Mean-Variance Utility
The investor solves the portfolio allocation problem
 
A
max (1 − w1 − w2 )rf + w1 E(r̃1 ) + w2 E(r̃2 ) −
(w12 σ12 + w22 σ22 ),
w1 ,w2
2
where w1 and w2 are portfolio shares allocated to each of the two risky assets, E(r̃1 ), E(r̃2 ),
σ12 , and σ12 are the means and variances of the two risky returns, rf is the risk-free rate, and
A is a parameter describing the investor’s degree of risk aversion.
a. The first-order conditions for the optimal choices w1∗ and w2∗ are
−rf + E(r̃1 ) − Aw1∗ σ12 = 0
and
−rf + E(r̃2 ) − Aw2∗ σ22 = 0,
and can be re-arranged to obtain the solutions
w1∗ =

E(r̃1 ) − rf
Aσ12

w2∗ =

E(r̃2 ) − rf
.
Aσ22

and

2

b. When, in particular, E(r̃1 ) = 10, σ12 = 4, E(r̃2 ) = 6, σ22 = 8, rf = 2, and A = 4, the
solutions from part (a), above, imply
w1∗ =

10 − 2
8
1
=
= ,
4×4
16
2

w2∗ =

6−2
4
1
=
= ,
4×8
32
8

and, therefore,
1 − w1∗ − w2∗ = 1 −

3
1 1
− = .
2 8
8

c. Investors with mean-variance utility will sometimes allocate a share of their funds to
asset 2, despite the fact that it is dominated by asset 1 according to the mean-variance
criterion. In fact, in the specific example from part (b), above, the investor does
choose w2∗ > 0. The reason is that, because of the gains from diversification, there are
portfolios including asset 2 that are not dominated in the mean-variance sense by asset
1 alone.
4. The Capital Asset Pricing Model
The expected return on the stock market as a whole is E(r̃M ) = 8, the variance of the
2
random return on the stock market as a whole is σM
= 4, and the risk-free rate is rf = 2.
a. The value βj for the CAPM beta on an individual stock with a random return r̃j that
has variance σj2 = 1 and covariance σjM = 2 with the market’s random return r̃M is
βj =

σjM
2
1
= = .
2
σM
4
2

b. According to the CAPM, the expected return on the individual stock from part (a),
above, with σj2 = 1 and σjM = 2, is
E(r̃j ) = rf + βj [E(r̃M − rf )] = 2 + (1/2)(8 − 2) = 5.
c. The CAPM beta depends on the covariance between the individual stock’s return and
the return on the market as a whole, so doubling the stock return’s variance while
holding the covariance fixed does not change the model’s implications. The expected
return is still E(r̃j ) = 5.
5. The Market Model and Arbitrage Pricing Theory
In the version of the arbitrage pricing theory considered here, the random return r̃i on each
individual asset i is determined by the market model
r̃i = E(r̃i ) + βi [r̃M − E(r̃M )] + εi
3

where E(r̃i ) is the expected return on asset i, r̃M is the return on the market portfolio and
E(r̃M ) is the expected return on the market portfolio, βi is the same beta for asset i as in
the capital asset pricing model, and εi is an idiosyncratic, firm-specific component. It is
assumed, as well, that there are enough assets for investors to form many well-diversified
portfolios and that investors act to eliminate all arbitrage opportunities that may arise across
all well-diversified portfolios.
a. A well-diversified portfolio contains enough individual assets to make the idiosyncratic
component of its return negligibly small. Hence, according to this version of the APT,
the random return r̃w on a well-diversified portfolio with beta βw is
r̃w = E(r̃w ) + βw [r̃M − E(r̃M )].
b. The APT them implies that the expected return E(r̃w ) on this well-diversified portfolio
with beta βw must be
E(r̃w ) = rf + βw [E(r̃M ) − rf ].
c. If you find another well-diversified portfolio with the same beta βw but a higher expected
return than the one in part (b), above, you should buy x > 0 dollars worth of that
new portfolio and sell short x dollars worth of the portfolio in part (b). Clearly, this
combination of trades is self-financing, since the proceeds from the short sale covers
the costs of the purchase. Moreover, since the new portfolio has random return rw2
with
r̃w2 = E(r̃w ) + ∆ + βw [r̃M − E(r̃M )],
where ∆ > 0 is the difference between the expected return on the new portfolio and
the expected return on the portfolio from part (b), the payoff on the trading strategy
is given by
x(1 + r̃w2 ) − x(1 + r̃w ) = x∆ > 0.
This last condition shows that the trade is free of risk and profitable for sure.
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This exam has five questions on three pages; before you begin, please check to make sure
that your copy has all five questions and all three pages. The five questions will be weighted
equally in determining your overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Consumer Optimization
Consider a consumer who uses his or her income Y to purchase ca apples at the price of pa
per apple, cb bananas at the price of pb per banana, and co units of “all other goods” at the
price of po per other good, subject to the budget constraint
Y ≥ p a ca + p b cb + p o co .
Suppose that the consumer’s preferences over apples, bananas, and other goods are described
by the utility function
α ln(ca ) + β ln(cb ) + (1 − α − β) ln(co )
where ln(c) denotes the natural logarithm of c and α and β are weights, with α > 0, β > 0,
and 1 > α + β that capture how much the consumer likes apples and bananas relative to all
other goods.
a. Set up the Lagrangian for this consumer’s problem: choose ca , cb , and co to maximize
the utility function subject to the budget constraint. Then write down the three firstorder conditions that characterize the consumer’s optimal choices c∗a , c∗b , c∗0 of how
many apples, bananas, and other goods to purchase.
b. Use your three first-order conditions from part (a), above, together with the budget
constraint,
Y = pa c∗a + pb c∗b + po c∗o ,
which will hold with equality when the consumer chooses c∗a , c∗b , and c∗o optimally, to
derive solutions that show how c∗a , c∗b , and c∗o depend on income Y , the prices pa , pb ,
and po , and the parameters α and β from the utility function.
c. Use your solutions from from part (b), above, to answer the following questions: What
fraction of income Y does the consumer spend on apples? What fraction of income
does the consumer spends on bananas?
1

2. Risky Assets, Safe Assets, and Contingent Claims
Consider an economic environment with risk in which there are two periods, t = 0 and t = 1,
and two possible states at t = 1: a “good” state that occurs with probability π = 1/2 and
a “bad” state that occurs with probability 1 − π = 1/2. Suppose that two assets trade in
this economy. The first is a risky asset: a “stock” that sells for q s = 2.20 at t = 0 and pays
B
a large dividend dG
1 = 3 in the good state at t = 1 and a small dividend d1 = 2 in the bad
state at t = 1. The second is a safe asset: a “bond” that sells for q b = 0.9 at t = 0 and
makes a payoff of one for sure, in both states, t = 1. Suppose, as we have done class, that
investors can take long or short positions in both assets, and there are no brokerage fees or
trading costs.
a. Find the combination of purchases and/or short sales of shares of stock and bonds that
will replicate the payoffs on a contingent claim for the good state at t = 1.
b. Find the combination of purchases and/or short sales of shares of stock and bonds that
will replicate the payoffs on a contingent claim for the bad state at t = 1.
c. Suppose that another risky asset is traded in this economy, which makes a payment
(provides a cash flow) of C1G = 2 in the good state at t = 1 and a payment of C1B = 1
in the bad state at t = 1. Find the price at which this risky asset should sell at t = 0
if there are to be no arbitrage opportunities across all markets for risky assets, safe
assets, and contingent claims.
3. Pricing Safe Cash Flows
Consider an economy in which, initially, only two assets are traded. A one-year, risk-free
discount bond sells for $90 today and pays off $100 for sure one year from now, and a twoyear, risk-free discount bond sells for $80 today and pays off $100 two years for sure from
now.
a. Given the prices of the two discount bonds described above, what would be the price
today of a two-year, risk-free coupon bond that makes annual interest payments of $100
each year for the next two years and then returns face value $1000 at the end of the
second year if such a bond were introduced and if there are no arbitrage opportunities
in the bond market?
b. Still taking the prices of the two discount bonds as given and still assuming there are
no arbitrage opportunities across markets for risk-free assets, what would be the price
today of another new risk-free asset, which pays off $100 for sure one year from now
and $100 for sure two years from now?
c. Finally, suppose that yet another new asset begins trading, which pays off $100 for sure
one year from now but requires the buyer to make a payment of $100 for sure two
years from now. Thus, the cash flows from this asset are C1 = $100 at t = 1 and
C2 = −$100 at t = 2. What would be the price today of this asset if there are no
arbitrage opportunities across markets for risk-free assets?
2

4. Comparing Safe and Risky Alternatives
Suppose that an investor has preferences described by a von Neumann-Morgensten utility
function U (x, y, π) over lotteries (x, y, π) of the form
U (x, y, π) = πx1/2 + (1 − π)y 1/2 .
Therefore, the investor’s Bernoulli utility
function over payments c received in any particular
√
1/2
state of the world is u(c) = c = c.
a. Which of these two lotteries would this investor prefer? Lottery 1: (2, 0, 1), which pays
$2 for sure. Or Lottery 2: (4, 0, 1/2), which pays $4 with probability 1/2 and $0 with
probability 1/2?
b. Which of these two lotteries would this investor prefer? Lottery 1: (2, 0, 1), which pays
$2 for sure. Or Lottery 3: (4, 0, 3/4), which pays $4 with probability 3/4 and $0 with
probability 1/4?
c. Which of these two lotteries would this investor prefer? Lottery 1: (2, 0, 1), which pays
$2 for sure. Or Lottery 4: (16, 0, 1/2), which pays $16 with probability 1/2 and $0
with probability 1/2.
5. Insurance
Consider a consumer with income $100 who faces a 50 percent probability of suffering a loss
that reduces his or her income to $50. Suppose that this consumer can buy an insurance
policy for $x that protects him or her fully against this loss by paying him or her $50 to make
up for the loss if it occurs. Finally, assume that the consumer has von Neumann-Morgenstern
expected utility and a Bernoulli utility function of the form
u(Y ) =

Y 1−γ
,
1−γ

with γ = 2.
a. Write down an expression for the consumer’s expected utility if he or she decides to buy
the insurance.
b. Write down an expression for the consumer’s expected utility if he or she decides not to
buy the insurance.
c. What is the maximum amount x∗ that the consumer would will be willing to pay for the
insurance policy?
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1. Consumer Optimization
The consumer chooses ca , cb , and co to maximize the utility function
α ln(ca ) + β ln(cb ) + (1 − α − β) ln(co )
subject to the budget constraint
Y ≥ p a ca + p b cb + p o co .
a. The Lagrangian for the consumer’s problem is
L = α ln(ca ) + β ln(cb ) + (1 − α − β) ln(co ) + λ(Y − pa ca − pb cb − po co ).
The first-order conditions for the consumer’s optimal choices are
α
− λ∗ pa = 0,
c∗a
β
− λ∗ pb = 0,
c∗b
and

1−α−β
− λ∗ po = 0.
c∗o

b. Rearrange the first-order conditions so that they read
α

c∗a =

λ∗ p

c∗b =

,
a

β
λ∗ p

,
b

and

1−α−β
,
λ∗ po
then substitute these expressions into the budget constraint to obtain
c∗o =

Y = pa c∗a + pb c∗b + po c∗o =

α
β
1−α−β
1
+ ∗+
= ∗,
∗
∗
λ
λ
λ
λ

which implies that
λ∗ =
1

1
.
Y

Finally, substitute this solution for λ∗ back into the rearranged first-order conditions
to obtain
αY
,
c∗a =
pa
c∗b =
and
c∗o =

βY
,
pb

(1 − α − β)Y
.
po

c. The solutions from part (b), above, imply that
pa c∗a
=α
Y
and

pb c∗b
= β.
Y
The consumer spends the fraction α of his or her income on apples and the fraction β
on bananas.
2. Risky Assets, Safe Assets, and Contingent Claims
A stock sells for q s = 2.20 at t = 0 and pays a large dividend dG
1 = 3 in the good state at
B
t = 1 and a small dividend d1 = 2 in the bad state at t = 1. A bond sells for q b = 0.9 at
t = 0 and makes a payoff of one for sure, in both states, t = 1.
a. To replicate a contingent claim for the good state, an investor needs to buy s shares of
stock and b bonds to form a portfolio that pays off
3s + b = 1
in the good state and
2s + b = 0
in the bad state. Subtract the second equation from the first to obtain the solution
s = 1,
then substitute this solution into either of the previous two equations to find
b = −2.
Evidently, to replicate the payoffs on the claim for the good state, the investor needs
to buy one share of stock and sell short two bonds.

2

b. To replicate a contingent claim for the bad state, an investor needs to buy s shares of
stock and b bonds to form a portfolio that pays off
3s + b = 0
in the good state and
2s + b = 1
in the bad state. Subtract the second equation from the first to obtain the solution
s = −1,
then substitute this solution into either of the previous two equations to find
b = 3.
Evidently, to replicate the payoffs on the claim for the bad state, the investor needs to
sell short one share of stock and buy three bonds.
c. Suppose another risky asset is traded in this economy, which makes a payment of C1G = 2
in the good state at t = 1 and a payment of C1B = 1 in the bad state at t = 1. The
easiest way to find the price at which this risk asset should sell at t = 0 is to observe
that these cash flows can be replicated by a portfolio that can be assembled by buying
one share of stock and selling short one bond. Since this portfolio costs 2.20 − 0.90, no
arbitrage requires that the risky asset sell for 1.30 at t = 0.
Alternatively, one can observe that since the portfolio of the stock and bond that
replicates the contingent claim for the good state costs 2.20 − 2 × 0.90, a contingent
claim for the good state has a price of 0.40 implied by no arbitrage. Likewise, since the
portfolio of the stock and bond that replicates the contingent claim for the bad state
costs −2.20 + 3 × 0.90, a contingent claim for the bad state has a price of 0.50 implied
by no arbitrage. Since the new risky asset has cash flows that can be replicated by a
portfolio consisting of two contingent claims for the good state and one contingent claim
for the bad, its price at t = 0 implied by no arbitrage must be 2 × 0.40 + 0.50 = 1.30.
3. Pricing Safe Cash Flows
Initially, only two assets are traded. A one-year, risk-free discount bond sells for $90 today
and pays off $100 for sure one year from now, and a two-year, risk-free discount bond sells
for $80 today and pays off $100 two years for sure from now.
a. A two-year, risk-free coupon bond that makes annual interest payments of $100 each
year for the next two years and then returns face value $1000 at the end of the second
year produces a cash flow that can be replicated by a portfolio that consists of one
one-year discount bond and 11 two-year discount bonds. Thus, its price today implied
by no arbitrage opportunities is
P C = 1 × 90 + 11 × 80 = 970.
3

b. A risk-free asset that pays off $100 for sure one year from now and $100 for sure two
years from now produces a cash flow that can be replicated by a portfolio that consists
of one one-year discount bond and one two-year discount bond. Thus, its price today
implied by no arbitrage is
P A = 1 × 90 + 1 × 80 = 170.
c. A risk-free asset that pays off $100 for sure one year from now but requires the buyer
to make a payment of $100 for sure two years from now produces a cash flow that
can be replicated by buying one one-year discount bond and selling short one two-year
discount bond. Thus, its price today implied by no arbitrage is
P A = 1 × 90 − 1 × 80 = 10.
4. Comparing Safe and Risky Alternatives
The investor has preferences described by a von Neumann-Morgensten utility function U (x, y, π)
over lotteries (x, y, π) of the form
U (x, y, π) = πx1/2 + (1 − π)y 1/2 .
a. Lottery 1, (2, 0, 1), pays $2 for sure and provides the investor with expected utility
√
U (2, 0, 1) = 2 = 1.41.
Lottery 2, (4, 0, 1/2), pays $4 with probability 1/2 and $0 with probability 1/2 and
provides the investor with expected utility
√
√
U (4, 0, 1/2) = (1/2) 4 + (1/2) 0 = 1.
Evidently, the investor prefers lottery 1. In fact, because these first two lotteries offer
the same expected payoff, but only lottery 2 exposes the investor to risk, lottery 1 will
be preferred by any risk averse investor.
b. Lottery 3, (4, 0, 3/4), pays $4 with probability 3/4 and $0 with probability 1/4 and
provides the investor with expected utility
√
√
U (4, 0, 1/2) = (3/4) 4 + (1/2) 0 = 1.5.
Thus, the investor prefers lottery 3 to lottery 1.
c. Lottery 4, (16, 0, 1/2), pays $16 with probability 1/2 and $0 with probability 1/2 and
provides expected utility
√
√
U (16, 0, 1/2) = (1/2) 16 + (1/2) 0 = 2.
The investor also prefers lottery 4 to lottery 1.
4

5. Insurance
Consider a consumer with income $100 who faces a 50 percent probability of suffering a loss
that reduces his or her income to $50. Suppose that this consumer can buy an insurance
policy for $x that protects him or her fully against this loss by paying him or her $50 to make
up for the loss if it occurs. Finally, assume that the consumer has von Neumann-Morgenstern
expected utility and a Bernoulli utility function of the form
u(Y ) =

Y 1−γ
,
1−γ

with γ = 2.
a. If the investor decides to buy the insurance, he or she has 100 − x to spend for sure,
providing expected utility
(100 − x)1−γ
1
=−
.
1−γ
100 − x
b. If the investor decides not to buy the insurance, he or she has 100 to spend with
probability 1/2 but only 50 to spend with probability 1/2. Expected utility is


 1−γ 




1001−γ
50
1
1
(1/2)
+ (1/2)
= (1/2) −
+ (1/2) −
1−γ
1−γ
100
50


1
1
= −(1/2)
+
100 50
3
= −
.
200
c. The maximum amount x∗ that the consumer would be willing to pay for the insurance
policy can be found by equating expected utility with insurance to expected utility
without insurance, based on the answers to parts (a) and (b) above:
−

1
3
=−
,
∗
100 − x
200

which implies
100 − x∗ = 200/3
or
x∗ = 100 − 200/3 = 100 − 66.67 = 33.33.
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This exam has five questions on four pages; before you begin, please check to make sure
that your copy has all five questions and all four pages. The five questions will be weighted
equally in determining your overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Risk Aversion and Portfolio Allocation
Consider the portfolio allocation problem faced by an investor who has initial wealth Y0 =
100. The investor allocates the amount a to stocks, which provide a return of rG = 0.14
(14 percent) in a good state that occurs with probability 1/2 and a return of rB = 0.05
(5 percent) in a bad state that occurs with probability 1/2. The investor allocates the
remaining amount Y0 − a to a risk-free bond, which provides the return rf = 0.08 in both
states. The investor has von Neumann-Morgenstern expected utility function, with Bernoulli
utility function of the logarithmic form
u(Y ) = ln(Y ).
a. Write down a mathematical statement of this portfolio allocation problem, and then
write down the first-order condition for the investor’s optimal choice a∗ .
b. Write down the numerical value of the investor’s optimal choice a∗ .
c. Suppose that instead of providing the returns rG = 0.14 in the good state and rB = 0.05
in the bad state, stocks in this example provided the returns rG = 0.20 (up 20 percent)
in the good state and rB = −0.01 (down 1 percent) in the bad state. Would the value
of the investor’s optimal choice a∗ be greater than, less than, or the same as, the value
of a∗ that you found for part (b), above? Note: To answer this part of the problem,
you don’t have to actually calculate the new value of a∗ , all you need to do is say
whether it is greater than, less than, or the same as the value you obtained in part (b).

1

2. The Gains from Diversification
Consider an investor who forms a portfolio of two risky assets by allocating the share w = 1/2
of his or her initial wealth to risky asset 1, with expected return µ1 = 8 and standard
deviation of its risky return equal to σ1 = 8, and allocating the remaining share 1 − w = 1/2
of his or her initial wealth to risky asset 2, with expected return µ2 = 4 and standard
deviation of its risky return equal to σ2 = 4.
a. What will the expected return µP and the standard deviation σP of the return on the
investor’s portfolio be if the correlation between the two asset’s returns is ρ12 = 1?
b. What will the expected return µP and the standard deviation σP of the return on the
investor’s portfolio be if the correlation between the two asset’s returns is ρ12 = −1?
c. What will the expected return µP and the standard deviation σP of the return on the
investor’s portfolio be if the correlation between the two asset’s returns is ρ12 = −0.25?

2

3. Portfolio Allocation with Mean-Variance Utility
Consider an investor whose preferences are described by a utility function defined directly
over the mean µP and variance σP2 of the random return that he or she earns from his or her
portfolio; suppose, in particular, that this utility function takes the form
 
A
2
σP2 .
U (µP , σP ) = µP −
2
The investor creates this portfolio by allocating the fraction w1 of his or her initial wealth
to risky asset 1, with expected return E(r̃1 ) and variance of its risky return σ12 , fraction w2
to risky asset 2, with expected return E(r̃2 ) and variance of its risky return σ22 , and the
remaining fraction 1 − w1 − w2 to risk-free assets with return rf . The mean or expected
return on the investor’s portfolio is therefore
µP = (1 − w1 − w2 )rf + w1 E(r̃1 ) + w2 E(r̃2 )
and, under the additional assumption that the correlation between the random returns on
the two risky assets is ρ12 = 0.5, the variance of the return on the investor’s portfolio is
σP2 = w12 σ12 + w22 σ22 + w1 w2 σ1 σ2 .
Thus, the investor solves the portfolio allocation problem
 
A
(w12 σ12 + w22 σ22 + w1 w2 σ1 σ2 ).
max (1 − w1 − w2 )rf + w1 E(r̃1 ) + w2 E(r̃2 ) −
w1 ,w2
2
a. Write down the first-order conditions that determine the investor’s optimal choices w1∗
and w2∗ for the two portfolio shares w1 and w2 .
b. Suppose, in particular, that E(r̃1 ) = 6, σ12 = 4 (and therefore σ1 = 2), E(r̃2 ) = 4, σ22 = 1
(and therefore σ2 = 1), rf = 2, and A = 4. What are the optimal choices w1∗ , w2∗ , and
1 − w1∗ − w2∗ in this case?
c. Suppose that the value of A in this problem was equal to 2 instead of 4. Would you
expect the investor to allocate a larger or a smaller share 1 − w1∗ − w2∗ of his or her
initial wealth to risk-free assets? Note: To answer this part of the problem, you don’t
have to actually calculate the new value of 1 − w1∗ − w2∗ , all you need to do is to say
whether it is larger or smaller than the answer you obtained in part (b), above.

3

4. The Capital Asset Pricing Model
Suppose that the random return r̃M on the market portfolio has expected value E(r̃M ) = 0.07
2
and variance σM
= 0.025 and that the return on risk-free assets is rf = 0.01.
a. According to the capital asset pricing model, what is the expected return on a risky
asset with random return r̃j that has variance σj2 = 0.25 and a covariance σjM = 0 of
zero with the random return on the market?
b. According to the capital asset pricing model, what is the expected return on the risky
asset if, instead, its random return r̃j has variance σj2 = 0.25 and a covariance of
σjM = 0.025 with the random return on the market?
c. According to the capital asset pricing model, what is the expected return on the risky
asset if, instead, its random return r̃j has variance σj2 = 0.25 and a covariance of
σjM = 0.050 with the random return on the market?
5. The Market Model and Arbitrage Pricing Theory
Consider a version of the arbitrage pricing theory that is built on the assumption that the
random return r̃i on each individual asset i is determined by the market model
r̃i = E(r̃i ) + βi [r̃M − E(r̃M )] + εi
where, as we discussed in class, E(r̃i ) is the expected return on asset i, r̃M is the return
on the market portfolio and E(r̃M ) is the expected return on the market portfolio, βi is the
same beta for asset i as in the capital asset pricing model, and εi is an idiosyncratic, firmspecific component. Assume, as Stephen Ross did when developing the APT, that there are
enough assets for investors to form many well-diversified portfolios and that investors act to
eliminate all arbitrage opportunities that may arise across all well-diversified portfolios.
a. Write down the equation, implied by the APT, for the random return r̃w on a welldiversified portfolio with beta βw .
b. Write down the equation, implied by the APT, for the expected return E(r̃w ) on this
well-diversified portfolio with beta βw .
c. Suppose that you find another well-diversified portfolio with the same beta βw that
has an expected return that is higher than the expected return given in your answer
to part (b), above. Describe briefly (a sentence or two is all that it should take) the
trading opportunity provided by this discrepancy that is free of risk, self-financing, but
profitable for sure.
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1. Risk Aversion and Portfolio Allocation
An investor with initial wealth Y0 = 100 allocates the amount a to stocks, which provide
a return of rG = 0.14 (14 percent) in a good state that occurs with probability 1/2 and a
return of rB = 0.05 (5 percent) in a bad state that occurs with probability 1/2. The investor
allocates the remaining amount Y0 −a to a risk-free bond, which provides the return rf = 0.08
in both states. The investor has von Neumann-Morgenstern expected utility function, with
Bernoulli utility function of the logarithmic form
u(Y ) = ln(Y ).
a. The investor’s problem can be stated mathematically as
max 0.5 ln[(1 + rf )Y0 + (rG − rf )a] + 0.5 ln[(1 + rf )Y0 + (rB − rf )a]
a

or, more specifically, as
max 0.5 ln(108 + 0.06a) + 0.5 ln(108 − 0.03a).
a

The first-order condition for the investor’s optimal choice a∗ is
0.5(0.03)
0.5(0.06)
−
= 0.
∗
108 + 0.06a
108 − 0.03a∗
b. To find numerical value of the investor’s optimal choice a∗ , rewrite the first-order condition from part (a), above, as
0.5(0.03)
0.5(0.06)
=
∗
108 + 0.06a
108 − 0.03a∗
and then solve in a series of steps
2
1
=
∗
108 + 0.06a
108 − 0.03a∗
216 − 0.06a∗ = 108 + 0.06a∗
108 = 0.12a∗
to obtain the solution
a∗ =

108
= 900.
0.12
1

c. If instead of providing the returns rG = 0.14 in the good state and rB = 0.05 in the
bad state, stocks in this example provided the returns rG = 0.20 in the good state and
rB = −0.01 in the bad state, the investor’s optimal choice a∗ will be less than 900, the
value found for part (b), above. The reason is that this change in returns constitutes
a mean-preserving spread: stocks become riskier, without offering a larger expected
return. In response, the risk-averse investor allocates less to stocks.
2. The Gains from Diversification
An investor forms a portfolio of two risky assets by allocating the share w = 1/2 of his or
her initial wealth to risky asset 1, with expected return µ1 = 8 and standard deviation of
its risky return equal to σ1 = 8, and allocating the remaining share 1 − w = 1/2 of his or
her initial wealth to risky asset 2, with expected return µ2 = 4 and standard deviation of its
risky return equal to σ2 = 4. In general, the expected return on the investor’s portfolio is
µP = wµ1 + (1 − w)µ2 = (1/2)8 + (1/2)4 = 6,
while the standard deviation of the return on the portfolio is
σP = [w2 σ12 + (1 − w)2 σ22 + 2w(1 − w)σ1 σ2 ρ12 ]1/2
 
  
1/2
 
1
1
1
1
64 +
16 + 2
(8)(4)ρ12
=
4
4
2
2
= (20 + 16ρ12 )1/2 .
a. Thus, if the correlation between the two asset’s returns is ρ12 = 1, the portfolio’s expected
return is µP = 6 and the standard deviation of its return is σP = (36)1/2 = 6.
b. Likewise, if the correlation between the two asset’s returns is ρ12 = −1, the portfolio’s
expected return is µP = 6 and the standard deviation of its return is σP = (4)1/2 = 2.
c. Finally, if the correlation between the two asset’s returns is ρ12 = −0.25, the portfolio’s
expected return is µP = 6 and the standard deviation of its return is σP = (16)1/2 = 4.
3. Portfolio Allocation with Mean-Variance Utility
An investor’s preferences are described by a utility function defined directly over the mean
µP and variance σP2 of the random return that he or she earns from his or her portfolio; in
particular, this utility function takes the form
 
A
2
σP2 .
U (µP , σP ) = µP −
2
The investor creates this portfolio by allocating the fraction w1 of his or her initial wealth
to risky asset 1, with expected return E(r̃1 ) and variance of its risky return σ12 , fraction w2
to risky asset 2, with expected return E(r̃2 ) and variance of its risky return σ22 , and the
2

remaining fraction 1 − w1 − w2 to risk-free assets with return rf . The mean return on the
investor’s portfolio is therefore
µP = (1 − w1 − w2 )rf + w1 E(r̃1 ) + w2 E(r̃2 )
and, under the additional assumption that the correlation between the random returns on
the two risky assets is ρ12 = 0.5, the variance of the return on the investor’s portfolio is
σP2 = w12 σ12 + w22 σ22 + w1 w2 σ1 σ2 .
Thus, the investor solves the portfolio allocation problem
 
A
max (1 − w1 − w2 )rf + w1 E(r̃1 ) + w2 E(r̃2 ) −
(w12 σ12 + w22 σ22 + w1 w2 σ1 σ2 ).
w1 ,w2
2
a. The first-order condition for the investor’s optimal choice of w1∗ is
 
A
−rf + E(r̃1 ) −
(2σ12 w1∗ + σ1 σ2 w2∗ ) = 0,
2
and the first-order condition for the investor’s optimal choice of w2∗ is
 
A
−rf + E(r̃2 ) −
(2σ22 w2∗ + σ1 σ2 w1∗ ) = 0.
2
b. With E(r̃1 ) = 6, σ12 = 4, E(r̃2 ) = 4, σ22 = 1, and rf = 2, the first-order conditions from
part (a), above, specialize to
A
4 = (8w1∗ + 2w2∗ )
2
and
A
2 = (2w1∗ + 2w2∗ ).
2
Furthermore, with A = 4, these first-order conditions simplify further to
4 = 16w1∗ + 4w2∗
and
2 = 4w1∗ + 4w2∗ .
These last two equations form a system of two equations in the two unknowns, w1∗ and
w2∗ , which can be solved in a variety of ways. Probably the easiest is to subtract the
second from the first to obtain
2 = 12w1∗
or
w1∗ = 1/6.
Substitute this solution back into the second equation in the system,
2 = 4w1∗ + 4w2∗ ,
3

to get
2 = 4/6 + 4w2∗ ,
or
w2∗ = 2/6 = 1/3.
Thus, the investor allocates one-sixth of his or her wealth to asset 1, one-third of his
or her wealth to asset 2, and the remaining fraction
1 − w1∗ − w2∗ = 1 − 1/6 − 2/6 = 3/6 = 1/2
to risk-free assets.
c. Suppose that the value of A in this problem was equal to 2 instead of 4. Then the investor
would be less risk averse, so one would expect the investor to allocate a smaller share
1 − w1∗ − w2∗ of his or her initial wealth to risk-free assets than in part (b), above. In
fact, going back to the original system of equations
4=

A
(8w1∗ + 2w2∗ )
2

and

A
(2w1∗ + 2w2∗ ),
2
and setting A = 2 instead of A = 4 yields
2=

4 = 8w1∗ + 2w2∗
and
2 = 2w1∗ + 2w2∗ .
Subtracting the second equation from the first leads to the solution
w1∗ = 1/3
for this case, and substituting this solution for w1∗ back into the second equation yields
w2∗ = 2/3.
Since w1∗ + w2∗ = 1, the investor with A = 2 will allocate all of his or her wealth to
risky assets and none to the risk-free asset.
4. The Capital Asset Pricing Model
The random return r̃M on the market portfolio has expected value E(r̃M ) = 0.07 and variance
2
σM
= 0.025 and the return on risk-free assets is rf = 0.01. The CAPM beta for any individual
asset with random return r̃j that has a covariance σjM with the market is
βj =

σjM
σjM
=
2
σM
0.025
4

and, according to the CAPM, the expected return on this asset must be
E(r̃j ) = rf + βj [E(r̃M ) − rf ] = 0.01 + βj (0.06).
Taken together, these equations imply that the individual asset’s expected return does not
depend at all on the variance σj2 of that asset’s random return; instead, the expected return
depends, through beta, on the covariance of the individual asset’s random return with the
random return on the market.
a. If the individual asset’s random return r̃j has covariance σjM = 0 of zero with the
random return on the market, then the asset’s beta is zero, and its expected return
according to the CAPM should be the same as the risk-free rate:
E(r̃j ) = 0.01.
b. Likewise, if the individual asset’s random return r̃j has covariance σjM = 0.025 with
the random return on the market, then the asset’s beta is one, and its expected return
according to the CAPM should be the same as the expected return on the market:
E(r̃j ) = 0.01 + 0.06 = 0.07.
c. Finally, if the individual asset’s random return r̃j has covariance σjM = 0.050 with the
random return on the market, then the asset’s beta is two, and its expected return
according to the CAPM should be
E(r̃j ) = 0.01 + 2(0.06) = 0.13,
or 13 percent.
5. The Market Model and Arbitrage Pricing Theory
This version of the arbitrage pricing theory is built on the assumption that the random
return r̃i on each individual asset i is determined by the market model
r̃i = E(r̃i ) + βi [r̃M − E(r̃M )] + εi
where E(r̃i ) is the expected return on asset i, r̃M is the return on the market portfolio
and E(r̃M ) is the expected return on the market portfolio, βi is the same beta for asset i
as in the capital asset pricing model, and εi is an idiosyncratic, firm-specific component.
We’ll assume, as Stephen Ross did when developing the APT, that there are enough assets
for investors to form many well-diversified portfolios and that investors act to eliminate all
arbitrage opportunities that may arise across all well-diversified portfolios.
a. According to the APT, a well-diversified portfolio is one in which there are enough
individual assets to make idiosyncratic risk vanish. Thus, the random return r̃w on a
well-diversified portfolio with beta βw is
r̃w = E(r̃w ) + βw [r̃M − E(r̃M )].
5

b. The APT then implies that the expected return E(r̃w ) on this well-diversified portfolio
with beta βw must be
E(r̃w ) = rf + βw [E(r̃M ) − rf ].
c. Suppose that we find another well-diversified portfolio with the same beta βw that has an
expected return that is higher than the expected return given in your answer to part
(b), above. Then according to the APT, this second well-diversified portfolio would
have random return r̃w2 given by
r̃w2 = E(r̃w ) + ∆ + βw [r̃M − E(r̃M )],
with ∆ > 0. By taking a long position (by buying) worth $x in this second portfolio
and a corresponding short position (by selling short) worth $ − x in the first, we could
obtain a payoff equal to
x(1 + r̃w2 ) − x(1 + r̃w ) = x∆ > 0.
This strategy is self-financing, free of risk, and profitable for sure.
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This exam has five questions on four pages; before you begin, please check to make sure that
your copy has all five questions and all four pages. Please note, as well, that each of the five
questions has three parts. The five questions will be weighted equally in determining your
overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Intertemporal Consumer Optimization
Following Irving Fisher, consider a consumer who receives income Y0 in period t = 0 (today),
which he or she divides up into an amount c0 to be consumed and an amount s to be saved
(or borrowed, if s < 0), subject to the budget constraint
Y0 ≥ c0 + s.
Suppose that the consumer then receives income Y1 in period t = 1 (next year), which he or
she combines with his or her savings from period t = 0 to finance consumption c1 , subject
to the budget constraint
Y1 + (1 + r)s ≥ c1 ,
where r denotes the interest rate on both saving and borrowing. As in class, we can combine
these two single-period budget constraints into one present-value budget constraint
Y0 +

c1
Y1
≥ c0 +
,
1+r
1+r

(1)

thereby also eliminating s as a separate choice variable in the consumer’s problem.
Suppose, finally, that the consumer’s preferences over consumption during the two periods
are described by the utility function
ln(c0 ) + β ln(c1 ),

(2)

where the discount factor β, satisfying 0 < β < 1, measures the consumer’s patience and ln
denotes the natural logarithm.
a. Set up the Lagrangian for the consumer’s problem: choose c0 and c1 to maximize the
utility function in (2) subject to the budget constraint in (1). Then, write down the
first-order conditions for c0 and c1 that characterize the solution to this problem.
1

b. Next, assume in particular that β = 0.8 = 4/5, r = 0.25 so that 1 + r = 1.25 = 5/4,
Y0 = 80, and Y1 = 125. Use these values, together with the first-order conditions you
derived in answering part (a), above, and the budget constraint (1), which will hold as
an equality when the consumer is choosing c0 and c1 optimally, to find the numerical
values of c∗0 and c∗1 that solve the consumer’s problem.
c. Finally, continue to assume that β = 0.8 = 4/5 and r = 0.25 so that 1 + r = 1.25 = 5/4,
but suppose that the consumer’s income in the two periods is given instead by Y0 = 180
and Y1 = 0. What are the numerical values of c∗0 and c∗1 that solve the consumer’s
problem now?

2. Implementing State-Contingent Consumption Plans
In extending Irving Fisher’s intertemporal model of consumer decision-making to incorporate
risk and uncertainty, Kenneth Arrow and Gerard Debreu imagined that the consumer chooses
consumption c0 at t = 0 (today), consumption cG
1 in a good state that occurs with probability
B
π at t = 1 (next year), and consumption c1 in a bad state that occurs with probability
1 − π at t = 1. To implement these state-contingent consumption plans, Arrow and Debreu
suggested that the consumer could trade contingent claims, taking long or short positions
in these assets as needed to rearrange consumption across time periods and across future
states.
Suppose, as we did in class, that a contingent claim for the good state sells for q G units of
consumption at t = 0 and pays off one unit of consumption in the good state at t = 1 and
zero in the bad state at t = 1. Suppose, likewise, that a contingent claim for the bad state
sells for q B units of consumption at t = 0 and pays off one unit of consumption in the bad
state at t = 1 and zero in the good state at t = 1.
For this problem, assume in particular that q G = 1 and q B = 1, so that the prices of the two
contingent claims both equal one at t = 0. These assumptions should make it easier for you
to answer the questions in parts (a)-(c), below.
a. Suppose, first, that the consumer wants to increase his or her consumption by one unit
in the bad state at t = 1 and is willing to give up one unit of consumption at t = 0 in
order to do so. Describe, briefly, a trading strategy involving contingent claims that
the consumer can use to rearrange his or her consumption spending in this way. In
describing this strategy please indicate which claim or claims – for the good state, bad
state, or both – the consumer needs to trade and whether he or she should be buying
or short selling that claim (or those claims) at t = 0.
b. Suppose, instead, that the consumer wants to increase his or her consumption by one
unit at t = 0 and is willing to give up one unit of consumption in the good state at
t = 1 in order to do so. What trading strategy involving contingent claims will work
to rearrange the consumer’s spending in this way?
2

c. Suppose, finally, that the consumer wants to increase his or her consumption by one unit
in the bad state at t = 1, is willing to give up one unit of consumption in the good state
at t = 1 in order to do so, but wants to keep consumption at t = 0 unchanged. What
trading strategy involving contingent claims will work to rearrange the consumer’s
spending in this way?

3. Stocks, Bonds, and Stock Options
Consider an economy in which there are two periods t = 0 (today) and t = 1 (next year) and
two states at t = 1: a good and bad state that occur with equal probabilities π = 1−π = 1/2.
Suppose that, in this economy, two assets are traded. A risky stock sells for q s = 2.10 at
t = 0, P G = 4 in the good state at t = 1, and P B = 1 in the bad state at t = 1. A risk-free
bond sells for q b = 0.90 at t = 0 and pays off 1 in both the good and bad states at t = 1.
a. Now suppose that a third asset is introduced into this economy: a (call) option that sells
for q o at t = 0 and gives the holder the right, but not the obligation, to buy a share of
stock at the strike price K = 2 at t = 1. What will the payoffs for this stock option
be in the good and bad states at t = 1?
b. As Robert Merton first pointed out, the payoffs on the stock option can be replicated by
forming a portfolio that consists of s shares of the stock itself and b bonds, provided
that traders are allowed to take both long and short positions in the stock and bond.
Use your answers to part (a), above, to find the values of s and b in this case.
c. Finally, use your answers from part (b), above, to determine the price q o of the stock
option at t = 0 that will prevail if there are no arbitrage opportunities across the
markets for stocks, bonds, and options.

4. Pricing Riskless Cash Flows
Consider an economy in which, initially, three risk-free discount bonds are traded. A oneyear discount bond sells for P1 = $0.90 today and pays off one dollar, for sure, one year from
now. A two-year discount bond sells for P2 = $0.60 today and pays off one dollar, for sure,
two years from now. A three-year discount bond sells for P3 = $0.50 today and pays off one
dollar, for sure, three years from now.
a. Suppose, first, that a risk-free coupon bond is introduced into this economy. The
coupon bond makes annual interest (coupon) payments of $10 each year, every year,
for the next three years and also returns face or par value of $100 three years from
now. At what price P C will this coupon bond sell for today, if there are no arbitrage
opportunities across the markets for discount and coupon bonds?
3

b. Suppose, next, that another risk-free asset is introduced, which makes two payments:
$100 two years from now and $500 three years from now. At what price P A will this
risk-free asset sell for today, if there are no arbitrage opportunities across all markets
for risk-free assets?
c. Suppose, finally, that you plan to take out a one-year loan of $1 one year from now, and
want to make arrangements for this loan and lock in the interest rate today. As you
saw by working through question 3 on problem set 5, you can do this by forming the
appropriate portfolio of discount bonds. In particular, to obtain the $1 one year from
now, you can buy a one-year discount bond for $0.90. How many two-year discount
bonds will you need to sell short in order to offset the $0.90 cost of the one-year
discount bonds you have to purchase? How much will you have to pay to buy back
these two-year discount bonds two years from now? What is the implied interest rate
(the forward rate) on the loan of $1, made one year from now and paid back two years
from now?

5. Criteria for Choosing Between Risky Alternatives
Consider an economy in which two assets have percentage returns R̃1 and R̃2 that vary across
two states that occur with equal probability as follows:

Return on
Asset 1 R̃1
Asset 2 R̃2

State 1
State 2
π1 = 1/2 π2 = 1/2 E(R̃)
6
9

4
3

5
6

σ(R̃)
1
3

To save you time and trouble, the table also reports the expected return E(R̃) and the
standard deviation of the risky return σ(R̃) on each of the risky assets.
a. Does one asset exhibit state-by-state dominance over the other? If so, which one?
b. Does one asset exhibit mean-variance dominance over the other? If so, which one?
c. Suppose, finally, that a third asset, “Asset 3,” becomes available, with random percentage
return R̃3 that equals 10 in the good state and 4 in the bad. For this asset, E(R̃3 ) = 7
and σ(R̃3 ) = 3. If an investor who always prefers more to less has to choose one of
these three assets, which one will he or she pick: asset 1, asset 2, or asset 3? Can you
tell for sure, or is it ambiguous?
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1. Intertemporal Consumer Optimization
The consumer chooses c0 and c1 to maximize the utility function
ln(c0 ) + β ln(c1 )
subject to the budget constraint
Y0 +

c1
Y1
≥ c0 +
.
1+r
1+r

a. The Lagrangian for the consumer’s problem is


Y1
c1
L = ln(c0 ) + β ln(c1 ) + λ Y0 +
− c0 −
.
1+r
1+r
The first-order conditions are

for c0 and

1
− λ∗ = 0
c∗0
λ∗
β
−
=0
c∗1 1 + r

for c1 .
b. With β = 4/5 and 1 + r = 5/4, the first-order conditions from part (a) imply that
c∗0 =

1
λ∗

and

1
,
λ∗
and with Y0 = 80, and Y1 = 125, the binding constraint becomes
c∗1 =

80 +

4 × 125
4 × c∗1
= 180 = c∗0 +
.
5
5

Although there are many ways of solving this system of three equations in three unknowns, one is to substitute c∗0 = c∗1 = 1/λ∗ into the budget constraint to obtain


 
1
4
1 9
180 = ∗ 1 +
= ∗
λ
5
λ 5
1

or

1
180 × 5
= 100,
=
∗
λ
9
and then to substitute this solution for 1/λ∗ back into the first-order conditions to find
c∗0 = 100 and c∗1 = 100
for optimal consumptions.

c. With β = 4/5 and 1 + r = 5/4, the first-order conditions continue to imply that
c∗0 =

1
1
and c∗1 = ∗ .
∗
λ
λ

With Y0 = 180 and Y1 = 0, the binding constraint is
180 = c∗0 +

4 × c∗1
.
5

Interestingly, the system of three equations in this case is exactly the same as it was,
above, for part (b). The solutions
c∗0 = 100 and c∗1 = 100
for optimal consumptions will therefore be exactly the same as well. The reason is that
for this consumer, all that matters is the present discounted value of income
Y0 +

Y1
,
1+r

which stays the same across the two specific examples in parts (b) and (c). Exactly
how this present value breaks down into income received in each of the two periods
does not matter, because the consumer can save or borrow as necessary to rearrange
consumption across the two periods optimally.

2. Implementing State-Contingent Consumption Plans
In this example, contingent claims for the good and bad state at t = 1 both trade for the
price of one at t = 0. To answer each part of this question, it is helpful to tabulate the cash
flows from long and short positions in each claim as follows:
Cash Flow at
t=0

Investment Strategy

−1
−1
1
1

Buy a Claim for the Good State
Buy a Claim for the Bad State
Sell Short a Claim for the Good State
Sell Short a Claim for the Bad State
2

Cash Flows at t = 1
Good State Bad State
1
0
−1
0

0
1
0
−1

a. To increase consumption by one unit in the bad state at t = 1, the consumer should buy
a claim for the bad state. This requires him or her to give up one unit of consumption
at t = 0.
b. If the consumer sells short a contingent claim for the good state, he or she can increase
consumption by one unit at t = 0, while giving up one unit of consumption in the good
state at t = 1.
c. Suppose the consumer sells short a contingent claim for good state and uses the proceeds
of the sale to buy a contingent claim for the bad state. This strategy allows the
consumer to increase his or her consumption by one unit in the bad state at t = 1,
while decreasing consumption by one unit in the good state at t = 1 and keeping
unchanged consumption at t = 0.

3. Stocks, Bonds, and Stock Options
The stock sells for q s = 2.10 at t = 0, P G = 4 in the good state at t = 1, and P B = 1 in the
bad state at t = 1. The bond sells for q b = 0.90 at t = 0 and pays off 1 in both the good
and bad states at t = 1.
a. In the good state at t = 1, the call option with strike price K = 2 allows the holder to
buy the stock for 2 and immediately sell it for P G = 4. In this case, it is optimal for
the holder to exercise the option and collect the payoff of 2. In the bad state, the call
option allows the holder to buy the stock for 2, but the market price is only P B = 1.
In this case, it is optimal for the holder to leave the option unexercised; the payoff is
therefore zero.
b. Following Merton, we want to form a portfolio consisting of s shares of stock and b
bonds to replicate the payoffs from the stock option. In the good state, this requires
the payoff from the portfolio to equal 2. Since the stock price is P G = 4 and the bond’s
payoff is one, this requirement is summarized by the equation
2 = 4s + b.
In the bad state, the payoff from the portfolio should equal zero. Since the stock price
is P B = 1 and the bond’s payoff is one, this requirement is summarized by
0 = s + b.
We now have two equations in two unknowns, which can be solved be elimination or
substitution. Taking the latter approach, rewrite the second equation as b = −s and
substitute it into the first equation to get
2 = 4s + b = 4s − s = 3s.
From these results, we can see that the portfolio that replicates the payoffs on the
option will consist of s = 2/3 shares of stock and b = −2/3 bonds. This portfolio can
3

be interpreted as one that takes a long position in the stock and a short position in
bonds or, since selling bonds short is equivalent to borrowing, one that involves buying
stock on margin.
c. No arbitrage requires that the price of the option equal the cost of assembling the
portfolio identified in part (b), above. Since the stock sells for q s = 2.10 and the bond
for q b = 0.90,
q o = (2/3)q s − (2/3)q b = (2/3)(2.10 − 0.90) = (2/3)(1.20) = 0.80.

4. Pricing Riskless Cash Flows
A one-year discount bond sells for P1 = $0.90 today and pays off one dollar, for sure, one
year from now. A two-year discount bond sells for P2 = $0.60 today and pays off one dollar,
for sure, two years from now. A three-year discount bond sells for P3 = $0.50 today and
pays off one dollar, for sure, three years from now.
a. The payoffs on a coupon bond that makes annual interest payments of $10 each year,
every year, for the next three years and also returns face value of $100 three years from
now can be replicated by a portfolio that consists of ten one-year discount bonds, ten
two-year discount bonds, and 110 three-year discount bonds. If there are no arbitrage
opportunities across markets for coupon and discount bonds, the price P C of the coupon
bond must equal the cost of assembling the portfolio of discount bonds. Therefore,
P C = 10P1 + 10P2 + 110P3 = 9.00 + 6.00 + 55.00 = $70.00.
b. The payoffs on a risk-free asset that pays off $100 two years from now and $500 three
years from now can be replicated by a portfolio that consists of 100 two-year discount
bonds and 500 three-year discount bonds. If there are no arbitrage opportunities
across markets for risk-free assets, the price P A of this new asset must equal the cost
of assembling the portfolio of discount bonds. Therefore,
P A = 100P2 + 500P3 = 60 + 250 = $310.00.
c. This last part of the problem asks you to identify the portfolio of discount bonds that
replicates the payoffs made by a one-year loan of $1 made one year from now and paid
back with interest two years from now. Buying a one-year discount bond provides
you with the $1 you want to receive one year from now, but costs $0.90 today. To
offset this cost, however, you can sell short $0.90/$0.60 = 1.5 two-year discount bonds
today; since each of these bonds sells for $0.60 today, this will provide you with the
1.5 × $0.60 = $0.90 that you need to do so. The short position in two-year discount
bonds, however, requires you to pay $1.50 two years from now. The implied two-year
forward rate equals 50 percent.

4

5. Criteria for Choosing Between Risky Alternatives
Two assets have percentage returns R̃1 and R̃2 that vary across two states as follows:

Return on
Asset 1 R̃1
Asset 2 R̃2

State 1
State 2
π1 = 1/2 π2 = 1/2 E(R̃)
6
9

4
3

5
6

σ(R̃)
1
3

a. There is no state-by-state dominance, because asset 2 has the higher return in the good
state but asset 1 has the higher return in the bad state.
b. There is no mean-variance dominance either, because asset 2 has a higher expected
return but asset 1’s return has lower standard deviation.
c. If a third asset becomes available that has percentage return equal to 10 in the good
state and 4 in the bad, then it will be chosen over assets 1 and 2 by any investor who
prefers more to less. This is because asset three exhibits state-by-state dominance over
the other two: it always provides at least as much and sometimes pays off more.
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Final Exam
ECON 337901 - Financial Economics
Boston College, Department of Economics

Peter Ireland
Spring 2017

Thursday, May 11, 12:30 - 2:00pm
This exam has five questions on four pages; before you begin, please check to make sure
that your copy has all five questions and all four pages. The five questions will be weighted
equally in determining your overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Expected Utility, Risky Assets, and Certainty Equivalents
Suppose that a risk-averse investor with von Neumann-Morgenstern expected utility and
initial income Y0 = 9 is offered a risky asset with random payoff Z̃ that equals 7 in a good
state that occurs with probability 1/2 and 0 in a bad state that occurs with probability 1/2.
a. If this investor is offered a choice between the risky asset described above or a safe asset
that pays off 3.5 no matter what, which one will he or she take: the risky asset or the
safe asset?
b. Recall that the certainty equivalent for Z̃ is defined as the amount CE(Z̃) that makes
the investor indifferent between taking the risky asset and taking a safe asset that pays
off CE(Z̃) for sure. Will CE(Z̃) be greater than, less than, or equal to 3.5?
c. Now suppose that the investor has Bernoulli utility function of the form
u(Y ) = Y 1/2 ,
where Y is his or her income in any given state and, as you will recall, raising Y to
the power 1/2 means taking the square root of Y . Use the information given above to
calculate the numerical value of the certainty equivalent CE(Z̃) for the risky asset Z̃.

1

2. Risk Aversion and Portfolio Allocation
Consider the portfolio allocation problem faced by an investor who has initial wealth Y0 =
100. The investor allocates the amount a to stocks, which provide a return of rG = 0.15
(15 percent) in a good state that occurs with probability π = 0.80 = 4/5 and a return of
rB = −0.05 (−5 percent) in a bad state that occurs with probability 1 − π = 0.20 = 1/5.
The investor allocates the remaining amount Y0 − a to a risk-free bond, which provides the
return rf = 0.05 (5 percent) in both states. If the investor has von Neumann-Morgenstern
expected utility function, with Bernoulli utility function of the form
Y 1−γ − 1
,
u(Y ) =
1−γ
his or her portfolio allocation problem can be stated mathematically as




[(1 + rf )Y0 + a(rG − rf )]1−γ − 1
[(1 + rf )Y0 + a(rB − rf )]1−γ − 1
max π
+ (1 − π)
.
a
1−γ
1−γ
a. Suppose that the parameter in the investor’s Bernoulli utility function is γ = 2; this
choice implies that the investor has a constant coefficient of relative risk aversion equal
to 2. Use this setting for γ, together with the values of the other parameters given
above, to find the numerical value of the investor’s optimal choice a∗ . Note: Recall from
our discussions in class that there are two ways of finding a∗ . One is to substitute the
parameter values into the investor’s problem and then take the first-order condition for
the optimal choice of a, and the other is to take the first-order condition for the optimal
choice of a and then substitute the parameter values into this first-order condition. Use
whichever approach seems easiest to you; either way, you’ll get the same answer for a∗ .
b. Suppose that, instead of γ = 2, the investor’s constant coefficient of relative risk aversion
is γ = 4. Would the value of the investor’s optimal choice a∗ with this larger value of
γ be greater than, less than, or the same as the value of a∗ that you found for part (a),
above? Note: To answer this part of the problem, you don’t have to actually calculate
the new value of a∗ , all you need to do is say whether it is greater than, less than, or
the same as the value you obtained in part (a).
c. Go back to assuming that γ = 2, but suppose now that the investor’s Bernoulli utility
function takes the form

 1−γ
Y
−1
.
u(Y ) = 2
1−γ
With this slightly different Bernoulli utility function, would the value of the investor’s
optimal choice a∗ be greater than, less than, or the same as the value of a∗ that you
found for part (a), above? Note: To answer this part of the problem, you don’t have
to actually calculate the new value of a∗ , all you need to do is say whether it is greater
than, less than, or the same as the value you obtained in part (a).

2

3. The Gains from Diversification
Consider an investor who forms a portfolio of two risky assets by allocating the share w = 1/2
of his or her initial wealth to risky asset 1, with expected return µ1 = 8 and standard
deviation of its risky return equal to σ1 = 2, and allocating the remaining share 1 − w = 1/2
of his or her initial wealth to risky asset 2, with expected return µ2 = 4 and standard
deviation of its risky return equal to σ2 = 2.
a. What will the expected return µP and the standard deviation σP of the return on the
investor’s portfolio be if the correlation between the two asset’s returns is ρ12 = 0?
b. What will the expected return µP and the standard deviation σP of the return on the
investor’s portfolio be if the correlation between the two asset’s returns is ρ12 = 1?
c. What will the expected return µP and the standard deviation σP of the return on the
investor’s portfolio be if the correlation between the two asset’s returns is ρ12 = −1?

4. Portfolio Allocation with Mean-Variance Utility
Consider an investor whose preferences are described by a utility function defined directly
over the mean µP and variance σP2 of the random return that he or she earns from his or her
portfolio; suppose, in particular, that this utility function takes the form
 
A
2
σP2 .
U (µP , σP ) = µP −
2
The investor creates this portfolio by allocating the fraction w1 of his or her initial wealth
to risky asset 1, with expected return E(r̃1 ) and variance of its risky return σ12 , fraction w2
to risky asset 2, with expected return E(r̃2 ) and variance of its risky return σ22 , and the
remaining fraction 1 − w1 − w2 to risk-free assets with return rf . The mean or expected
return on the investor’s portfolio is therefore
µP = (1 − w1 − w2 )rf + w1 E(r̃1 ) + w2 E(r̃2 )
and, under the additional assumption that the correlation between the random returns on
the two risky assets is ρ12 = 0, the variance of the return on the investor’s portfolio is
σP2 = w12 σ12 + w22 σ22 .
Thus, the investor solves the portfolio allocation problem
 
A
max (1 − w1 − w2 )rf + w1 E(r̃1 ) + w2 E(r̃2 ) −
(w12 σ12 + w22 σ22 ).
w1 ,w2
2
a. Write down the first-order conditions that determine the investor’s optimal choices w1∗
and w2∗ for the two portfolio shares w1 and w2 .
3

b. Suppose, in particular, that E(r̃1 ) = 10, σ12 = 16, E(r̃2 ) = 6, σ22 = 16, rf = 2, and
A = 1. What are the optimal choices w1∗ , w2∗ , and 1 − w1∗ − w2∗ in this case?
c. Suppose that the value of A in this problem was equal to 2 instead of 1. Would you
expect the investor to allocate a larger or a smaller share 1 − w1∗ − w2∗ of his or her
initial wealth to risk-free assets? Note: To answer this part of the problem, you don’t
have to actually calculate the new value of 1 − w1∗ − w2∗ , all you need to do is to say
whether it is larger or smaller than the answer you obtained in part (b), above.

5. The Capital Asset Pricing Model
According to the capital asset pricing model (CAPM), the expected return E(r̃j ) on any
risky asset j is related to the risk-free rate rf and the expected return E(r̃M ) on the market
portfolio according to
E(r̃j ) = rf + βj [E(r̃M ) − rf ],
where βj , risky asset j’s “beta,” is calculated as
βj =

σjM
,
2
σM

where σjM is the covariance between the random return r̃j and the random return r̃M on the
2
market portfolio and σM
is the variance of the the random return r̃M on the market portfolio.
With this relationship in mind, please indicate whether each of the following statements are
true or false. Note: All you need to do for this question is to indicate whether each statement
is true or false; you don’t need to explain why.
a. According to the capital asset pricing model, if two individual stocks – asset 1 and asset
2 – have the same beta, so that β1 = β2 , then these two stocks must have the same
expected returns, even if the variance σ12 of asset 1’s random return r̃1 is larger than
the variance σ22 of asset 2’s random return r̃2 .
b. According to the capital asset pricing model, if an individual stock – asset 3 – has a
random return r̃3 that is uncorrelated with the the random return r̃M on the market
portfolio, then asset 3’s expected return will equal the risk-free rate rf .
c. According to the capital asset pricing model, if the expected return on the market
portfolio is higher than the risk-free rate, then any stock with a negative beta will have
an expected return that is less than the risk-free rate.
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1. Expected Utility, Risky Assets, and Certainty Equivalents
A risk-averse investor with von Neumann-Morgenstern expected utility and initial income
Y0 = 9 is offered a risky asset with random payoff Z̃ that equals 7 in a good state that occurs
with probability 1/2 and 0 in a bad state that occurs with probability 1/2.
a. Since expected payoff on the risky asset is E(Z̃) = 3.5, the investor will always choose
a safe asset that pays 3.5 for sure over the risky asset.
b. Since a risk-averse investor will accept an amount less than E(Z̃) = 3.5 to avoid the risk
associated with the random payoff Z̃, CE(Z̃) will always be less than 3.5.
c. Assuming that the investor has Bernoulli utility function of the form
u(Y ) = Y 1/2 ,
the certainty equivalent CE(Z̃) must satisfy
[9 + CE(Z̃)]1/2 = (1/2)(9 + 7)1/2 + (1/2)(9)1/2 ,
where the left-hand side measures the utility from getting CE(Z̃) for sure and the
right-hand side measures the expected utility from the random payoff Z̃ that equals
7 with probability 1/2 and 0 with probability 1/2. Taking the square roots on the
right-hand size yields
[9 + CE(Z̃)]1/2 = (1/2)(16)1/2 + (1/2)(9)1/2 = (1/2)4 + (1/2)3 = 7/2.
Squaring both sizes then implies
9 + CE(Z̃) = 49/4
Finally, subtracting 9 from both sides provides the solution
CE(Z̃) = 49/4 − 36/4 = 13/4 = 3.25,
an answer that confirms that CE(Z̃) < E(Z̃).

1

2. Risk Aversion and Portfolio Allocation
An investor who has initial wealth Y0 = 100 allocates the amount a to stocks, which provide
a return of rG = 0.15 (15 percent) in a good state that occurs with probability π = 0.80 =
4/5 and a return of rB = −0.05 (−5 percent) in a bad state that occurs with probability
1 − π = 0.20 = 1/5. The investor allocates the remaining amount Y0 − a to a risk-free
bond, which provides the return rf = 0.05 (5 percent) in both states. If the investor has von
Neumann-Morgenstern expected utility function, with Bernoulli utility function of the form
u(Y ) =

Y 1−γ − 1
,
1−γ

his or her portfolio allocation problem can be stated mathematically as




[(1 + rf )Y0 + a(rB − rf )]1−γ − 1
[(1 + rf )Y0 + a(rG − rf )]1−γ − 1
+ (1 − π)
.
max π
a
1−γ
1−γ
a. The first-order condition for the general problem stated above is
π(rG − rf )
(1 − π)(rB − rf )
+
= 0.
∗
γ
[(1 + rf )Y0 + a (rG − rf )]
[(1 + rf )Y0 + a∗ (rB − rf )]γ
When γ = 2 and the other parameters are set as indicated above, this first-order
condition specializes to
(1/5)(−0.10)
(4/5)(0.10)
+
= 0.
∗
2
(105 + 0.10a )
(105 − 0.10a∗ )2
Move the second term on the left-hand side over to the right to get rid of the minus
sign; then, multiply both sides by 5 and divide both sides by 0.10 to obtain
4
1
=
.
∗
2
(105 + 0.10a )
(105 − 0.10a∗ )2
Next, take the square root of both sizes to get
2
1
=
.
105 + 0.10a∗
105 − 0.10a∗
This last equation leads to the solution for a∗ using the final steps
2(105 − 0.10a∗ ) = 105 + 0.10a∗
210 − 0.20a∗ = 105 + 0.10a∗
105 = 0.30a∗
105
= 350.
a∗ =
0.30
2

b. When γ = 4, the investor is more risk averse than when γ = 2. Therefore, a∗ in this
case will be less than the solution from part (a).
c. Multiplying the Bernoulli utility function by the positive constant 2, to obtain

 1−γ
Y
−1
.
u(Y ) = 2
1−γ
does not change the preference ordering described by the original utility function used
for part (a). Therefore, a∗ in this case will be the same as the solution from part (a).

3. The Gains from Diversification
If an investor forms a portfolio of two risky assets by allocating the share w = 1/2 of his or
her initial wealth to risky asset 1, with expected return µ1 = 8 and standard deviation of
its risky return equal to σ1 = 2, and allocating the remaining share 1 − w = 1/2 of his or
her initial wealth to risky asset 2, with expected return µ2 = 4 and standard deviation of its
risky return equal to σ2 = 2, then the expected return on the portfolio is
µP = wµ1 + (1 − w)µ2 = (1/2)8 + (1/2)4 = 4 + 2 = 6
and the standard deviation of the return on the portfolio is
σP = [w2 σ12 + (1 − w)2 σ22 + 2w(1 − w)σ1 σ2 ρ12 ]1/2
= [(1/4)4 + (1/4)4 + 2(1/2)(1/2)4ρ12 ]1/2
= (2 + 2ρ12 )1/2 ,
where ρ12 is the correlation between the two asset’s returns.
a. The formulas from above imply that if ρ12 = 0, then µP = 6 and σP =
√
b. If ρ12 = 1, then µP = 6 and σP = 4 = 2.

√
2 = 1.414.

c. If ρ12 = −1, then µP = 6 and σP = 0.

4. Portfolio Allocation with Mean-Variance Utility
An investor solves the portfolio allocation problem
 
A
max (1 − w1 − w2 )rf + w1 E(r̃1 ) + w2 E(r̃2 ) −
(w12 σ12 + w22 σ22 ).
w1 ,w2
2
a. The first-order condition for w1 is
E(r̃1 ) − rf − Aσ12 w1∗ = 0
and the first-order condition for w2 is
E(r̃2 ) − rf − Aσ22 w2∗ = 0.
3

b. With E(r̃1 ) = 10, σ12 = 16, E(r̃2 ) = 6, σ22 = 16, rf = 2, and A = 1, the first-order
conditions imply that
10 − 2 − 16w1∗ = 0
and
6 − 2 − 16w2∗ = 0
or
w1∗ = 8/16 = 1/2
and
w2∗ = 4/16 = 1/4.
c. An investor with A = 2 is more risk averse than an investor with A = 1. This investor
would therefore allocate a larger share of his or her initial wealth to risk-free assets.

5. The Capital Asset Pricing Model
According to the capital asset pricing model (CAPM), the expected return E(r̃j ) on any
risky asset j is related to the risk-free rate rf and the expected return E(r̃M ) on the market
portfolio according to
E(r̃j ) = rf + βj [E(r̃M ) − rf ],
where βj , risky asset j’s “beta,” is calculated as
βj =

σjM
,
2
σM

where σjM is the covariance between the random return r̃j and the random return r̃M on
2
the market portfolio and σM
is the variance of the the random return r̃M on the market
portfolio.
a. This statement is true: According to the capital asset pricing model, if two individual
stocks – asset 1 and asset 2 – have the same beta, so that β1 = β2 , then these two
stocks must have the same expected returns, even if the variance σ12 of asset 1’s random
return r̃1 is larger than the variance σ22 of asset 2’s random return r̃2 .
b. This statement is also true: According to the capital asset pricing model, if an individual
stock – asset 3 – has a random return r̃3 that is uncorrelated with the the random return
r̃M on the market portfolio, then asset 3’s expected return will equal the risk-free rate
rf .
c. And this statement is true as well: According to the capital asset pricing model, if the
expected return on the market portfolio is higher than the risk-free rate, then any stock
with a negative beta will have an expected return that is less than the risk-free rate.
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questions has three parts. The five questions will be weighted equally in determining your
overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Unconstrained Optimization
Suppose that an automobile manufacturer is able to produce c cars at total cost αc2 , where
α > 0 is a positive parameter. If the manufacturer sells each car at price p > 0 in a perfectly
competitive market, its profits are pc − αc2 .
a. Consider the firm’s profit maximization problem
max pc − αc2 .
c

Since the objective function is concave, the first-order condition obtained by differentiating the objective function by the choice variable c and equating to zero is both a
necessary and sufficient condition for the value c∗ that solves this problem. Write down
this first-order condition.
b. Next, re-arrange the first-order condition to get an equation that shows how c∗ depends
on the output price p and the cost parameter α.
c. Finally, use your solution from part (b) to answer the following two questions. First,
what happens to the firm’s optimal choice of c∗ when the output price p rises? Second,
what happens to c∗ when the cost parameter α falls?

1

2. Consumer Optimization
Consider a consumer who purchases c0 , c1 , and c2 of three goods – goods 0, 1, and 2 – in
perfectly competitive markets at the prices p0 , p1 , and p2 in order to maximize the utility
function
ln(c0 ) + ln(c1 ) + ln(c2 )
subject to the budget constraint
Y ≥ p 0 c0 + p 1 c1 + p 2 c2 ,
where Y denotes the consumer’s income and ln is the natural logarithm function.
a. Set up the Lagrangian for the consumer’s problem: choose c0 , c1 , and c2 to maximize
the utility function subject to the budget constraint. Then, write down the first-order
conditions for c0 , c1 , and c2 that characterize the solution to this problem.
b. Because the natural log function is strictly increasing, it will always be optimal for the
consumer to spend all of his or her income. That is, the budget constraint will hold as
the equality
Y = p0 c∗0 + p1 c∗1 + p2 c∗2 ,
when c∗0 , c∗1 , and c∗2 are chosen optimally. Use this binding budget constraint, together
with your first-order conditions from part (a), above, to obtain solutions that show
how c∗0 , c∗1 , and c∗2 depend on the prices p0 , p1 , and p2 and the consumer’s income Y .
c. Finally, use your results from part (b), above, to answer the following question: what
fraction of his or her total income Y does the consumer spend on each good 0, 1, and
2?

3. Intertemporal Consumer Decision-Making
The figure on the next page illustrates the tangency condition describing optimal choices
in Irving Fisher’s model of intertemporal consumer decision-making. The graph measures
consumption today, c0 , along the horizontal axis and consumption next year, c1 , along the
vertical axis. The slope of the straight line, the intertemporal budget constraint, is −(1 + r),
where r denotes the interest rate at which the consumer can save or borrow. The slope of
the curved line, the indifference curve, is the intertemporal marginal rate of substitution,
which equals u0 (c0 )/βu0 (c1 ) when the consumer’s utility function takes the general form
u(c0 ) + βu(c1 )
and the discount factor β is a measure of the consumer’s patience: more patient consumers
have higher values of β.

2

In this graph, the consumer’s optimal choices c∗0 and c∗1 are found at the point of tangency
between the indifference curve and budget constraint, where
u0 (c∗0 )
− 0 ∗ = −(1 + r).
βu (c1 )
a. Suppose that the consumer’s utility function takes the more specific form
ln(c0 ) + β ln(c1 ),
where ln is the natural logarithm. Use the optimality condition from above, together
with this specific choice for the utility function, to derive an expression linking the
optimal consumption growth rate c∗1 /c∗0 to the discount factor β and the interest rate
r.
b. Next, use your answer from part (a) to answer the question: Do more patient consumers
choose faster or slower rates of consumption growth? That is, does c∗1 /c∗0 go up or down
when β rises?
c. Finally, use your answer from part (a) to answer the question: Do higher interest rates
lead consumers to choose faster or slower rates of consumption growth? That is, does
c∗1 /c∗0 go up or down when r rises?

3

4. Stocks, Bonds, Contingent Claims, and Stock Options
Consider an economy in which there are two periods t = 0 (today) and t = 1 (next year) and
two states at t = 1: a good and bad state that occur with equal probabilities π = 1−π = 1/2.
Suppose that, in this economy, two assets are traded. A risky stock sells for q s = 1 at t = 0,
P G = 3 in the good state at t = 1, and P B = 1 in the bad state at t = 1. A risk-free bond
sells for q b = 0.60 at t = 0 and pays off 1 in both the good and bad states at t = 1.
a. Find the combination of purchases and/or short sales of shares of stock and bonds that
will replicate the payoffs on a contingent claim for the good state at t = 1. Then, find
the price at which the contingent claim for the good state should trade if there are
to be no arbitrage opportunities across the markets for stocks, bonds, and contingent
claims.
b. Find the combination of purchases and/or short sales of shares of stock and bonds that
will replicate the payoffs on a contingent claim for the bad state at t = 1. Then, find
the price at which the contingent claim for the bad state should trade if there are to be
no arbitrage opportunities across the markets for stocks, bonds, and contingent claims.
c. Consider a put option, which gives the holder the right, but not the obligation, to sell a
share of the stock at the strike price K = 2 at t = 1. In the good state at t = 1, the
share trades for P G = 3, so it will not be worthwhile for the option holder to exercise
his or her right to sell at the lower strike price K = 2. In the bad state, however,
the option holder can buy a share of stock for P B = 1 and, by exercising the option,
simultaneously sell the share of stock at the higher strike price K = 2, thereby earning
a profit of 1. The put option, therefore, has a payoff of zero in the good state and 1
in the bad state at t = 1. Use this information to find the price, q p , at which the put
option should trade at t = 0, if there are to be no arbitrage opportunities across the
markets for stocks, bonds, contingent claims, and stock options.

4

5. Pricing Riskless Cash Flows
Consider an economy in which, initially, two risk-free discount bonds and one risk-free coupon
bond are traded. Specifically, a one-year discount bond sells for P1 = $0.75 today and pays
off one dollar, for sure, one year from now. A two-year discount bond sells for P2 = $0.50
today and pays off one dollar, for sure, two years from now. Finally, a three-year coupon
bond sells for P3C = $1.85 today and makes annual interest (coupon) payments of one dollar
at the end each and every one of the next three years and makes an additional payment of
face value of one dollar at the end of the third year.
a. Suppose now that a risk-free, two-year coupon bond is introduced into this economy.
This new coupon bond makes annual interest (coupon) payments of one dollar at the
end of each and every one of the next two years and also makes a payment of face value
of one dollar at the end of the second year. At what price P2C will this new, two-year
coupon bond sell for today, if there are no arbitrage opportunities across all markets
for risk-free assets?
b. Suppose, next, that another new risk-free asset is introduced, which makes two payments:
one dollar one year from now and one dollar two years from now. At what price P A
will this risk-free asset sell for today, if there are no arbitrage opportunities across all
markets for risk-free assets?
c. Suppose, finally, that yet another new a risk-free asset if introduced, which pays off $2
for sure, three years from now. At what price P B will this risk-free asset sell for today,
if there are no arbitrage opportunities across all markets for risk-free assets?
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1. Unconstrained Optimization
The automobile manufacturer solves
max pc − αc2 .
c

a. The first-order condition for the value c∗ that solves this problem is
p − 2αc∗ = 0.
b. Moving the second term on the left-hand side of this first-order condition over to the
right and dividing through by 2α yields the solution
p
.
c∗ =
2α
c. The solution shows that the optimal number c∗ are cars produced rises when the price
p goes up and rises when the cost parameter α falls.

2. Consumer Optimization
The consumer chooses c0 , c1 , and c2 to maximize the utility function
ln(c0 ) + ln(c1 ) + ln(c2 )
subject to the budget constraint
Y ≥ p 0 c0 + p 1 c1 + p 2 c2 .
a. The Lagrangian for the consumer’s problem is
L(c0 , c1 , c2 , λ) = ln(c0 ) + ln(c1 ) + ln(c2 ) + λ(Y − p0 c0 − p1 c1 − p2 c2 ).
The first-order conditions, obtained by differentiating the Lagrangian by each choice
variable and setting the result equal to zero, are
1
− λ∗ p0 = 0,
c∗0
1
− λ∗ p1 = 0,
c∗1
and

1
− λ∗ p2 = 0.
c∗2
1

b. When combined with the binding budget constraint
Y = p0 c∗0 + p1 c∗1 + p2 c∗2 ,
the first-order conditions from part (a), above, form a system of 4 equations in 4
unknowns: c∗0 , c∗1 , c∗2 , and λ∗ . Although there are a variety of ways to solve these
equations, probably the easiest is to rewrite the first-order conditions as
c∗0 =
c∗1 =

1
λ∗ p
1
λ∗ p

and
c∗2 =

,
0

,
1

1
λ∗ p

,
2

and substitute these expressions into the budget constraint to find






3
1
1
1
Y = p0
+ p1
+ p2
= ∗
∗
∗
∗
λ p0
λ p1
λ p2
λ
or

3
.
Y
Finally, substitute this solution for λ∗ back into the previous expressions for c∗0 , c∗1 , and
c∗2 to get
Y
c∗0 =
,
3p0
Y
c∗1 =
,
3p1
and
Y
.
c∗2 =
3p2
These solutions show that the optimal amounts of each good purchased rise when
income Y goes up but fall when the good’s price goes up.
λ∗ =

c. The solutions from part (b), above, imply that the shares of income spent on the three
goods are all 1/3:
p0 c∗0
p1 c∗1
p2 c∗2
1
=
=
= .
Y
Y
Y
3
3. Intertemporal Consumer Decision-Making
In the graph, the consumer’s optimal choices c∗0 and c∗1 are found at the point of tangency
between the indifference curve and budget constraint, where
−

u0 (c∗0 )
= −(1 + r).
βu0 (c∗1 )
2

a. When the consumer’s utility takes the form specific form
ln(c0 ) + β ln(c1 ),
the tangency condition becomes
−

c∗1
= −(1 + r),
βc∗0

which implies that the optimal growth rate of consumption is linked to the discount
factor and the interest rate via
c∗1
= β(1 + r).
c∗0
b. The equation from part (a) shows that c∗1 /c∗0 goes up when β rises: this means that more
patient consumers choose faster rates of consumption growth.
c. The equation from part (a) also shows that c∗1 /c∗0 goes up when r rises: this means that
higher interest rates lead consumers to choose faster rates of consumption growth.

4. Stocks, Bonds, Contingent Claims, and Stock Options
There are two periods t = 0 (today) and t = 1 (next year) and two states at t = 1: a good
and bad state that occur with equal probabilities π = 1 − π = 1/2. Two assets are traded.
A risky stock sells for q s = 1 at t = 0, P G = 3 in the good state at t = 1, and P B = 1 in the
bad state at t = 1. A risk-free bond sells for q b = 0.60 at t = 0 and pays off 1 in both the
good and bad states at t = 1.
a. Let s be the number of shares of stock purchased (or sold short, if s < 0) and let b be
the number of bond purchased (or sold short, if b < 0), in order to replicate the payoffs
from a contingent claim for the good state. Since the claim for the good state pays off
one in the good state, it must be that
1 = P G s + b = 3s + b.
And since the claim for the good state pays off zero in the bad state, it must also be
that
0 = P B s + b = s + b.
Either elimination or substitution can be used to find the values
s = 1/2
and
b = −1/2
that satisfy both of these equations. Evidently, replicating the payoffs on the claim
for the good state requires buying 1/2 share of stock while selling short 1/2 bonds. If
3

there are to be no arbitrage opportunities across the markets for stocks, bonds, and
contingent claims, the price of a contingent claim for the good state must equal the
cost of assembling this portfolio of the stock and bond. In particular, the price of the
contingent claim for the good state must be
q G = (1/2)q s − (1/2)q b = (1/2)1 − (1/2)(0.60) = 0.20.
b. Now let s be the number of shares of stock purchased (or sold short, if s < 0) and let
b be the number of bond purchased (or sold short, if b < 0), in order to replicate the
payoffs from a contingent claim for the bad state. Since the claim for the bad state
pays off zero in the good state, it must be that
0 = P G s + b = 3s + b.
And since the claim for the bad state pays off one in the bad state, it must also be
that
1 = P B s + b = s + b.
Either elimination or substitution can be used to find the values
s = −1/2
and
b = 3/2
that satisfy both of these equations. Evidently, replicating the payoffs on the claim
for the good state requires selling short 1/2 share of stock while buying 3/2 bonds. If
there are to be no arbitrage opportunities across the markets for stocks, bonds, and
contingent claims, the price of a contingent claim for the bad state must equal the
cost of assembling this portfolio of the stock and bond. In particular, the price of the
contingent claim for the bad state must be
q B = −(1/2)q s + (3/2)q b = −(1/2)1 + (3/2)(0.60) = 0.40.
c. The put option has a payoff of zero in the good state and one in the bad state. The
easiest way to infer its price, if there are no arbitrage opportunities across the markets
for stocks, bonds, contingent claims, and stock options, is to observe that since the
option has the same payoffs as a contingent claim for the bad state, its price must be
the same as the contingent claim for the bad state:
q p = q B = 0.40.
Another way to price this put option is to find the portfolio of the stock and bond that
replicates its payoffs. But, from part (b) above, we already know that forming this
portfolio will involve selling short 1/2 share of stock while buying 3/2 bonds at a total
cost of 0.40. This approach leads to the same answer: the price of the put option must
be q p = 0.40.
4

5. Pricing Riskless Cash Flows
Two risk-free discount bonds and one coupon bond are initially traded. A one-year discount
bond sells for P1 = $0.75 today and pays off one dollar, for sure, one year from now. A
two-year discount bond sells for P2 = $0.50 today and pays off one dollar, for sure, two years
from now. Meanwhile, a three-year coupon bond sells for P3C = $1.85 today and makes
annual interest payments of one dollar at the end each and every one of the next three years
and also makes a payment of face value of one dollar at the end of the third year.
a. A new, two-year coupon bond makes annual interest payments of one dollar at the end
of each and every one of the next two years and also makes a payment of face value
of one dollar at the end of the second year. The payoffs from this coupon bond can
be replicated by a portfolio consisting of one one-year coupon bond and two two-year
coupon bonds. Therefore, if there are no arbitrage opportunities across all markets
for risk-free assets, the price P2C of this two-year coupon bond must equal the price of
buying one one-year discount bond and two two-year discount bonds:
P2C = P1 + 2P2 = 0.75 + 2(0.50) = 0.75 + 1.00 = 1.75.
b. Another new risk-free asset makes two payments: one dollar one year from now and one
dollar two years from now. These payoffs can be replicated by buying one one-year
discount bond and one two-year discount bond. Therefore, if there are no arbitrage
opportunities across all markets for risk-free assets, the price P A of this risk-free asset
must equal the cost of buying one one-year discount bond and one two-year discount
bond:
P A = P1 + P2 = 0.75 + 0.50 = 1.25.
c. Finally, a third new risk-free asset pays off $2 three years from now. A payoff of $2,
for sure, three years from can be obtained by buying a three-year coupon bond. But
the coupon bond also provides payments of one dollar, for sure, at the of each of the
next two years. One way of forming a portfolio of existing assets to replicate the payoff
on the third new asset would be to buy the three-year coupon bond, then sell short
a one-year discount bond and a two-year discount bond. If there are no arbitrage
opportunities across all markets for risk-free assets, the price P B of the new asset
should equal the cost of assembling this portfolio:
P B = P3C − P1 − P2 = 1.85 − 0.75 − 0.50 = 0.60.
Another way of forming a portfolio that replicates the payoff on the third new asset is
to buy the three-year coupon bond and sell short the risk-free asset described in part
(b), above, which pays off one dollar one year from now and one dollar two years from
now. The cost of assembling this portfolio is
P3C − P A = 1.85 − 1.25 = 0.60,
implying again that in the absence of arbitrage opportunities, P B = 0.60.
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your copy has all five questions and all five pages. The five questions will be weighted equally
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Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Choosing Between Risky Assets
Consider two assets, with random returns R̃1 and R̃2 that vary across two states that occur
with equal probability as follows:

Return on

State 1
π1 = 1/2

State 2
π2 = 1/2

Asset 1 R̃1

6

2

Asset 2 R̃2

4

2

a. Does either asset display state-by-state dominance over the other? If so, which one?
Does either asset display mean-variance dominance over the other? If so, which one?
b. Suppose that an investor who prefers more to less, is risk averse, and has preferences
over risky assets that can be described by a von Neumann-Morgenstern expected utility
function has to choose between assets 1 and 2. Can you say for sure which asset this
investor will pick, asset 1 or asset 2, or will the choice depend on his or her specific
level of risk aversion?
c. Suppose now that a third asset – asset 3 – is introduced, which has a return of R̃3 = 4
in both state 1 and state 2 and is therefore risk free. Which asset – asset 1, 2 or 3 –
will the investor from part (b) choose now? Can you say for sure, or will the choice
depend on his or her specific level of risk aversion?

1

2. Insurance
Consider a consumer with initial income of 100, who faces a 1/5 (20 percent) chance of
incurring a loss of 75 (which then brings his or her income down to 25). Suppose the consumer’s preferences are described by a von Neumann-Morgenstern expected utility function
with Bernoulli utility function
Y 1−γ − 1
,
u(Y ) =
1−γ
where, as we saw in class, γ > 0 measures the consumer’s constant coefficient of relative risk
aversion.
a. Assume first that the investor’s coefficient of relative risk aversion is γ = 1/2. Find the
maximum amount x∗ that the consumer will pay for an insurance policy that protects
him or her fully against the loss.
b. Now assume that, in addition to the 1/5 (20 percent) chance of a loss of 75, there is also
a 1/5 (20 percent) chance of an even bigger loss of 100 (leaving the consumer with no
income in this very bad state). Find the maximum amount that the consumer with
γ = 1/2 will be willing to pay for insurance again all losses now.
c. Finally, go back to the case from part (a), where there is just a 1/5 (20 percent) chance
of a loss of 75. But suppose that instead of γ = 1/2, the consumer’s coefficient of
relative risk aversion is γ = 2. In this case, will the value of x∗ be larger than, smaller
than, or equal to the value you found in part (a)? Note: To answer this question, you
don’t need to compute the exact value of x∗ ; all you need to do is say whether it’s
larger than, smaller than, or equal to the value when γ = 1/2.

2

3. Expected Utility and Portfolio Allocation
Consider the portfolio allocation problem faced by an investor who has initial wealth Y0 =
100. The investor allocates the amount a to stocks, which provide a return of rG = 0.35 (35
percent) in a good state that occurs with probability π = 0.50 and a return of rB = −0.10
(−10 percent) in a bad state that occurs with probability 1−π = 0.50. The investor allocates
the remaining amount Y0 − a to a risk-free bond, which provides the return rf = 0.10 (10
percent) in both states. If the investor has von Neumann-Morgenstern expected utility
function, with Bernoulli utility function of the form
u(Y ) = ln(Y ),
where ln denotes the natural logarithm, his or her portfolio allocation problem can be stated
mathematically as
max π ln[(1 + rf )Y0 + a(rG − rf )] + (1 − π) ln[(1 + rf )Y0 + a(rB − rf )].
a

a. Find the numerical value of the investor’s optimal choice a∗ . Note: Recall from our
discussions in class that there are two ways of finding a∗ . One is to substitute the
parameter values into the investor’s problem and then take the first-order condition for
the optimal choice of a, and the other is to take the first-order condition for the optimal
choice of a and then substitute the parameter values into this first-order condition. Use
whichever approach seems easiest to you; either way, you’ll get the same answer for a∗ .
b. Suppose now that instead of providing the return of rG = 0.35 in the good state and
rB = −0.10 in the bad state, stocks provide the return rG = 0.30 in the good state
and rB = −0.05 in the bad. Would the value of a∗ in this case be larger than, smaller
than, or the same as the value of a∗ that you found for part (a)? Note: To answer this
part of the problem, you don’t have to actually calculate the new value of a∗ , all you
need to do is say whether it is greater than, less than, or the same as the value you
obtained in part (a).
c. Now go back to the original case, where stocks provide the return of rG = 0.35 in the
good state and rB = −0.10 in the bad state, but assume that the investor’s Bernoulli
utility function is
u(Y ) = (1/2) ln(Y ).
Would the value of a∗ in this case be larger than, smaller than, or the same as the value
of a∗ that you found for part (a)? Note: Again, to answer this part of the problem, you
don’t have to actually calculate the new value of a∗ , all you need to do is say whether
it is greater than, less than, or the same as the value you obtained in part (a).
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4. Portfolio Allocation and the Gains from Diversification
Consider an investor who allocates the fraction w1 of his or her portfolio to asset 1, which
has an expected return of µ1 = 3 and variance of its random return of σ12 = 3, the fraction
w2 of his or her portfolio to asset 2, which has an expected return of µ2 = 1 and variance of
its random return of σ22 = 1, and the remaining fraction 1 − w1 − w2 to asset 3, which has
an expected return of µ3 = 2 and variance of its random return of σ32 = 2. The investor’s
portfolio, therefore, has expected return
µp = w1 µ1 + w2 µ2 + (1 − w1 − w2 )µ3 = 3w1 + w2 + 2(1 − w1 − w2 )
and variance of its random return of
σp2 = w12 σ12 + w22 σ22 + (1 − w1 − w2 )2 σ32 = 3w12 + w22 + 2(1 − w1 − w2 )2
assuming that the correlations between the three asset returns are all zero. If the investor
allocates all of his or her funds to asset 3 by choosing w1 = 0 and w2 = 0, the portfolio has
an expected return of 2 and variance of its random return of 2. The investor hopes to choose
the portfolio weights optimally, however, in order to minimize the variance, subject to the
constraint that the expected return still equals 2. As we discussed in class, this problem can
be solved by choosing w1 and w2 to maximize −σp2 subject to the constraint that µp = 2.
Using the expressions from above, the Lagrangian for this problem is
L(w1 , w2 , λ) = −3w12 − w22 − 2(1 − w1 − w2 )2 + λ[3w1 + w2 + 2(1 − w1 − w2 ) − 2].
a. As a first step in solving the investor’s portfolio allocation problem, write down the
first-order conditions for his or her optimal choices w1∗ and w2∗ of w1 and w2 .
b. Next, use your two first-order conditions from part (a) together with the constraint
3w1∗ + w2∗ + 2(1 − w1∗ − w2∗ ) = 2
to find the numerical values of w1∗ and w2∗ that solve the investor’s problem.
c. Finally, use your solutions from part (b) to calculate the variance of the investor’s optimal
portfolio.

4

5. The Capital Asset Pricing Model
Let r̃A , r̃B , and r̃C denote random returns on three risky stocks: shares in companies A, B,
and C. Likewise, let r̃M denote the random return on the stock market as a whole. Suppose
these random returns have variances and covariances as follows:
Random
Return

Variance

Covariance
with r̃M

Company A

r̃A

σA2 = 25

σAM = 150

Company B

r̃B

σB2 = 100

σBM = 100

Company C

r̃C

σC2 = 400

σCM = 50

Market

r̃M

2
σM
= 100

σM M = 100

a. Use the information in the table to compute the CAPM “betas” for the three individual
stocks and for the market as a whole.
b. According to the CAPM, will any of the individual stocks have an expected return
higher than the market’s expected return E(r̃M )? If so, which one(s)? According
to the CAPM, will any of the individual stocks have an expected return lower than
the market’s expected return E(r̃M )? If so, which one(s)? Note: To answer these
questions, you can assume that the market’s expected return E(r̃M ) is greater than
the return rf on risk-free assets.
c. According to the CAPM, will any of the individual stocks have an expected return lower
than the return rf on risk-free assets? If so, which one(s)? Note: Again, to answer
these questions, you can assume that the market’s expected return E(r̃M ) is greater
than the return rf on risk-free assets.
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1. Choosing Between Risky Assets
There are two assets, with random returns R̃1 and R̃2 that vary across two states that occur
with equal probability as follows:

Return on

State 1
π1 = 1/2

State 2
π2 = 1/2

Asset 1 R̃1

6

2

Asset 2 R̃2

4

2

a. Asset 1 displays state-by-state dominance over asset 2, because it pays off more in state
1 and no less in state 2. The numbers in the table imply that the return on asset 1
has expected value
E(R̃1 ) = (1/2)6 + (1/2)2 = 4
and standard deviation
σ(R̃1 ) = [(1/2)(6 − 4)2 + (1/2)(2 − 4)2 ]1/2 = 2,
while the return on asset 2 has expected value
E(R̃1 ) = (1/2)4 + (1/2)2 = 3
and standard deviation
σ(R̃1 ) = [(1/2)(4 − 3)2 + (1/2)(2 − 3)2 ]1/2 = 1.
Since asset 1 has a higher mean but also a higher variance, neither asset displays
mean-variance dominance over the other.
b. An investor who prefers more to less, is risk averse, and has preference over risky assets
that can be described by a von Neumann-Morgenstern expected utility function will
always choose an asset that displays state-by-state dominance over all others. We can
therefore say for sure that this investor will choose asset 1.

1

c. The new asset 3 has a return R̃3 = 4 in both state 1 and state 2. Asset 3 therefore
has expected E(R̃2 ) = 4 that is the same as asset 1’s expected return, but offers this
expected return without any risk. The investor from part (b) will therefore prefer asset
3 to asset 1 and, since we already know that this investor prefers asset 1 to asset 2, we
can say for sure that he or she will pick asset 3 over the other two.

2. Insurance
A consumer with initial income of 100 faces a 1/5 chance of incurring a loss of 75 has preferences described by a von Neumann-Morgenstern expected utility function with Bernoulli
utility function
Y 1−γ − 1
,
u(Y ) =
1−γ
where γ > 0 measures his or her constant coefficient of relative risk aversion.
a. Assume first that the investor’s coefficient of relative risk aversion is γ = 1/2. The
maximum amount x∗ that the consumer will pay for an insurance policy that protects
him or her fully against the loss can be found by finding the premium that makes the
consumer indifferent between buying and not buying insurance. Thus, the value of x∗
must satisfy
u(100 − x∗ ) = (4/5)u(100) + (1/5)u(25),
where the left-hand side measures utility with insurance and the right-hand side expected utility without. Using the specific form of the utility function together with
the assumed value γ = 1/2 for the coefficient of relative risk aversion, this condition
requires, more specifically, that


 1/2

1001/2 − 1
25 − 1
(100 − x∗ )1/2 − 1
= (4/5)
+ (1/5)
.
1/2
1/2
1/2
After multiplying both sides by 1/2 and adding one to both sides, this equation simplifies to
(100 − x∗ )1/2 = (4/5)(100)1/2 + (1/5)(25)1/2
or, even more simply,
(100 − x∗ )1/2 = (4/5)10 + (1/5)5 = 9.
Finally, squaring both sides and rearranging yields the solution
x∗ = 100 − 81 = 19.
b. Assuming now that, in addition to the 1/5 chance of a loss of 75, there is also a 1/5
chance of an even bigger loss of 100, the value of x∗ must satisfy
u(100 − x∗ ) = (3/5)u(100) + (1/5)u(25) + (1/5)u(0),
2

or, more specifically,
(100 − x∗ )1/2 − 1
= (3/5)
1/2



1001/2 − 1
1/2




+ (1/5)

251/2 − 1
1/2




+ (1/5)

01/2 − 1
1/2


.

After multiplying both sides by 1/2 and adding one to both sides, this equation simplifies to
(100 − x∗ )1/2 = (3/5)(100)1/2 + (1/5)(25)1/2 + (1/5)(0)1/2
or, even more simply,
(100 − x∗ )1/2 = (3/5)10 + (1/5)5 + (1/5)0 = 7.
As before, squaring both sides and rearranging yields the solution
x∗ = 100 − 49 = 51.
c. A consumer with γ = 2 will be more risk averse than the consumer γ = 1/2. Therefore,
we know without even solving for the exact value of x∗ will be willing to pay more for
insurance against the 1/5 chance of a loss of 75. If we want to confirm this, however,
we can go back to the original equation defining x∗ ,
u(100 − x∗ ) = (4/5)u(100) + (1/5)u(25),
and use the new value of γ = 2 to see, more specifically, that


 −1

(100 − x∗ )−1 − 1
100−1 − 1
25 − 1
= (4/5)
+ (1/5)
.
−1
−1
−1
After multiplying both sides by −1 and adding 1 to both sides, this condition simplifies
to
(100 − x∗ )−1 = (4/5)100−1 + (1/5)25−1
or

4
1
1
=
+
= 0.008 + 0.008 = 0.016.
∗
100 − x
500 125
Therefore, with γ = 2,
1
100 − x∗ =
= 62.5
0.016
or
x∗ = 37.5
which is much larger than the value x∗ = 19 that we found, in part (a), for the consumer
with γ = 1/2.

3. Expected Utility and Portfolio Allocation
An investor who has initial wealth Y0 = 100 allocates the amount a to stocks, which provide
a return of rG = 0.35 in a good state that occurs with probability π = 0.50 and a return of
3

rB = −0.10 in a bad state that occurs with probability 1 − π = 0.50. The investor allocates
the remaining amount Y0 − a to a risk-free bond, which provides the return rf = 0.10 in
both states. If the investor has von Neumann-Morgenstern expected utility function, with
Bernoulli utility function of the form
u(Y ) = ln(Y ),
his or her portfolio allocation problem can be stated mathematically as
max π ln[(1 + rf )Y0 + a(rG − rf )] + (1 − π) ln[(1 + rf )Y0 + a(rB − rf )].
a

a. Using the specific values for the probabilities and returns, the investor’s problem can be
restated as
max (1/2) ln(110 + 0.25a) + (1/2) ln(110 − 0.20a).
a

The first-order condition for this problem is
(1/2)(0.20)
(1/2)(0.25)
−
= 0.
∗
110 + 0.25a
110 − 0.20a∗
To solve for the numerical value of a∗ rewrite this condition as
(1/2)(0.25)
(1/2)(0.20)
=
,
∗
110 + 0.25a
110 − 0.20a∗
multiply both sides by 2 to get
0.25
0.20
=
,
∗
110 + 0.25a
110 − 0.20a∗
eliminate the fractions to obtain
(0.25)110 − (0.25)(0.20)a∗ = (0.20)110 + (0.20)(0.25)a∗ ,
collect terms in a∗ ,
2(0.25)(0.20)a∗ = 110(0.05)
and divide to find
a∗ =

110(0.05)
110
110
=
=
= 55.
2(0.25)(0.20)
2(5)(0.20)
2

b. If, instead of providing the return of rG = 0.35 in the good state and rB = −0.10 in the
bad state, stocks provide the return rG = 0.30 in the good state and rB = −0.05 in
the bad, the expected return on stocks remains the same but the volatility or riskiness
of stocks goes down. Therefore, we know without even solving for the exact value of
a∗ that the amount allocated to stocks will go up. If we want to confirm this, however,
we can use the new values for the stock returns to restate the investor’s problem as
max (1/2) ln(110 + 0.20a) + (1/2) ln(110 − 0.15a).
a

4

The first-order condition for this problem is
(1/2)(0.20)
(1/2)(0.15)
−
= 0.
∗
110 + 0.20a
110 − 0.15a∗
To solve for the numerical value of a∗ rewrite this condition as
(1/2)(0.15)
(1/2)(0.20)
=
,
∗
110 + 0.20a
110 − 0.15a∗
multiply both sides by 2 to get
0.20
0.15
=
,
∗
110 + 0.20a
110 − 0.15a∗
eliminate the fractions to obtain
(0.20)110 − (0.20)(0.15)a∗ = (0.15)110 + (0.15)(0.20)a∗ ,
collect terms in a∗ ,
2(0.20)(0.15)a∗ = 110(0.05)
and divide to find
a∗ =

110
110
110(0.05)
=
=
= 91.67,
2(0.20)(0.15)
2(4)(0.15)
1.20

which is indeed higher that the value of a∗ = 55 from part (a).
c. As we discussed in class, simply multiplying a Bernoulli utility function by a positive
constant does not change the preference ordering described by the expected utility
function. Therefore, if we go back to the original case, where stocks provide the return
of rG = 0.35 in the good state and rB = −0.10 in the bad state, but assume that the
investor’s Bernoulli utility function is
u(Y ) = (1/2) ln(Y ),
we will get the same value of a∗ = 55 that we found in part (a). The investor’s
preferences have not changed, so neither does his or her optimal portfolio allocation
decision.

4. Portfolio Allocation and the Gains from Diversification
An investor allocates the fraction w1 of his or her portfolio to asset 1, which has an expected
return of µ1 = 3 and variance of its random return of σ12 = 3, the fraction w2 of his or her
portfolio to asset 2, which has an expected return of µ2 = 1 and variance of its random return
of σ22 = 1, and the remaining fraction 1 − w1 − w2 to asset 3, which has an expected return
of µ3 = 2 and variance of its random return of σ32 = 2. The investor’s portfolio, therefore,
has expected return
µp = w1 µ1 + w2 µ2 + (1 − w1 − w2 )µ3 = 3w1 + w2 + 2(1 − w1 − w2 )
5

and variance of its random return of
σp2 = w12 σ12 + w22 σ22 + (1 − w1 − w2 )2 σ32 = 3w12 + w22 + 2(1 − w1 − w2 )2
assuming that the correlations between the three asset returns are all zero. If the investor
allocates all of his or her funds to asset 3 by choosing w1 = 0 and w2 = 0, the portfolio has
an expected return of 2 and variance of its random return of 2. The investor hopes to choose
the portfolio weights optimally, however, in order to minimize the variance, subject to the
constraint that the expected return still equals 2. This problem can be solved by choosing
w1 and w2 to maximize −σp2 subject to the constraint that µp = 2. Using the expressions
from above, the Lagrangian for this problem is
L(w1 , w2 , λ) = −3w12 − w22 − 2(1 − w1 − w2 )2 + λ[3w1 + w2 + 2(1 − w1 − w2 ) − 2].
a. The first-order conditions can be obtained by differentiating the Lagrangian with respect
to w1 and w2 and, in each case, setting the result equal to zero:
−6w1∗ + 4(1 − w1∗ − w2∗ ) + λ∗ (3 − 2) = 0
and
−2w2∗ + 4(1 − w1∗ − w2∗ ) + λ∗ (1 − 2) = 0.
b. Since the constraint
3w1∗ + w2∗ + 2(1 − w1∗ − w2∗ ) = 2
implies that
w1∗ − w2∗ = 0,
the optimal portfolio must allocate equal shares to assets 1 and 2. Therefore, let
w∗ = w1∗ = w2∗ , and substitute this common value for w1∗ and w2∗ into the first-order
conditions from part (a), so as to write them more simply as
−6w∗ + 4(1 − 2w∗ ) + λ∗ = 0
and
−2w∗ + 4(1 − 2w∗ ) − λ∗ = 0.
Eliminating λ∗ by adding these two equations yields
−8w∗ + 8(1 − 2w∗ ) = 0
or
(8 + 16)w∗ = 8
or
w∗ = 1/3.
In this case, evidently, it is optimal for the investor to allocate equal 1/3 shares of his
or her portfolio to the three assets:
w1∗ = w2∗ = w3∗ = 1/3.
6

c. Substituting the optimal choices for the portfolio weights into the expression
σp2 = 3w12 + w22 + 2(1 − w1 − w2 )2
for the variance of the portfolio’s random return shows that the optimal portfolio has
σp2 + (1/3)2 (3 + 1 + 2) = 6/9 = 2/3.
This is much smaller than the value of 2 that the investor would get simply by allocating
all of his or her funds to asset 3.

5. The Capital Asset Pricing Model
Shares in companies A, B, and C and the market have random returns with variances and
covariances as follows:
Random
Return

Variance

Covariance
with r̃M

Company A

r̃A

σA2 = 25

σAM = 150

Company B

r̃B

σB2 = 100

σBM = 100

Company C

r̃C

σC2 = 400

σCM = 50

Market

r̃M

2
σM
= 100

σM M = 100

a. In general, the CAPM beta for asset j
βj =

σjM
,
2
σM

where σjM is the covariance between asset j’s random return r̃j and the random return
2
on the market r̃M and σM
is the variance of the market’s random return. Therefore,
using the data from the table, company A’s shares have
βA =

150
= 1.5,
100

βB =

100
= 1.0,
100

βC =

50
= 0.5,
100

βM =

100
= 1.0.
100

company B’s shares have

company C’s shares have

and the market has

7

b. According to the CAPM, the expected return E(r̃j ) on asset j is determined as
E(r̃j ) = rf + βj [E(r̃M ) − rf ],
where rf is the return on risk-free assets. Therefore, under the assumption that
E(r̃M ) > rf , any individual stock will have expected return higher than the market’s if its beta is greater than one and expected return lower than the market’s if its
beta is less than one. Based on the betas computed in part (a), we can therefore say
that according to the CAPM, company A’s shares will have expected return higher
than the market’s and company C’s shares will have expected return less than the
markets.
c. According to the CAPM, an individual stock can have an expected return lower than
the return rf on risk-free assets, but only if its beta is negative. Since none on the
individual stocks in the table has a negative beta, none has an expected return lower
than the risk-free rate.
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Midterm Exam
ECON 337901 - Financial Economics
Boston College, Department of Economics

Peter Ireland
Spring 2018

Tuesday, March 20, 10:30 - 11:45am
This exam has five questions on five pages; before you begin, please check to make sure that
your copy has all five questions and all five pages. Please note, as well, that each of the five
questions has three parts. The five questions will be weighted equally in determining your
overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Apple and Banana Farming
Consider a farmer who grows and consumes ca apples and cb bananas every week. Both
goods are weighted equally in his or her utility function, which is
(1/2) ln(ca ) + (1/2) ln(cb ),
where ln denotes the natural logarithm. Because the farmer lives in a climate more conducive
to growing applies than bananas, however, it takes him or her one hour of work per week
to grow each apple and two hours of work per week to grow each banana. If the farmer
works 40 hours each week, he or she can grow any combination of ca apples and cb bananas
satisfying the constraint
40 ≥ ca + 2cb .
The farmer therefore solves the constrained maximization problem
max (1/2) ln(ca ) + (1/2) ln(cb ) subject to 40 ≥ ca + 2cb .
ca ,cb

a. As a first step in finding the farmer’s optimal choices, write down the Lagrangian for
this constrained maximization problem.
b. Next, write down the first-order conditions for ca and cb that help characterize the
solution to this problem.
c. Because the farmer’s utility function implies that he or she always prefers more to
less, we know in advance that the optimal choices c∗a and c∗b will satisfy the binding
constraint
40 = c∗a + 2c∗b
as well as the two first-order conditions you derived in part (b) above. Use these three
equations to find the numerical values of c∗a and c∗b that solve the farmer’s problem.
1

2. Intertemporal Consumer Optimization
Following Irving Fisher, consider a consumer who receives income Y0 in period t = 0 (today),
which he or she divides up into an amount c0 to be consumed and an amount s to be saved
(or borrowed, if s < 0), subject to the budget constraint
Y0 ≥ c0 + s.
Suppose that the consumer then receives income Y1 in period t = 1 (next year), which he or
she combines with his or her savings from period t = 0 to finance consumption c1 , subject
to the budget constraint
Y1 + (1 + r)s ≥ c1 ,
where r denotes the interest rate on both saving and borrowing. As in class, we can combine
these two single-period budget constraints into one present-value budget constraint
Y0 +

c1
Y1
≥ c0 +
,
1+r
1+r

thereby also eliminating s as a separate choice variable in the consumer’s problem.
Suppose, finally, that the consumer’s preferences over consumption during the two periods
are described by the utility function
ln(c0 ) + β ln(c1 ),
where the discount factor β, satisfying 0 < β < 1, measures the consumer’s patience and ln
denotes the natural logarithm.
The consumer therefore solves the constrained maximization problem
max ln(c0 ) + β ln(c1 ) subject to Y0 +
c0 ,c1

c1
Y1
≥ c0 +
.
1+r
1+r

a. Write down the Lagrangian for the consumer’s problem. Then, write down the firstorder conditions for c0 and c1 that characterize the solution to this problem.
b. Next, assume in particular that r = 0.10 (10 percent) and β(1 + r) = 1 so that
1 + r = 1.1 = 11/10 and β = 10/11. Suppose also that Y0 = 210 and Y1 = 231, so that
Y0 +

Y1
10
= 210 + 231 ×
= 210 + 210 = 420.
1+r
11

Use these values, together with the first-order conditions you derived in answering
part (a), above, and the budget constraint, which will hold as an equality when the
consumer is choosing c0 and c1 optimally, to find the numerical values of c∗0 and c∗1 that
solve the consumer’s problem.
c. Use your solutions to part (b), above, to answer the question: at t = 0, is the consumer
saving or borrowing?

2

3. Contingent Claims and Consumption Plans
As we discussed in class, Kenneth Arrow and Gerard Debreu worked in the late 1950s and
early 1960s to extend the theory of consumer decision-making to the case of uncertainty. To
do this, Arrow and Debreu imagined that consumers trade in contingent claims in order to
implement state-contingent consumption plans. In the simplest version of their framework,
there are two periods – this year (t = 0) and next year (t = 1) – and two possible states
of the world next year – a good state that occurs with probability π and a bad state that
occurs with probability 1 − π.
In this version of the Arrow-Debreu model, a contingent claim for the good state sells for q G
units of consumption at t = 0 and pays off one unit of consumption in the good state and
zero units of consumption in the bad state at t = 1. Likewise, a contingent claim for the
bad state sells for q B units of consumption at t = 0 and pays off one unit of consumption in
the bad state and zero units of consumption in the good state at t = 1. Arrow and Debreu
then allowed consumers to engage in four types of trading strategies. Specifically, they could
(i) buy (take a long position in) the contingent claim for the good state; (ii) sell short (take
a short position in) the contingent claim for the good state; (iii) buy (take a long position
in) the contingent claim for the bad state; and (iv) sell short (take a short position in) the
contingent claim for the bad state.
a. Which one of the four trading strategies listed above should a consumer use if he or she
wants to increase consumption at t = 0 and decrease consumption in the bad state at
t = 1, without changing consumption in the good state at t = 1? Note: To answer this
question and the next two in parts (b) and (c) below, you can just say which strategy
the consumer should use, you don’t have to explain why.
b. Which one of the four trading strategies should a consumer use if he or she wants to
decrease consumption at t = 0 and increase consumption in the bad state at t = 1,
without changing consumption in the good state at t = 1?
c. Which one of the four trading strategies should a consumer use if he or she wants to
decrease consumption at t = 0 and increase consumption in the good state at t = 1,
without changing consumption in the bad state at t = 1?

3

4. Option Pricing
Consider another economic environment in which there are two periods, t = 0 and t = 1,
and two possible states at t = 1: a good state that occurs with probability π = 1/2 and a
bad state that occurs with probability 1 − π = 1/2. Suppose, initially, that two assets trade
in this economy. A risky stock sells for q s = 2.20 at t = 0, P G = 5 in the good state at t = 1,
and P B = 2 in the bad state at t = 1. And a risk-free bond sells for q b = 0.80 at t = 0 and
pays off 1 in both states at t = 1.
a. Suppose now that a call option on the stock with strike price K1 = 3 begins to trade.
This call option gives the holder the right, but not the obligation, to buy one share of
the stock at the price K1 = 3 at t = 1. What will the payoffs to a owner of this call
option be in the good state and bad state at t = 1?
b. Use your answers to part (a), above, together with the information about the stock
and bond given previously, to deduce the price at which the call option should trade at
t = 0 if there are to be no arbitrage opportunities across the stock, bond, and options
markets.
c. Suppose, finally, that another call option on the stock begins trading, this one with
strike price K2 = 4. At what price will this second call option trade at t = 0 if there
are to be no arbitrage opportunities across all asset markets?

4

5. Pricing Risk-Free Assets
Assume, for all assets in this example, that there is no uncertainty: all payments promised
by all assets get received for sure. Suppose, initially, that three discount bonds are traded.
A one-year discount bond sells for P1 = 0.90 today and pays off 1 for sure one year from
now. A two-year discount bond sells for P2 = 0.80 today and pays off 1 for sure at two years
from now. And a three-year discount bond sells for P3 = 0.70 today and pays off 1 for sure
three years from now.
a. Suppose now that a new risk-free asset begins trading: a two-year coupon bond that
makes an interest (coupon) payment of 10 one year from now, another interest payment
of 10 two years from now, and then returns its face (or par) value of 100 two years
from now. At what price P2C will this coupon bond sell for today if there are to be no
arbitrage opportunities across the markets for discount and coupon bonds?
b. Suppose next that another new risk-free asset begins trading: a three-year coupon bond
that makes an interest (coupon) payment of 10 one year from now, another interest
payment of 10 two years from now, a third interest payment of 10 three years from now,
and then returns its face (or par) value of 100 three years from now. At what price
P3C will this coupon bond sell for today if there are to be no arbitrage opportunities
across the markets for discount and coupon bonds?
c. Suppose, finally, that yet another risk-free asset begins trading, which pays off 1 for
sure one year from now and 1 for sure two years from now. If the initial price of this
new asset is P A = 1.80, there will be an arbitrage opportunity across the market for
this new asset and the market for discount bonds. As traders exploit this arbitrage
opportunity, what will happen to the price of this new asset: will it rise or fall? Note:
to answer this question, you only have to say whether the price will rise or fall, you
don’t have to explain why.
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1. Apple and Banana Farming
The farmer solves the constrained maximization problem
max (1/2) ln(ca ) + (1/2) ln(cb ) subject to 40 ≥ ca + 2cb .
ca ,cb

a. The Lagrangian for the farmer’s problem is
L(ca , cb , λ) = (1/2) ln(ca ) + (12) ln(cb ) + λ(40 − ca − 2cb ).
b. The first-order conditions are

1/2
− λ∗ = 0
c∗a

for ca and
1/2
− λ∗ 2 = 0
c∗b
for cb .
c. The two first-order conditions and the binding constraint
40 = c∗a + 2c∗b
form a system of three equations in the three unknowns: c∗a , c∗b , and λ∗ . Although
there are many ways of solving this system of the equations, one is to rearrange the
first-order conditions so that they become equations relating c∗a and c∗b to λ∗ :
c∗a =

1
2λ∗

and

1
.
4λ∗
Substituting these equations into the binding constraint yields


1
1
1
1
2
1
40 = ∗ + 2
= ∗ + ∗ = ∗ = ∗,
∗
2λ
4λ
2λ
2λ
2λ
λ
c∗b =

which provides the numerical solution λ∗ = 1/40. The previous equations for c∗a and c∗b
then provide the numerical solutions c∗a = 20 and c∗b = 10. Notice that these solutions
imply that the farmer spends 20 hours per week growing apples and 20 hours per week
growing bananas, consistent with the equal weighting of apples and bananas in his or
her utility function.
1

2. Intertemporal Consumer Optimization
The consumer solves the constrained maximization problem
max ln(c0 ) + β ln(c1 ) subject to Y0 +
c0 ,c1

c1
Y1
≥ c0 +
.
1+r
1+r

a. The Lagrangian for the consumer’s problem is


Y1
c1
L(c0 , c1 , λ) = ln(c0 ) + β ln(c1 ) + λ Y0 +
− c0 −
,
1+r
1+r
and the first-order conditions are
1
− λ∗ = 0
∗
c0
and

β
− λ∗
c∗1



1
1+r


= 0.

b. To find the the numerical values of c∗0 and c∗1 that solve the consumer’s problem, start
by noting that when β(1 + r) = 1 as assumed, the first-order conditions imply
c∗0 =

1
λ∗

and

1
β(1 + r)
=
.
λ∗
λ∗
Next, substitute these expressions for c∗0 and c∗1 , together with the values 1 + r = 1.1 =
11/10, Y0 = 210, and Y1 = 231, into the binding budget constraint to solve for λ∗ :
c∗1 =

Y1
c1
Y0 +
= c0 +
r
1+r  
1 + 
10
1
1
10
+ ∗×
210 + 231 ×
=
∗
11
λ
λ
11
 
21
1
420 =
×
λ∗
11
 
1
11
=
420
×
λ∗
21
1
= 220
λ∗
1
λ∗ =
.
220
Finally, substitute this solution for λ∗ into the previous expressions for c∗0 and c∗1 to
obtain
c∗0 = c∗1 = 220.
2

c. At t = 0, the consumer’s spending c∗0 = 220 is higher than his or her income Y0 = 210.
Therefore, the consumer is borrowing.
3. Contingent Claims and Consumption Plans
In the Arrow-Debreu model with periods t = 0 and t = 1 and with good and bad states in
period t = 1:
a. A consumer who wants to increase consumption at t = 0 and decrease consumption in
the bad state at t = 1 without changing consumption in the good state at t = 1 should
sell short the contingent claim for the bad state.
b. A consumer who wants to decrease consumption at t = 0 and increase consumption in
the bad state at t = 1 without changing consumption in the good state at t = 1 should
buy the contingent claim for the bad state.
c. A consumer who wants to decrease consumption at t = 0 and increase consumption in
the good state at t = 1 without changing consumption in the bad state at t = 1 should
buy the contingent claim for the good state.
4. Option Pricing
There are again two periods, t = 0 and t = 1, and two possible states at t = 1: a good
state that occurs with probability π = 1/2 and a bad state that occurs with probability
1 − π = 1/2. Initially, two assets trade in this economy. A risky stock sells for q s = 2.20 at
t = 0, P G = 5 in the good state at t = 1, and P B = 2 in the bad state at t = 1. And a
risk-free bond sells for q b = 0.80 at t = 0 and pays off 1 in both states at t = 1.
a. A call option with strike price K1 = 3 gives the holder the right, but not the obligation,
to buy one share of the stock at the price K1 = 3 at t = 1. In the good state, the holder
will find it optimal to exercise the option, yielding a payoff of P G − K1 = 5 − 3 = 2. In
the bad state, the holder will find it optimal to let the option expire, yielding a payoff
of zero.
b. To deduce the price of the option, follow Robert Merton by finding the portfolio consisting of s shares of stock and b bonds that replicates its payoffs. In the good state,
the option pays off 2, the stock pays off 5, and the bond pays off 1; therefore
2 = 5s + b.
In the bad state, the option pays off 0, the stock pays off 2, and the bond pays off 1;
therefore
0 = 2s + b.
Eliminating b by subtracting the second equation from the first yields
2 = 3s
3

or s = 2/3. Substituting this solution for s into either of the previous two equations
yields b = −4/3. Evidently, the option’s payoffs are replicated by a portfolio that takes
a long position in the stock and a short position in the bond. If there are to be no
arbitrage opportunities across the markets for stocks, bonds, and options, the option
price must equal the cost of assembling the portfolio of the stock and bond, which is
q s s + q b b = 2.20 × (2/3) + 0.80 × (−4/3) = 4.40/3 − 3.20/3 = 1.20/3 = 0.40.
c. A call option with strike price K2 = 4 provides the holder with a payoff of 1 in the good
state and 0 in the bad. One could use the same procedure as in part (b) to deduce the
price of this second option, but an easier way simply notes that this call option has
payoffs that can be replicated by buying 1/2 of the first option. Therefore, this second
option’s price must be half of the first option’s price: 0.20.
5. Pricing Risk-Free Assets
Three risk-free discount bonds are traded. A one-year discount bond sells for P1 = 0.90 today
and pays off 1 for sure one year from now. A two-year discount bond sells for P2 = 0.80
today and pays off 1 for sure at two years from now. And a three-year discount bond sells
for P3 = 0.70 today and pays off 1 for sure three years from now.
a. The cash flows from a two-year coupon bond makes an interest payment of 10 one
year from now, another interest payment of 10 two years from now, and then returns
its face (or par) value of 100 two years from now can be replicated by buying 10
one-year discount bonds and 110 two-year discount bonds. The absence of arbitrage
opportunities requires that the price of the coupon bond equal to cost of assembling
the portfolio of discount bonds. Therefore,
P2C = 10(0.90) + 110(0.80) = 9 + 88 = 97.
b. The cash flows from a three-year coupon bond that makes an interest payment of
10 each year, every year, for the next three years before returning face value of 100
three years from now can be replicated by buying 10 one-year discount bonds, 10 twoyear discount bonds, and 110 three-year discount bonds. The absence of arbitrage
opportunities requires that the price of the coupon bond equal to cost of assembling
the portfolio of discount bonds. Therefore,
P3C = 10(0.90) + 10(0.80) + 110(0.70) = 9 + 8 + 77 = 94.
c. A risk-free asset that pays off 1 for sure one year from now and 1 for sure two years
from now can be replicated by a portfolio consisting of a one-year discount bond and
a two-year discount bond. If the initial price of this new asset is P A = 1.80, there will
be an arbitrage opportunity across markets because the portfolio of discount bonds
costs only 1.70. As traders sell the new asset and buy the portfolio of discount bonds
to exploit this arbitrage opportunity, the price P A of the new asset will fall.
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overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Criteria for Choice Over Risky Prospects
Consider an economic environment in which there are two possible future states: a good
state that occurs with probability π = 1/2 and a bad state that occurs with probability
1 − π = 1/2. Three assets are traded, with percentage returns in the two states tabulated
below:

Asset 1
Asset 2
Asset 3

Percentage Return in the
Good State (π = 1/2)

Percentage Return in the
Bad State (1 − π = 1/2)

10
20
30

10
10
10

a. Does any of the three assets display state-by-state dominance over both of the other
two? If so, which one?
b. Does any of the three assets display mean-variance dominance over both of the other
two? If so, which one?
c. Suppose an investor is risk averse but prefers more to less. Can you tell which one of
these three assets he or she will prefer over both of the other two? If so, which one?

1

2. Expected Utility and Risk Aversion
Consider two investors, who both have preferences described by von Neumann-Morgenstern
expected utility functions, but differ in their degree of risk aversion. The first investor –
investor A – has Bernoulli utility function of the form
√
uA (Y ) = Y 1/2 = Y ,
where Y is the value of a monetary payoff received in any given state of the world. The
second investor – investor B – has Bernoulli utility function of the form
1
uB (Y ) = −Y −1/2 = − √ .
Y
These utility functions imply that investor A’s coefficient of relative risk aversion is constant
(independent of Y ) and equal to 1/2, while investor B’s coefficient of relative risk aversion
is constant and equal to 3/2. In that sense, investor B is more risk averse than investor A.
Suppose that there are two possible states of the world: a good state that occurs with
probability π = 1/2 and a bad state that occurs with probability 1 − π = 1/2. Then either
investor’s expected utility from any asset that pays off pG in the good state and pB in the
bad state will be
U i (pG , pB ) = (1/2)ui (pG ) + (1/2)ui (pB ),
where i = A for investor A and i = B for investor B.
a. Suppose now that investor A is offered a choice between two risky assets. Risky asset
1 pays off 36 in the good state and 4 in the bad state. Risky asset 2 pays off 16 in the
good state and 9 in the bad state. Which asset will investor A choose if he or she picks
the one that provides the highest expected utility?
b. Suppose next that investor B is offered the same choice between the same two risky
assets described above. Which asset will investor B choose if he or she picks the one
that provides the highest expected utility?
c. Suppose finally that in addition to the two risky assets described above, each investor
is also offered a risk-free asset that pays off 20 in the good state and 20 in the bad
state. Which asset will investor A choose now: risky asset 1, risky asset 2, or the
risk-free asset? And which asset will investor B choose: risky asset 1, risky asset 2, or
the risk-free asset?

2

3. Expected Utility and Portfolio Allocation
Consider the portfolio allocation problem faced by an investor who has initial wealth Y0 .
This investor allocates the amount a to stocks, which provide a return of rG in a good state
that occurs with probability π and a return of rB in a bad state that occurs with probability
1−π. The investor allocates the remaining amount Y0 −a to a risk-free bond, which provides
the return rf in both states. The inequalities rG > rf > rB imply that the good state is
“good,” in the sense that stocks provide a higher return than the bond, while the bad state
is “bad” in the sense that stocks provide a lower return than the bond.
Suppose that the investor’s preferences can be described by a von Neumann-Morgenstern
expected utility function, with Bernoulli utility function of the form
u(Y ) = ln(Y ),
where ln denotes the natural logarithm, so that his or her portfolio allocation problem can
be stated mathematically as
max π ln[(1 + rf )Y0 + a(rG − rf )] + (1 − π) ln[(1 + rf )Y0 + a(rB − rf )].
a

a. Write down the first-order condition for the investor’s optimal choice a∗ .
b. Suppose now that, in particular, the good state occurs with probability π = 2/3 and
the bad state occurs with probability 1 − π = 1/3. Suppose also that initial wealth is
Y0 = 100, the risk-free rate is rf = 0.05 (5 percent), and stocks return rG = 0.55 (a 55
percent gain) in the good state and rB = −0.45 (a 45 percent loss) in the bad state.
Use your first-order condition from part (a), above, to find the numerical value of a∗
for this case.
c. Suppose finally that, as in part (b) from above, π = 2/3, 1 − π = 1/3, rf = 0.05,
rG = 0.55 and rB = −0.45 but that the investor’s initial wealth is Y0 = 200. What is
the numerical value of a∗ with this larger value of Y0 ?

3

4. Portfolio Allocation and the Gains from Diversification
Consider an investor who allocates the fraction w1 of his or her portfolio to asset 1, which
has an expected return of µ1 = 3 and variance of its random return of σ12 = 7, the fraction
w2 of his or her portfolio to asset 2, which has an expected return of µ2 = 1 and variance of
its random return of σ22 = 1, and the remaining fraction 1 − w1 − w2 to asset 3, which has
an expected return of µ3 = 2 and variance of its random return of σ32 = 4. The investor’s
portfolio, therefore, has expected return
µp = w1 µ1 + w2 µ2 + (1 − w1 − w2 )µ3 = 3w1 + w2 + 2(1 − w1 − w2 )
and variance of its random return of
σp2 = w12 σ12 + w22 σ22 + (1 − w1 − w2 )2 σ32 = 7w12 + w22 + 4(1 − w1 − w2 )2
assuming that the correlations between the three asset returns are all zero. If the investor
allocates all of his or her funds to asset 3 by choosing w1 = 0 and w2 = 0, the portfolio has
an expected return of 2 and variance of its random return of 4. The investor hopes to choose
the portfolio weights optimally, however, in order to minimize the variance, subject to the
constraint that the expected return still equals 2. As we discussed in class, this problem can
be solved by choosing w1 and w2 to maximize −σp2 subject to the constraint that µp = µ̄ = 2.
Using the expressions from above, the Lagrangian for this problem is
L(w1 , w2 , λ) = −7w12 − w22 − 4(1 − w1 − w2 )2 + λ[3w1 + w2 + 2(1 − w1 − w2 ) − 2].
a. As a first step in solving the investor’s portfolio allocation problem, write down the
first-order conditions for his or her optimal choices w1∗ and w2∗ of w1 and w2 .
b. Next, use your two first-order conditions from part (a), above, together with the constraint
3w1∗ + w2∗ + 2(1 − w1∗ − w2∗ ) = 2
to find the numerical values of w1∗ and w2∗ that solve the investor’s problem.
c. Finally, use your solutions from part (b), above, to calculate the variance of the return
on the investor’s optimal portfolio.

4

5. The Capital Asset Pricing Model
Let r̃A , r̃B , and r̃C denote random returns on three risky stocks: shares in companies A, B,
and C. Likewise, let r̃M denote the random return on the stock market as a whole. Suppose
these random returns have variances and covariances as follows:
Random
Return

Variance

Covariance
with r̃M

Company A

r̃A

σA2 = 300

σAM = 150

Company B

r̃B

σB2 = 200

σBM = 75

Company C

r̃C

σC2 = 400

σCM = −50

Market

r̃M

2
σM
= 100

σM M = 100

Assume, in answering each of the questions below, that the market’s expected return E(r̃M )
is greater than the return rf on risk-free assets.
a. Use the information in the table to compute the CAPM “betas” for the three individual
stocks.
b. According to the CAPM, will any of the individual stocks have an expected return
higher than the market’s expected return E(r̃M )? If so, which one(s)?
c. According to the CAPM, will any of the individual stocks have an expected return
lower than the return rf on risk-free assets? If so, which one(s)?
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1. Criteria for Choice Over Risky Prospects
There are two possible future states – a good state that occurs with probability π = 1/2 and
a bad state that occurs with probability 1 − π = 1/2 – and three assets, with percentage
returns in each state as tabulated below:

Asset 1
Asset 2
Asset 3

Percentage Return in the
Good State (π = 1/2)

Percentage Return in the
Bad State (1 − π = 1/2)

E(r̃)

σ(r̃)

10
20
30

10
10
10

10
15
20

0
5
10

Note that the last two columns of the table report the expected return E(r̃) and the standard
deviation σ(r̃) of the return on each asset, calculated as
E(r̃1 ) = (1/2) × 10 + (1/2) × 10 = 10,
σ(r̃1 ) = [(1/2) × (10 − 10)2 + (1/2) × (10 − 10)2 ]1/2 = 0,
E(r̃2 ) = (1/2) × 20 + (1/2) × 10 = 15,
σ(r̃2 ) = [(1/2) × (20 − 15)2 + (1/2) × (10 − 15)2 ]1/2 = 5,
E(r̃3 ) = (1/2) × 30 + (1/2) × 10 = 20,
and
σ(r̃3 ) = [(1/2) × (30 − 20)2 + (1/2) × (10 − 20)2 ]1/2 = 10.
a. Asset 3 pays off more than both asset 1 and 2 in the good state, and pays off the same
as asset 1 and 2 in the bad state. It therefore displays state-by-state dominance over
both of the others.
b. Although expected returns rise going down the fourth column of the table, standard
deviations rise going down column 5. Since it is not possible to get a higher expected
return without also having to accept a higher standard deviation, none of the assets
displays mean-variance dominance over both of the others.
c. Any investor who prefers more to less will always choose an asset that exhibits stateby-state dominance over all others. In the table, this is asset 3.

1

2. Expected Utility and Risk Aversion
Two investors both have preferences described by von Neumann-Morgenstern expected utility
functions, but investor A’s Bernoulli utility function is
√
u(Y ) = Y ,
while investor B’s Bernoulli utility is
1
u(Y ) = − √ .
Y
There are two states – good and bad – which occur with equal probability 1/2.
a. Investor A’s expected utility from risky asset 1, which pays off 36 in the good state
and 4 in the bad state, is
√
√
(1/2) 36 + (1/2) 4 = (1/2)6 + (1/2)2 = 3 + 1 = 4.
Investor A’s expected utility from risky asset 2, which pays off 16 in the good state
and 9 in the bad state, is
√
√
(1/2) 16 + (1/2) 9 = (1/2)4 + (1/2)3 = 2 + 1.5 = 3.5.
Since 4 > 3.5, investor A will choose risky asset 1.
b. Investor B’s expected utility from risky asset 1, which pays off 36 in the good state
and 4 in the bad state, is
1
1
−(1/2) √ − (1/2) √ = −(1/2)(1/6) − (1/2)(1/2) = −1/12 − 1/4 = −4/12 = −1/3.
36
4
Investor B’s expected utility from risky asset 2, which pays off 16 in the good state
and 9 in the bad state, is
1
1
−(1/2) √ − (1/2) √ = −(1/2)(1/4) − (1/2)(1/3) = −1/8 − 1/6 = −7/24.
16
9
Since −7/24 > −1/3, investor B will choose risky asset 2.
c. The new risk-free asset pays off 20 no matter what. It therefore offers an expected
payoff that is equal to the expected payoff of 20 from risky asset 1 and higher than the
expected payoff of 12.5 from risky asset 2, but without any risk. Hence, even without
doing any further calculations, we know that any risk-averse investor will choose the
risk-free asset over the two risky alternatives. Computing expected utility from the
risk-free asset for investor A,
√
√
√
√
(1/2) 20 + (1/2) 20 = 20 = 2 5 = 4.47 > 4 > 3.5,
2

and for investor B,
1
1
1
1
−(1/2) √ − (1/2) √ = − √ = − − √ = −0.22 > −7/24 > −1/3,
20
20
20
2 5
however, confirms that both get the highest expected utility from this new risk-free
asset.
3. Expected Utility and Portfolio Allocation
The investor’s portfolio allocation problem is
max π ln[(1 + rf )Y0 + a(rG − rf )] + (1 − π) ln[(1 + rf )Y0 + a(rB − rf )].
a

a. The first-order condition for the investor’s optimal choice a∗ is
(1 − π)(rB − rf )
π(rG − rf )
+
= 0.
∗
(1 + rf )Y0 + a (rG − rf ) (1 + rf )Y0 + a∗ (rB − rf )
b. With π = 2/3, π = 1/3, Y0 = 100, rf = 0.05, rG = 0.55, and rB = −0.45, the
first-order condition from part (a) specializes to
(2/3)(0.50)
(1/3)(0.50)
=
.
∗
105 + 0.50a
105 − 0.50a∗
Solving for a∗ yields:
2(105 − 0.50a∗ ) = 105 + 0.50a∗
210 − a∗ = 105 + 0.50a∗
105 = 1.5a∗
a∗ = 105/1.5 = 105(2/3) = 35(2) = 70.
c. As we discussed in class, the logarithmic Bernoulli utility function implies that the
investor’s coefficient of relative risk aversion is constant and equal to one, and with
constant relative risk aversion, the optimal choice of a∗ scales up and down proportionally with initial wealth Y0 . Therefore, if Y0 doubles from 100 to 200, we know in
advance that a∗ will also double, from 70 to 140. We can confirm this, however, by
substituting π = 2/3, π = 1/3, Y0 = 200, rf = 0.05, rG = 0.55, and rB = −0.45 into
the first-order condition from part (a) to get
(2/3)(0.50)
(1/3)(0.50)
=
.
∗
210 + 0.50a
210 − 0.50a∗
Solving for a∗ then yields:
2(210 − 0.50a∗ ) = 210 + 0.50a∗
420 − a∗ = 210 + 0.50a∗
210 = 1.5a∗
a∗ = 210/1.5 = 210(2/3) = 70(2) = 140.
3

4. Portfolio Allocation and the Gains from Diversification
An investor allocates the fraction w1 of his or her portfolio to asset 1, which has an expected
return of µ1 = 3 and variance of its random return of σ12 = 7, the fraction w2 of his or her
portfolio to asset 2, which has an expected return of µ2 = 1 and variance of its random return
of σ22 = 1, and the remaining fraction 1 − w1 − w2 to asset 3, which has an expected return
of µ3 = 2 and variance of its random return of σ32 = 4. The investor’s portfolio, therefore,
has expected return
µp = w1 µ1 + w2 µ2 + (1 − w1 − w2 )µ3 = 3w1 + w2 + 2(1 − w1 − w2 )
and variance of its random return of
σp2 = w12 σ12 + w22 σ22 + (1 − w1 − w2 )2 σ32 = 7w12 + w22 + 4(1 − w1 − w2 )2
assuming that the correlations between the three asset returns are all zero. If the investor
allocates all of his or her funds to asset 3 by choosing w1 = 0 and w2 = 0, the portfolio
has an expected return of 2 and variance of its random return of 4. The investor hopes to
choose the portfolio weights optimally, however, in order to minimize the variance, subject
to the constraint that the expected return still equals 2. This problem can be solved by
choosing w1 and w2 to maximize −σp2 subject to the constraint that µp = µ̄ = 2. Using the
expressions from above, the Lagrangian for this problem is
L(w1 , w2 , λ) = −7w12 − w22 − 4(1 − w1 − w2 )2 + λ[3w1 + w2 + 2(1 − w1 − w2 ) − 2].
a. The first-order conditions can be obtained by differentiating the Lagrangian with respect to w1 and w2 and, in each case, setting the result equal to zero:
−14w1∗ + 8(1 − w1∗ − w2∗ ) + λ∗ (3 − 2) = 0
and
−2w2∗ + 8(1 − w1∗ − w2∗ ) + λ∗ (1 − 2) = 0.
b. Since the constraint
3w1∗ + w2∗ + 2(1 − w1∗ − w2∗ ) = 2
implies that
w1∗ − w2∗ = 0,
the optimal portfolio must allocate equal shares to assets 1 and 2. Therefore, let
w∗ = w1∗ = w2∗ , and substitute this common value for w1∗ and w2∗ into the first-order
conditions from part (a), so as to write them more simply as
−14w∗ + 8(1 − 2w∗ ) + λ∗ = 0
and
−2w∗ + 8(1 − 2w∗ ) − λ∗ = 0.
4

Eliminating λ∗ by adding these two equations yields
−16w∗ + 16(1 − 2w∗ ) = 0
or
(16 + 32)w∗ = 16
or
w∗ = 1/3.
Evidently, it is optimal for the investor to allocate equal 1/3 shares of his or her
portfolio to each of the three assets:
w1∗ = w2∗ = w3∗ = 1/3.
c. Substituting the optimal choices for the portfolio weights into the expression
σp2 = 7w12 + w22 + 4(1 − w1 − w2 )2
for the variance of the portfolio’s random return shows that the optimal portfolio has
σp2 + (1/3)2 (7 + 1 + 4) = 12/9 = 1.33,
considerably smaller than the value of 2 that the investor would get simply by allocating
all of his or her funds to asset 3.
5. The Capital Asset Pricing Model
Let r̃A , r̃B , and r̃C denote random returns on three risky stocks: shares in companies A, B,
and C. Likewise, let r̃M denote the random return on the stock market as a whole. Suppose
these random returns have variances and covariances as follows:
Random
Return

Variance

Covariance
with r̃M

Company A

r̃A

σA2 = 300

σAM = 150

Company B

r̃B

σB2 = 200

σBM = 75

Company C

r̃C

σC2 = 400

σCM = −50

Market

r̃M

2
σM
= 100

σM M = 100

Assume, also, that the market’s expected return E(r̃M ) is greater than the return rf on
risk-free assets.

5

a. In general, the CAPM beta for asset j is
βj =

σjM
,
2
σM

where σjM is the covariance between asset j’s random return r̃j and the random return
2
on the market r̃M and σM
is the variance of the market’s random return. Therefore,
using the data from the table, company A’s shares have
βA =

150
= 1.5,
100

βB =

75
= 0.75,
100

βC =

−50
= −0.5.
100

company B’s shares have

and company C’s shares have

b. According to the CAPM, the expected return E(r̃j ) on asset j is determined as
E(r̃j ) = rf + βj [E(r̃M ) − rf ],
where E(r̃M ) is the expected return on the market and rf is the return on risk-free
assets. Therefore, under the assumption that E(r̃M ) > rf , any individual stock will
have expected return higher than the market’s if its beta is greater than one and
expected return lower than the market’s if its beta is less than one. Based on the
betas computed in part (a), we can therefore say that according to the CAPM, only
company A’s shares will have expected return higher than the market’s.
c. According to the CAPM, an individual stock will have an expected return above the
return rf on risk-free assets if its beta is positive and expected return below the return
on risk-free assets if its beta is negative. Based on the betas computed in part (a),
we can therefore say that according to the CAPM, only company C’s shares will have
expected return lower than the risk-free rate.
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This exam has five questions on four pages; before you begin, please check to make sure that
your copy has all five questions and all four pages. Please note, as well, that each of the five
questions has three parts. The five questions will be weighted equally in determining your
overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Profit Maximization
Consider a firm that hires n workers in order to produce y units of output according to the
production function
y = n1/2 .
Let w denote the wage that the firm must pay each worker in a competitive labor market.
Then the firm chooses n to maximize profits, defined as usual to equal revenues minus costs:
max n1/2 − wn.
n

This is an unconstrained optimization problem, with an objective function F (n) = n1/2 − wn
that is concave, so that the first-order condition is both necessary and sufficient for the value
of n∗ that maximizes profits.
a. Write down the first-order condition for n∗ , using the rules of differentiation to find
F 0 (n∗ ) for this example.
b. Next, rearrange the first-order condition to get an equation that shows how the firm’s
optimal choice n∗ depends on the wage rate w.
c. Finally, use your solution from part (b) to answer the question: when w goes up, does
n∗ rise or fall?

1

2. Consumer Optimization Under Uncertainty
Consider a consumer making choices under uncertainty in an environment with two periods,
today (t = 0) and next year (t = 1), and two states, good and bad, in period t = 1. Let c0
B
denote consumption today and cG
1 and c1 denote consumption in the good and bad states
next year. The consumer’s expected utility is then
B
u(c0 ) + βπu(cG
1 ) + β(1 − π)u(c1 ),

where β is a discount factor that captures the consumer’s degree of patience or impatience
and π denotes the probability that the good state occurs next year. Similarly, let Y0 , Y1G ,
and Y1B denote the consumer’s income today and in the good and bad states next year. The
consumer’s budget constraint is then
B B
Y0 + q G Y1G + q B Y1B ≥ c0 + q G cG
1 + q c1 ,

where q G is the price of a contingent claim for the good state next year and q B is the price
of a contingent claim for the bad state next year.
Now specialize this problem by setting β = 1/2, π = 1/2, 1 − π = 1/2, Y0 = 60, Y1G = 80,
Y1B = 40, q G = 1/4, and q B = 1/4. Assume, as well, that the utility function u(c) = ln(c)
takes the natural log form, so that u0 (c) = 1/c. With these settings, the consumer’s problem
B
becomes, more specifically, one of choosing c0 , cG
1 , and c1 to maximize expected utility
 
 
1
1
G
ln(c0 ) +
ln(c1 ) +
ln(cB
1)
4
4
subject to the budget constraint
 
 
1 G
1 B
90 ≥ c0 +
c1 +
c .
4
4 1
a. Write down the Lagrangian for the consumer’s problem.
b. Next, write down the first-order conditions for the consumer’s optimal choices c∗0 , cG∗
1 ,
B∗
G
B
and c1 of c0 , c1 , and c1 .
c. Finally, use your first-order conditions from part (b) above, together with the binding
budget constraint
 
 
1 B∗
1 G∗
∗
c1 +
c ,
90 = c0 +
4
4 1
to find the numerical values of c∗0 , c1G∗ , and cB∗
1 .

2

3. Stocks, Bonds, and Contingent Claims
Consider an economy in which two assets are initially traded. A stock sells for q s = 2 today
(at t = 0) and pays off a large dividend dG = 4 in a good state next year (t = 1) and a
smaller dividend dB = 2 in a bad state next year. A bond sells for q b = 0.75 today and pays
off one dollar for sure, in both the good and the bad states next year.
a. What would be the price q G today (at t = 0) of a contingent claim for the good state,
which pays off one dollar in the good state next year (at t = 1) and zero in the bad
state next year, if there are no arbitrage opportunities across the markets for the stock,
bond, and contingent claim?
b. What would be the price q B today (at t = 0) of a contingent claim for the bad state,
which pays off one dollar in the bad state next year (at t = 1) and zero in the good
state next year, if there are no arbitrage opportunities across the markets for the stock,
bond, and contingent claim?
c. Suppose that a new asset begins trading, which pays off X G = 3 in the good state and
X B = 1 in the bad state next year (at t = 1). What would be the price q A of this
asset today (at t = 0), if there are no arbitrage opportunities across all markets for the
stock, bond, contingent claims, and this new asset?

4. Option Pricing
Consider another economy in which two assets are initially traded – note that the numbers
here are slightly different from those in question 3. Here, a stock sells for q s = 2 today (at
t = 0), and sells for a high price P G = 5 in a good state next year (t = 1) and a smaller
price P B = 3 in a bad state next year. A bond sells for q b = 0.60 today and pays off one
dollar for sure, in both the good and the bad states next year.
a. Now consider a call option, which gives the holder the right, but not the obligation,
to purchase the stock at the strike price K = 2 next year (at t = 1). What are the
payoffs from the option in the good state and bad state next year?
b. How many shares of stock s and bonds b would an investor have to buy or sell short
to replicate the payoffs on this call option?
c. What would be the price q o of the option today (at t = 0), if there are no arbitrage
opportunities across the markets for the stock, bond, and option?

3

5. Pricing Risk-Free Assets
Suppose that a one-year discount bond that pays off one dollar for sure one year from now
sells for P1 = 0.90 today, a two-year discount bond that pays off one dollar for sure two years
from now sells for P2 = 0.80 today, and a three-year discount bond that pays off one dollar
for sure three years from now sells for P3 = 0.70 today.
a. Consider a three-year coupon bond that makes an annual interest (coupon) payment
of 100 dollars at the end of each of the next three years and also returns an additional
amount (face value) of 1000 dollars at the end of the third year. What will the price
of this bond be if there are no arbitrage opportunities across the markets for discount
and coupon bonds?
b. Next, consider a risk-free asset that pays the holder 100 dollars for sure two years from
now and 100 dollars for sure three years from now. What will the price of this asset
be if there are no arbitrage opportunities across markets for all risk-free assets?
c. Finally, consider another risk-free asset that pays the holder 100 dollars for sure two
years from now but then requires the holder to pay 100 dollars for sure three years
from now. What will the price of this asset be if there are no arbitrage opportunities
across markets for all risk-free assets?

4
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1. Profit Maximization
With the production function y = n1/2 , where y is output and n is the number of workers,
and with w denoting the real wage, the profit-maximizing firm solves
max n1/2 − wn.
n

a. The first-order condition for n∗ is
(1/2)(n∗ )−1/2 − w = 0.
b. To see how the firm’s optimal choice n∗ depends on w, start by rewriting the first-order
condition as
(1/2)(n∗ )−1/2 = w.
Next, multiply both sides of the equation by (n∗ )1/2 and divide both sides by w to get
(n∗ )1/2 =

1
.
2w

Finally, square both sides to get the desired solution
 2
1
1
∗
n =
.
=
2w
4w2
c. The solution from part (b) shows that when w goes up, n∗ falls. This makes sense: the
firm’s demand for labor is a downward-sloping function of the wage w.

2. Consumer Optimization Under Uncertainty
B
The consumer chooses c0 , cG
1 , and c1 to maximize expected utility
 
 
1
1
G
ln(c0 ) +
ln(c1 ) +
ln(cB
1)
4
4

subject to the budget constraint
 
 
1 G
1 B
90 ≥ c0 +
c1 +
c .
4
4 1
1

a. The Lagrangian for the consumer’s problem is
 

 
  
 
1
1 G
1 B
1
G
B
G B
ln(c1 )+
ln(c1 )+λ 90 − c0 −
c1 −
c .
L(c0 , c1 , c2 , λ) = ln(c0 )+
4
4
4
4 1
B∗
G
b. The first-order conditions for the consumer’s optimal choices c∗0 , cG∗
1 , and c1 of c0 , c1 ,
and cB
1 are
1
− λ∗ = 0,
c∗0
 
 
1
1
1
∗
−λ
= 0,
G∗
4 c1
4

and

 
 
1
1
1
∗
−λ
= 0.
B∗
4 c1
4

c. The first-order conditions from part (b) above, imply that
B∗
c∗0 = cG∗
1 = c1 =

1
.
λ∗

Substituting these conditions into the binding budget constraint yields
 
 


 
1 G∗
1 B∗
1
1 1
1 6
∗
90 = c0 +
c +
c = ∗ 1+ +
= ∗
4 1
4 1
λ
4 4
λ 4
or

1
= 90
λ∗

 
4
360
= 60,
=
6
6

Therefore, the consumer’s optimal choices are
B∗
c∗0 = cG∗
1 = c1 = 60.

3. Stocks, Bonds, and Contingent Claims
Two assets are initially traded. A stock sells for q s = 2 today and pays off a large dividend
dG = 4 in a good state next year and a smaller dividend dB = 2 in a bad state next year.
A bond sells for q b = 0.75 today and pays off one dollar for sure, in both the good and the
bad states, next year.
a. To find the price of a contingent claim for the good state, consider forming a portfolio
consisting of s shares of stock and b bonds that replicates the claim’s payoffs at t = 1.
In the good state, the claim pays off 1 and the portfolio pays off 4s + b. Therefore,
1 = 4s + b.

2

In the bad state, the claim pays off 0 and the portfolio pays off 2s + b. Therefore
0 = 2s + b.
Subtract the second of these equations from the first to get
1 = 2s
or s = 1/2. Substitute this solution for s back into the second equation to get
b = −2s
or b = −1. No arbitrage implies that the price of the claim must equal to the cost of
assembling the portfolio. Therefore,
q G = q s s + q b b = (1/2)2 + 0.75(−1) = 0.25.
b. Similarly, to find the price of a contingent claim for the bad state, consider forming a
portfolio consisting of s shares of stock and b bonds that replicates the claim’s payoffs
at t = 1. In the good state, the claim pays off 0 and the portfolio pays off 4s + b.
Therefore,
0 = 4s + b.
In the bad state, the claim pays off 1 and the portfolio pays off 2s + b. Therefore
1 = 2s + b.
Rewrite the first equation as
b = −4s
and substitute into the second to get
1 = 2s + b = 2s − 4s = −2s
or s = −1/2. Substitute this solution for s back into the first equation to get b = 2.
No arbitrage implies that the price of the claim must equal to the cost of assembling
the portfolio. Therefore,
q B = q s s + q b b = (−1/2)2 + 0.75(2) = 0.50.
c. The new asset pays off X G = 3 in the good state and X B = 1 in the bad state next year
(at t = 1). This asset’s payoffs next year can be replicated by a portfolio consisting of
3 claims for the good state and 1 claim for the bad state. No arbitrage implies that
the price of the new asset must equal the cost of assembling the portfolio of contingent
claims. Therefore,
q A = 3q G + q B = 3(0.25) + 0.50 = 1.25.
Notice that the new asset’s payoffs next year can also be replicated by a portfolio
formed by taking a long position in one share of stock (s = 1) and a short position
in one bond (b = −1). No arbitrage also implies that the price of the new asset must
equal the cost of assembling this portfolio of the stock and the bond. Therefore,
q A = q s s + q b b = 2 + 0.75(−1) = 1.25.
Either way, the answer is the same.
3

4. Option Pricing
Here, a stock sells for q s = 2 today (at t = 0), and sells for a high price P G = 5 in a good
state next year (t = 1) and a smaller price P B = 3 in a bad state next year. A bond sells for
q b = 0.60 today and pays off one dollar for sure, in both the good and the bad states next
year.
a. A call option with K = 2 will always be “in the money” and should therefore always
be exercised at t = 1. It follows that, in the good state, the option’s payoff is
CG = P G − K = 5 − 2 = 3
and, in the bad state, the option’s payoff is
C B = P B − K = 3 − 2 = 1.
b. Consider a portfolio consisting of s shares of stock and b bonds that replicates the
payoffs on the option. In the good state, the call option pays off 3, and the portfolio
pays off 5s + b. Therefore,
3 = 5s + b.
In the bad state, the call option pays off 1, and the portfolio pays off 3s + b. Therefore,
1 = 3s + b.
Subtracting the second equation from the first yields
2 = 2s
or s = 1. Substituting this solution for s into the second equation yields
1 = 3s + b = 3 + b
or b = −2.
c. No arbitrage implies that the price of the option must equal to cost of assembling this
portfolio of the stock and the bond. Therefore,
q o = q s s + q b b = 2 + 0.60(−2) = 0.80.

5. Pricing Risk-Free Assets
A one-year discount bond sells for P1 = 0.90, a two-year discount bond sells for P2 = 0.80
today, and a three-year discount bond sells for P3 = 0.70 today.

4

a. A three-year coupon bond makes an interest payment of 100 dollars at the end of each
of the next three years and also returns face value of 1000 dollars at the end of the third
year. These cash flows can be replicated by buying 100 one-year discount bonds, 100
two-year discount bonds, and 1100 three-year discount bonds. No arbitrage implies
that the price of the coupon bond must equal the cost of assembling the portfolio of
discount bonds. Therefore, the coupon bond’s price will be
P3C = 100(0.90) + 100(0.80) + 1100(0.70) = 90 + 80 + 770 = 940.
b. A risk free asset makes payments of 100 dollars two years from now and 100 dollars three
years from now. These cash flows can be replicated by buying 100 two-year discount
bonds and 100 three-year discount bonds. No arbitrage implies that the price of the
asset must equal the cost of assembling the portfolio of discount bonds. Therefore, the
asset’s price will be
100(0.80) + 100(0.70) = 80 + 70 = 150.
c. Another risk-free asset pays the holder 100 for sure two years from now but then
requires the holder to pay 100 for sure three years from now. These cash flows can
be replicated by buying 100 two-year discount bonds and selling short 100 three-year
discount bonds. No arbitrage implies that the price of the asset must equal the cost of
assembling the portfolio of discount bonds. Therefore, the asset’s price will be
100(0.80) − 100(0.70) = 80 − 70 = 10.
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This exam has five questions on five pages; before you begin, please check to make sure that
your copy has all five questions and all five pages. Please note, as well, that each of the five
questions has three parts. The five questions will be weighted equally in determining your
overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
1. Insurance
Consider a consumer with income of 100 dollars who faces a 50 percent probability of suffering
a loss that reduces his or her income to 25 dollars. Suppose that this consumer can buy
an insurance policy for x dollars that protects him or her fully by paying off 75 dollars
if the loss occurs. Finally, assume that the consumer’s preferences can be described by a
von Neumann-Morgenstern expected utility function with Bernoulli utility function of the
constant relative risk aversion form
u(Y ) =

Y 1−γ − 1
,
1−γ

with γ = 2.
a. Write down an expression for the consumer’s expected utility if he or she decides to
buy the insurance.
b. Write down an expression for the consumer’s expected utility if he or she decides not
to buy the insurance.
c. Find the value x∗ of the premium x that makes the investor exactly indifferent between
buying and not buying the insurance.

1

2. Criteria for Choice Over Risky Prospects
Consider an economic environment in which there are two possible states next year: a good
state that occurs with probability π = 1/2 and a bad state that occurs with probability
1 − π = 1/2. Two assets are traded: asset 1 and asset 2. For each asset, the percentage
returns in each state, the expected return E(R̃), and the standard deviation of the random
return σ(R̃) are tabulated below:
Percentage Return in the
Good State
Bad State
(π = 1/2)
(1 − π = 1/2)
Asset 1
Asset 2

44
96

21
0

Expected
Return
E(R̃)

Standard Deviation
of Return
σ(R̃)

32.5
48

11.5
48

a. Does either of the two assets display state-by-state dominance over the other? If so,
which one? Does either of the two assets display mean-variance dominance over both
of the other? If so, which one?
b. Assume for simplicity that the return on risk-free assets equals zero: rf = 0. Does
either of the two assets have a higher Sharpe ratio that the other? If so, which one?
c. Consider an investor who has 100 dollars to invest and must choose between asset 1
and asset 2. If he or she invests in asset 1, he or she will end up with 144 dollars
in the good state and 121 dollars in the bad state next year. If he or she invests in
asset 2, he or she will end up with 196 dollars in the good state and 100 dollars in the
bad state next year. If this investor has preferences that can be described by an von
Neumann-Morgenstern expected utility function with Bernoulli utility function of the
form
√
u(Y ) = Y 1/2 = Y ,
where Y is the amount of money he or she has in either state next year, will this
investor prefer asset 1 to asset 2, prefer asset 2 to asset 1, or be indifferent between
the two? Note: For this problem, it may be helpful for you to recall that 102 = 100,
112 = 121, 122 = 144, 132 = 169, and 142 = 196.

2

3. Wealth, Risk Aversion, and Portfolio Allocation
Consider the portfolio allocation problem faced by an investor who has initial wealth Y0 =
100. This investor allocates the amount a to stocks, which provide a return of rG = 0.16 (16
percent) in a good state that occurs with probability π = 1/2 and a return of rB = 0.02 (2
percent) in a bad state that occurs with probability 1 − π = 1/2. The investor allocates the
remaining amount Y0 − a to a risk-free bond, which provides a return of rf = 0.08 in both
states.
Suppose that the investor’s preferences can be described by a von Neumann-Morgenstern
expected utility function, with Bernoulli utility function of the form
u(Y ) = ln(Y ),
where ln denotes the natural logarithm, so that his or her portfolio allocation problem can
be stated mathematically as
max π ln[(1 + rf )Y0 + a(rG − rf )] + (1 − π) ln[(1 + rf )Y0 + a(rB − rf )].
a

a. Using the specific values for Y0 , rG , rB , rf , and π given above, find the numerical value
of the investor’s optimal choice a∗ .
b. Suppose instead that the investor’s initial wealth is Y0 = 200, but rG = 0.16, rB = 0.02,
rf = 0.08, and π = 1/2 remain the same as above. What is the numerical value of the
investor’s optimal choice a∗ now?
c. Finally, go back to assuming that Y0 = 100, rG = 0.16, rB = 0.02, rf = 0.08, and
π = 1/2 as in part (a), but suppose that instead of having the logarithmic form, the
investor’s Bernoulli utility function is
u(Y ) =

Y 1−γ − 1
1−γ

with γ = 1/2. Will the investor’s optimal choice a∗ in this case be larger than, smaller
than, or the same as it was in part (a), above. Note: For this part of the problem, you
don’t have to find the exact value of a∗ , you only need to say whether it is larger than,
smaller than, or the same as it was in part (a).

3

4. Portfolio Allocation with Mean-Variance Utility
Consider an investor with preferences over the mean µp and variance σp2 of the return on his
or her portfolio that are described by the utility function
 
A
2
U (µp , σp ) = µp −
σp2 ,
2
where a higher value of the parameter A corresponds to a greater aversion to risk. Suppose
that this investor allocates the fraction w1 of his or her initial wealth to risky asset 1, with
expected return µ1 = 2 and standard deviation of its random return equal to σ1 = 2, the
fraction w2 of initial wealth to risky asset two, with expected return µ2 = 5 and standard
deviation of its random return equal to σ2 = 2, and the remaining fraction 1 − w1 − w2 to a
risk-free asset with return rf = 1.
Assuming that the correlation between the two risk asset returns is zero, the investor’s
portfolio will have expected return
µp = (1 − w1 − w2 )rf + w1 µ1 + w2 µ2 = 1 − w1 − w2 + 2w1 + 5w2 = 1 + w1 + 4w2 ,
and variance
σp2 = w12 σ12 + w22 σ22 = 4w12 + 4w22 .
Therefore, the investor chooses w1 and w2 to maximize
 
A
µp −
σp2 = 1 + w1 + 4w2 − 2A(w12 + w22 ).
2
a. Write down the first-order conditions for the investor’s optimal choices w1∗ and w2∗ of
w1 and w2 .
b. Rearrange your first-order conditions from part (a), above, to obtain solutions that
show how w1∗ and w2∗ depend on the risk-aversion parameter A.
c. Use your solutions from part (b), above, to answer the question: when the investor’s
degree of risk aversion as measured by the parameter A increases, do the optimal
portfolio weights w1∗ and w2∗ on the two risky assets rise or fall?

4

5. The Capital Asset Pricing Model
The table below reports the variances σi2 of four risky asset returns: the return r̃M on the
stock market as a whole, and the returns r̃1 , r̃2 , r̃3 on three risky stocks. The table also
reports the covariance σiM of each risky stock return with the market return.

Market r̃m
Asset 1 r̃1
Asset 2 r̃2
Asset 3 r̃3

Variance (σi2 )
of Random Return

Covariance (σiM )
with Market Return

1.00
4.00
9.00
4.00

1.00
1.50
0.75
−1.50

Assuming that the expected return E(r̃M ) on the market is greater than the risk-free rate
rf , please indicate whether, according to the Capital Asset Pricing Model (CAPM), each of
the statements below is true or false. Note: For this question, you only need to say whether
the statement is true or false; you don’t have to explain why.
a. The expected return on asset 1 E(r̃1 ) should be higher than the expected return on
the market E(r̃M ).
b. The expected return on asset 2 E(r̃2 ) should be higher than the expected return on
the market E(r̃M ).
c. The expected return on asset 3 E(r̃3 ) should be lower than the risk-free rate rf .
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1. Insurance
A consumer with income of 100 dollars faces a 50 percent probability of suffering a loss that
reduces his or her income to 25 dollars. This consumer can buy an insurance policy for x
dollars that protects him or her fully by paying off 75 dollars if the loss occurs. The consumer’s preferences are described by a von Neumann-Morgenstern expected utility function
with Bernoulli utility function of the constant relative risk aversion form
u(Y ) =

Y 1−γ − 1
,
1−γ

with γ = 2.
a. If the consumer buys insurance, his or her expected utility is
u(100 − x) =

(100 − x)1−γ − 1
(100 − x)−1 − 1
1
=
= 1 − (100 − x)−1 = 1 −
.
1−γ
−1
100 − x

b. If the consumer does not buy insurance, his or her expected utility is




1 251−γ − 1
1 1001−γ − 1
(1/2)u(100 − 75) + (1/2)u(100) =
+
2
1−γ
2
1−γ
 −1



−1
1 100 − 1
1 25 − 1
+
=
2
−1
2
−1




1
1
1
1
=
1−
+
1−
2
25
2
100
1
1
= 1−
−
50 200
5
= 1−
200
1
= 1−
40
c. The value x∗ of the premium that makes the investor exactly indifferent between buying
and not buying the insurance works to equate expected utility with and without the
insurance. Therefore,
1
1
1−
=1−
∗
100 − x
40
1

1
1
=
100 − x∗
40
40 = 100 − x∗
x∗ = 100 − 40 = 60.

2. Criteria for Choice Over Risky Prospects
There are two possible states next year: a good state that occurs with probability π = 1/2
and a bad state that occurs with probability 1 − π = 1/2. Two assets are traded – asset 1
and asset 2 – with returns as tabulated below:
Percentage Return in the
Good State
Bad State
(π = 1/2)
(1 − π = 1/2)
Asset 1
Asset 2

44
96

21
0

Expected
Return
E(R̃)

Standard Deviation
of Return
σ(R̃)

32.5
48

11.5
48

a. Neither asset exhibits state-by-state dominance over the other: asset 2 pays off more in
the good state, but asset 1 pays off more in the bad state. Nor does either asset exhibit
mean-variance dominance over the other: asset 2 offers a higher expected return, but
asset 1’s return has a lower standard deviation.
b. In general, the Sharpe ratio for a risky asset is defined as the expected excess return
above the risk-free rate divided by the standard deviation of its random return. In
the special case where the risk-free rate equals zero, however, the Sharpe ratio can be
computed as E(R̃)/σ(R̃), the expected return divided by the standard deviation. Even
without doing any detailed calculations, we can see from the table that asset 1 has the
higher Sharpe ratio, since its expected return is about 3 times the standard deviation
whereas asset 2’s expected return equals its standard deviation.
c. If an investor with 100 chooses in asset 1, he or she will end up with 144 dollars in
the good state and 121 dollars in the bad state next year. If this investor chooses
asset 2, he or she will end up with 196 dollars in the good state and 100 dollars in the
bad state next year. Since this investor has preferences that are described by an von
Neumann-Morgenstern expected utility function with Bernoulli utility function of the
form
√
u(Y ) = Y 1/2 = Y ,
expected utility from asset 1 is
√
√
(1/2) 144 + (1/2) 121 = (1/2)12 + (1/2)11 = 11.5
and expected utility from asset 2 is
√
√
(1/2) 196 + (1/2) 100 = (1/2)14 + (1/2)10 = 12.
2

Comparing these numbers reveals that the investor will choose asset 2, despite the fact
that asset 1 has the higher Sharpe ratio. The reason is that this investor is not very
risk averse, and is willing to accept the higher risk from asset 2 in order to get the
higher expected return.

3. Wealth, Risk Aversion, and Portfolio Allocation
An investor with initial wealth Y0 = 100 allocates the amount a to stocks, which provide a
return of rG = 0.16 (16 percent) in a good state that occurs with probability π = 1/2 and
a return of rB = 0.02 (2 percent) in a bad state that occurs with probability 1 − π = 1/2,
and the remaining amount Y0 − a to a risk-free bond, which provides a return of rf = 0.08
in both states.
Since the investor’s preferences are described by a von Neumann-Morgenstern expected utility function, with logarithmic Bernoulli utility function
u(Y ) = ln(Y ),
his or her portfolio allocation problem can be stated mathematically as
max π ln[(1 + rf )Y0 + a(rG − rf )] + (1 − π) ln[(1 + rf )Y0 + a(rB − rf )].
a

a. Using the specific values for Y0 , rG , rB , rf , and π given earlier, the investor’s problem
can be restated more specifically as
max (1/2) ln(108 + 0.08a) + (1/2) ln(108 − 0.06a).
a

The first-order condition for this problem is
(1/2)(0.06)
(1/2)(0.08)
−
= 0.
108 + 0.08a∗ 108 − 0.06a∗
The first-order condition implies
(1/2)(0.08)
(1/2)(0.06)
=
∗
108 + 0.08a
108 − 0.06a∗
4
3
=
∗
108 + 0.08a
108 − 0.06a∗
4(108 − 0.06a∗ ) = 3(108 + 0.08a∗ )
108 = [4(0.06) + 3(0.08)]a∗
108 = 0.48a∗
108
a∗ =
= 225.
0.48
3

b. We know from class that, because the natural log form of the Bernoulli utility function
implies that the investor’s coefficient of relative risk aversion is constant, the optimal
value of a∗ will scale up or down proportionally with initial wealth Y0 . Hence, if
Y0 = 200, a∗ = 450.
c. We also know from class that the constant coefficient of relative risk aversion implied
by the logarithmic Bernoulli utility function equals one. If, instead, the investor’s
Bernoulli utility function is
Y 1−γ − 1
u(Y ) =
1−γ
with γ = 1/2, his or her coefficient of relative risk aversion is constant and equal to
1/2. Since this implies that the investor is less risk averse, a∗ will be larger than it was
in part (a).

4. Portfolio Allocation with Mean-Variance Utility
An investor with preferences over the mean µp and variance σp2 of the return on his or her
portfolio that are described by the utility function
 
A
2
U (µp , σp ) = µp −
σp2
2
allocates the fraction w1 of his or her initial wealth to risky asset 1, with expected return
µ1 = 2 and standard deviation of its random return equal to σ1 = 2, the fraction w2 of
initial wealth to risky asset two, with expected return µ2 = 5 and standard deviation of its
random return equal to σ2 = 2, and the remaining fraction 1 − w1 − w2 to a risk-free asset
with return rf = 1.
Assuming that the correlation between the two risk asset returns is zero, the investor’s
portfolio will have expected return
µp = 1 + w1 + 4w2 ,
and variance
σp2 = 4w12 + 4w22 .
Therefore, the investor chooses w1 and w2 to maximize
 
A
σp2 = 1 + w1 + 4w2 − 2A(w12 + w22 ).
µp −
2
a. The first-order conditions for the investor’s optimal choices w1∗ and w2∗ of w1 and w2
are
1 − 4Aw1∗ = 0
and
4 − 4Aw2∗ = 0.
4

b. The first-order conditions from part (a), above, imply that w1∗ and w2∗ are related to
the risk-aversion parameter A via
1
w1∗ =
4A
and
1
w2∗ = .
A
c. The solutions from part (b), above, show that when the investor’s degree of risk aversion
as measured by the parameter A increases, the optimal portfolio weights w1∗ and w2∗
on the two risky assets fall.

5. The Capital Asset Pricing Model
The table below reports the variances σi of four risky asset returns: the return r̃M on the
stock market as a whole, and the returns r̃1 , r̃2 , r̃3 on three risky stocks. The table also
reports the covariance σiM of each risky stock return with the market return.
Variance (σi2 )
of Random Return

Covariance(σiM )
with Market Return

1.00
4.00
9.00
4.00

1.00
1.50
0.75
−1.50

Market r̃m
Asset 1 r̃1
Asset 2 r̃2
Asset 3 r̃3

The Capital Asset Pricing Model relates the expected return E(r̃i ) on each risky asset
i = 1, 2, 3 to the expected return E(r̃M ) on the market, the risk free rate rf , and the
individual asset’s beta βi according to
E(r̃i ) = rf + βi [E(r̃M ) − rf ],
where the definition
βi =

σiM
.
2
σm

implies that β1 = 1.5, β2 = 0.75 and β3 = −1.5, and where we are assuming that the
expected return on the market exceeds the risk free rate, so that E(r̃M ) − rf > 0.
a. “The expected return on asset 1 E(r̃1 ) should be higher than the expected return on
the market E(r̃M ).” This statement is true. Because β1 = 1.5, the CAPM implies
E(r̃1 ) − rf = 1.5[E(r̃M ) − rf ] > E(r̃M ) − rf
and therefore E(r̃1 ) > E(r̃M ).
5

b. “The expected return on asset 2 E(r̃2 ) should be higher than the expected return on
the market E(r̃M ).” This statement is false. Because β2 = 0.75, the CAPM implies
E(r̃2 ) − rf = 0.75[E(r̃M ) − rf ] < E(r̃M ) − rf
and therefore E(r̃2 ) < E(r̃M ).
c. “The expected return on asset 3 E(r̃3 ) should be lower than the risk-free rate rf .” This
statement is true. Because β3 = −1.5, the CAPM implies
E(r̃3 ) − rf = −1.5[E(r̃M ) − rf ] < 0
and therefore E(r̃3 ) < rf .

6

Midterm Exam
ECON 337901 - Financial Economics
Boston College, Department of Economics

Peter Ireland
Fall 2019

Thursday, October 24, 12noon - 1:15pm
This exam has five questions on six pages, including this cover sheet; before you begin, please
check to make sure that your copy has all five questions and all six pages. Please note, as
well, that each of the five questions has three parts. The five questions will be weighted
equally in determining your overall exam score.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.

{ The rest of this cover page was intentionally left blank. }

1

1. Unconstrained Optimization
This problem asks you to solve an unconstrained optimization problem, where the choice
variable x is interpreted as the fraction of total savings that a consumer takes out of a safe
investment, like a bank account, and allocates to a risky investment, like the stock market,
instead.
Suppose that this consumer likes to earn a higher return R, but dislikes volatility V from
his or her investments; a utility function that captures these preferences is
 
b
V 2.
u(R, V ) = R −
2
In this utility function, b > 0 is a measure of the consumer’s degree of risk aversion: higher
values of b mean that the consumer has a stronger aversion to or distaste for risk.
Suppose, in addition, that when the consumer allocates a larger fraction x of his or her
savings to the stock market, the return on his or her savings increases according to
R = ax,
where a > 0 measures the additional return the investor earns in the stock market relative
to the bank account. Suppose, as well, that increasing x also increases volatility, according
to
√
V = ( s)x,
where s > 0 captures the additional volatility of the stock market.
Substituting these two expressions for R and V into the consumer’s utility function allows
us to state his or her optimization problem as
 
sb
x2 .
max ax −
x
2
a. Write down the first-order condition for the consumer’s optimal choice x∗ .
b. Next, rearrange the first-order condition to get an equation that shows how the optimal choice x∗ depends on a, measuring the additional return on the stock market, s,
measuring the riskiness of the stock market, and b, measuring the consumer’s aversion
to risk.
c. Finally, use your solution from part (b) to answer the questions: When the additional
return a on stocks goes up, does x∗ rise or fall? When the volatility s of stocks goes
up, does x∗ rise or fall? And when risk aversion b goes up, does x∗ rise or fall?

2

2. Intertemporal Consumer Optimization
Following Irving Fisher, consider a consumer who receives income Y0 in period t = 0 (today),
which he or she divides up into an amount c0 to be consumed and an amount s to be saved
(or borrowed, if s < 0) subject to the budget constraint
Y0 ≥ c0 + s.
Suppose for simplicity that the consumer receives no additional income in period t = 1 (next
year). Hence, he or she must finance consumption c1 next year solely from the return on his
or her saving, subject to the budget constraint
(1 + r)s ≥ c1 ,
where r denotes the interest rate on saving (and borrowing). As in class, we can combine
these two single-period budget constraints into one present-value budget constraint
c1
.
Y 0 ≥ c0 +
1+r
thereby eliminating s as a separate choice variable.
Suppose, finally, that the consumer’s preferences over consumption during the two periods
are described by the utility function
ln(c0 ) + β ln(c1 ),
where ln denotes the natural logarithm and β, the discount factor, measures the consumer’s
patience.
The consumer therefore solves the constrained maximization problem
c1
max ln(c0 ) + β ln(c1 ) subject to Y0 ≥ c0 +
.
c0 ,c1
1+r
a. As a first step in finding the optimal choices c∗0 and c∗1 , write down the Lagrangian for
the consumer’s problem.
b. Next, write down the two first-order conditions for the problem.
c. Finally, assume in particular that Y0 = 7, β = 3/4, and r = 1/3. Notice that this value
of r implies that
1
1
1
3
=
=
= ,
1+r
1 + 1/3
4/3
4
and therefore that β(1 + r) = 1. Use these values, together with the two first-order
conditions you derived in part (b), and the consumer’s binding budget constraint
Y0 = c∗0 +

c∗1
,
1+r

to calculate numerical values for the optimal choices c∗0 and c∗1 .
3

3. Implementing State-Contingent Consumption Plans
Consider an economic environment with risk and uncertainty similar to those we analyzed
many times in class. There are two periods t = 0 (today) and t = 1 (next year), and two
possible states at t = 1: a good state that occurs with probability π = 1/2 and a bad state
that occurs with probability 1 − π = 1/2.
Suppose that, in this economy, a contingent claim for the good state sells for q G = 1/4
units of consumption today; next year, it pays off one unit of consumption in the good state
and zero in the bad state. And suppose that a contingent claim for the bad state sells for
q B = 1/2 units of consumption today; next year, it pays off one unit of consumption in the
bad state and zero in the good state.
In each of the questions below, an “investment strategy” involves buying or selling short one
or both contingent claims in order to achieve the desired rearrangement of the consumer’s
consumption plans.
a. Suppose, first, that the consumer wants to increase his or her consumption in the bad
state next year, and in exchange is willing to give up consumption today. Describe,
briefly (a sentence or two is all it should take) an investment strategy that achieves
this goal. How many units of consumption will the consumer have to give up today to
get one more unit of consumption in the bad state next year?
b. Suppose, instead, that the consumer wants to increase his or her consumption today,
and in exchange is willing to give up consumption in the good state next year. Describe
an investment strategy that achieves this goal. How many units of consumption can
the consumer obtain today by giving up one unit of consumption in the good state
next year?
c. Finally, suppose that the consumer wants to increase his or her consumption in the bad
state next year, and in exchange is willing to give up consumption in the good state next
year; in doing so, he or she wants consumption today to remain unchanged. Describe
an investment strategy that achieves these goals. How many units of consumption will
the consumer have to give up in the good state next year in order to obtain one more
unit of consumption in the bad state next year?
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4. Pricing Contingent Claims and Options
Consider another economic environment in which there are two periods, t = 0 (today) and
t = 1 (next year), and two possible states t = 1: a good state that occurs with probability
π = 1/2 and a bad state that occurs with probability 1 − π = 1/2.
Suppose, initially, that two assets trade in this economy. A risky stock sells for q s = 3 at
t = 0, P G = 4 in the good state at t = 1, and P B = 3 in the bad state at t = 1. And a
risk-free bond sells for q b = 0.90 at t = 0 and pays off 1 in both states at t = 1.
As in class, we can find portfolios of the stock and bond that replicate the payoffs on
contingent claims, and thereby infer the prices at which those contingent claims should sell
for at t = 0, if there are to be no arbitrage opportunities across the markets for stocks,
bonds, and contingent claims. We can also do the same for stock options.
a. First, find the number of shares s and the number of bonds b that an investor would
have to buy or sell short in order to replicate the payoffs from a contingent claim for
the good state (that is, to construct a “synthetic” contingent claim for the good state).
Then, use your answer to compute the price q G at t = 0 of the contingent claim for the
good state implied by the assumption that there are no arbitrage opportunities across
the markets for the stock, bond, and contingent claim.
b. Next, find the number of shares s and the number of bonds b that an investor would
have to buy or sell short in order to replicate the payoffs from a contingent claim for
the bad state (that is, to construct a “synthetic” contingent claim for the bad state).
Then, use your answer to compute the price q B at t = 0 of the contingent claim for the
bad state implied by the assumption that there are no arbitrage opportunities across
the markets for the stock, bond, and contingent claim.
c. Finally, find the number of shares s and the number of bonds b that an investor would
have to buy or sell short in order to replicate the payoff from a call option that gives
the holder the right, but not the obligation, to buy a share of stock at strike price
K = 3.50 at t = 1. Then, use your answer to compute the price q o at t = 0 of the
option implied by the assumption that there are no arbitrage opportunities across the
markets for the stock, bond, and option.
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5. Pricing Risk-Free Assets
Suppose that a one-year discount bond that pays off one dollar for sure one year from now
sells for P1 = 0.95 today, and a two-year discount bond that pays off one dollar for sure two
years from now sells for P2 = 0.90 today.
a. Consider a two-year coupon bond that makes annual interest (coupon) payments of
100 dollars at the end of each of the next two years plus a larger payment of face value
of 1000 dollars at the end of the second year. In total, therefore, this coupon bond
pays off 100 dollars for sure one year from now and 1100 dollars for sure two years from
now. What will the price of this coupon bond be if there are no arbitrage opportunities
across the markets for discount bonds and coupon bonds?
b. Suppose another risk-free asset makes annual payments of 100 dollars at the end of
each of the next three years (that is, 100 dollars for sure one year from now, 100 dollars
for sure two years from now, and 100 dollars for sure three years from now) and sells for
270 dollars today. Use this information, together with the information on the prices
and payoffs of the one and two-year discount bonds given above, to find the price
P3 today of a three-year discount bond that pays off one dollar for sure three years
from now, assuming again that there are no arbitrage opportunities across markets for
risk-free assets.
c. Finally, consider a three-year coupon bond that makes annual interest (coupon) payments of 100 dollars at the end of each of the next three years plus a larger payment of
face value of 1000 dollars at the end of the third year. In total, therefore, this coupon
bond pays off 100 dollars for sure one year from now, 100 dollars for sure two years
from now, and 1100 dollars for sure three years from now. What will the price of
this coupon bond be if there are no arbitrage opportunities across the markets for for
risk-free assets?
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1. Unconstrained Optimization
The consumer’s unconstrained optimization problem is
 
sb
x2 .
max ax −
x
2
a. Differentiate the objective function by the choice variable x to derive the first-order
condition for the consumer’s optimal choice x∗ :
a − (sb)x∗ = 0,
b. Rearrange the first-order condition to get
x∗ =

a
,
sb

which shows how the optimal choice x∗ depends on a, measuring the additional return
on the stock market, s, measuring the riskiness of the stock market, and b, measuring
the consumer’s aversion to risk.
c. The solution from part (b) implies that the optimal choice x∗ , measuring the fraction
of savings allocated to the stock market, rises when the additional return a on stocks
goes up and falls when either the volatility s of stocks goes up or when the consumer’s
degree of risk aversion b goes up.
2. Intertemporal Consumer Optimization
The consumer solves the constrained maximization problem
max ln(c0 ) + β ln(c1 ) subject to Y0 ≥ c0 +
c0 ,c1

c1
.
1+r

a. The Lagrangian for the consumer’s problem is


c1
L(c0 , c1 , λ) = ln(c0 ) + β ln(c1 ) + λ Y0 − c0 −
1+r

1


.

b. The two first-order conditions for the problem are
1
− λ∗ = 0
c∗0
and

β
− λ∗
∗
c1



1
1+r


= 0.

c. When Y0 = 7, β = 3/4, and r = 1/3, the first order conditions from part (b) imply
that
1
c∗0 = c∗1 = ∗ .
λ
Evidently, it is optimal for the consumption to be constant over time. Substituting the
common value 1/λ∗ for c∗0 and c∗1 into the binding constraint
7 = c∗0 + (3/4)c∗1
yields
1
7= ∗
λ



 
3
1 7
1+
= ∗
,
4
λ 4

implying that
1
=4
λ∗
and therefore
c∗0 = c∗1 = 4.
3. Implementing State-Contingent Consumption Plans
In this economy, a contingent claim for the good state sells for q G = 1/4 units of consumption
today and a contingent claim for the bad state sells for q B = 1/2 units of consumption today.
a. If the consumer wants to increase his or her consumption in the bad state next year, and
in exchange is willing to give up consumption today, he or she should buy contingent
claims for the bad state next year. In particular, to get one unit of consumption in
the bad state next year, he or she should buy one contingent claim for the bad state
next year. Since the price of the contingent claim for the bad state is q B = 1/2, the
consumer will have to give up 1/2 unit of consumption today to get one more unit of
consumption in the bad state next year.
b. If the consumer wants to increase his or her consumption today, and in exchange is
willing to give up consumption in the good state next year, he or she should sell
short contingent claims for the good state next year. In particular, by selling short
one contingent claim for the good state, the consumer will obtain q G = 1/4 units of
consumption today, but will have to give up one unit of consumption in the good state
next year.
2

c. If the consumer wants to increase his or her consumption in the bad state next year,
and in exchange is willing to give up consumption in the good state next year, leaving
consumption today unchanged, he or she should buy contingent claims for the bad
state and sell short contingent claims for the good state. In particular, to obtain one
more unit of consumption in the bad state next year, the consumer should buy one
contingent claim for the bad state. To offset the cost q B = 1/2 of buying the claim for
the bad state, the consumer should sell short 2 contingent claims for the good state.
This short sale provides the consumer with 2q G = 1/2 today, but requires him or her
to pay 2 units of consumption in the good state next year. Hence, the consumer will
have to give up two units of consumption in the good state next year in order to obtain
one more unit of consumption in the bad state next year.
4. Pricing Contingent Claims and Options
Initially, two assets trade in this economy. A risky stock sells for q s = 3 at t = 0, P G = 4 in
the good state at t = 1, and P B = 3 in the bad state at t = 1. And a risk-free bond sells for
q b = 0.90 at t = 0 and pays off 1 in both states at t = 1.
a. A contingent claim for the good state pays off one in the good state and zero in the
bad state at t = 1. To replicate these payoffs, a portfolio consisting of s shares of stock
and b bonds must have
1 = P G s + b = 4s + b
and
0 = P B s + b = 3s + b.
Subtracting the second equation from the first shows that s = 1. Substituting this
solution for s back into either of the two equations reveals that b = −3. If there are no
arbitrage opportunities across markets, the price of the contingent claim must equal
the cost of assembling this portfolio of the stock and the bond:
q G = q s s + q b b = 3(1) + 0.90(−3) = 3.00 − 2.70 = 0.30.
b. A contingent claim for the bad state pays off zero in the good state and one in the bad
state at t = 1. To replicate these payoffs, a portfolio consisting of s shares of stock and
b bonds must have
0 = P G s + b = 4s + b
and
1 = P B s + b = 3s + b.
Subtracting the second equation from the first shows that s = −1. Substituting this
solution for s back into either of the two equations reveals that b = 4. If there are no
arbitrage opportunities across markets, the price of the contingent claim must equal
the cost of assembling this portfolio of the stock and the bond:
q B = q s s + q b b = 3(−1) + 0.90(4) = −3.00 + 3.60 = 0.60.
3

c. A call option on the stock with strike price K = 3.50 will be in the money in the good
state and out of the money in the bad state at t = 1. Therefore, its payoff in the good
state is P G − K = 4 − 3.50 = 0.50 and its payoff in the bad state is 0. To replicate
these payoffs, a portfolio consisting of s shares of stock and b bonds must have
0.5 = P G s + b = 4s + b
and
0 = P B s + b = 3s + b.
Subtracting the second equation from the first shows that s = 0.5 = 1/2. Substituting
this solution for s back into either of the two equations reveals that b = −3/2. If there
are no arbitrage opportunities across markets, the price of the call option must equal
the cost of assembling this portfolio of the stock and the bond:
q o = q s s + q b b = 3(1/2) + 0.90(−3/2) = 1.50 − 1.35 = 0.15.
We can check this answer by observing that the payoffs from the call option can also
be replicated by buying 1/2 contingent claim for the good state at cost q G /2 = 0.15.
5. Pricing Risk-Free Assets
A one-year discount bond that pays off one dollar for sure one year from now sells for
P1 = 0.95 today, and a two-year discount bond that pays off one dollar for sure two years
from now sells for P2 = 0.90 today.
a. A two-year coupon bond makes annual interest payments of 100 dollars at the end of
each of the next two years plus a larger payment of face value of 1000 dollars at the end
of the second year. These payoffs can be replicated by buying 100 one-year discount
bonds and 1100 two-year discount bonds. If there are no arbitrage opportunities across
markets, the price of the coupon bond must equal the cost of assembling the portfolio
of discount bonds:
P2C = 100P1 + 1100P2 = 95 + 990 = 1085.
b. Another risk-free asset makes annual payments of 100 dollars at the end of each of the
next three years and sells for 270 dollars today. The payoffs from this asset can be
replicated by buying 100 one-year discount bonds, 100 two-year discount bonds, and
100 three-year discount bonds. If there are no arbitrage opportunities across markets,
the price of the new risk-free asset must equal to cost of assembling the portfolio of
discount bonds:
P A = 100P1 + 100P2 + 100P3 ,
where P3 is the price of a three-year discount bond that pays off one dollar for sure
three years from now. We know that P A = 270, P1 = 0.95 and P2 = 0.90. Substituting
these numbers into the no-arbitrage condition yields
270 = 95 + 90 + 100P3 ,
4

which can be used to find the implied price today of the three-year discount bond:
P3 =

85
270 − 95 − 90
=
= 0.85.
100
100

c. A three-year coupon bond makes annual interest payments of 100 dollars at the end of
each of the next three years, and a larger payment of face value of 1000 dollars at the
end of the third year. These payoffs can be replicated by buying 100 one-year discount
bonds and 100 two-year discount bonds, and 1100 three-year discount bonds. If there
are no arbitrage opportunities across markets, the price of the coupon bond must equal
the cost of assembling the portfolio of discount bonds:
P3C = 100P1 + 100P2 + 1100P3 = 95 + 90 + 935 = 1120.
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1. Criteria for Choice Over Risky Prospects
The table below shows the percentage returns on two risky assets, asset 1 and asset 2, in an
economic environment in which there are two future states: a good state that occurs with
probability π = 1/2 and a bad state that occurs with probability 1 − π = 1/2. The table also
reports the expected return E(R̃) and the standard deviation of the random return σ(R̃) on
the two assets.

Asset
Asset 1
Asset 2

Percentage Return in
Good State
Bad State
8
2
6
2

E(R̃)
5
4

σ(R̃)
3
2

a. Does either asset display state-by-state dominance over the other? If so, which one?
b. Does either asset display mean-variance dominance over the other? If so, which one?
c. Assuming the risk-free interest rate is zero, does either asset have a Sharpe ratio that
is larger than the other? If so, which one?

1

2. Expected Utility and Risk Aversion
Consider an investor whose preferences over simple lotteries can be described by the von
Neumann-Morgenstern expected utility function
U (x, y, π) = πu(x) + (1 − π)u(y),
where x is the “first prize,” y is the “consolation prize,” and π is the probability of winning
the first prize. Suppose that this investor’s Bernoulli utility function u, describing preferences
over payoffs in any given state, takes the general form
u(p) =

p1−γ
,
1−γ

with the specific value γ = 1/2. Then, in particular, the investor’s expected utility function
becomes
√
√
U (x, y, π) = 2π x + 2(1 − π) y.
a. Suppose this investor is given the choice between two lotteries. Lottery 1 has (x, y, π) =
(4, 0, 1), and is equivalent to getting 4 dollars for sure. Lottery 2 has (x, y, π) =
(6, 2, 1/2), and is equivalent to a bet on a coin flip that yields 6 dollars or 2 dollars
with equal probability. Will the investor prefer lottery 1 to lottery 2, prefer lottery 2
to lottery 1, or be indifferent between lottery 1 and 2. Hint: to answer this question,
you don’t actually have to compute the expected utilities from the two lotteries.
b. Suppose that the investor can still choose lottery 1, with (x, y, π) = (4, 0, 1) (4 dollars
for sure), but that lottery 2 is replaced by lottery 3, with (x, y, π) = (9, 1, 1/2), which is
equivalent to a bet on a coin flip that yields 9 dollars or 1 dollar with equal probability.
Will the investor prefer lottery 1 to lottery 3, prefer lottery 3 to lottery 1, or be
indifferent between lottery 1 and 3?
c. Now consider another investor, whose preferences are described by the Bernoulli utility
function
√
v(p) = p,
and therefore has expected utility function
√
√
V (x, y, π) = πv(x) + (1 − π)v(y) = π x + (1 − π) y.
Will this second investor prefer lottery 1 to lottery 3, prefer lottery 3 to lottery 1, or
be indifferent between lottery 1 and 3?
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3. The Gains from Diversification
Suppose that two risky assets are traded. Asset 1 has random return with expected value
µ1 = 8, standard deviation σ1 = 2, and variance σ12 = 4. Asset 2 has random return with
expected value µ2 = 4, standard deviation σ2 = 2, and variance σ22 = 4.
a. Assume first that the two asset returns are uncorrelated, with correlation ρ12 = 0.
Calculate the expected return and the variance of the random return on a portfolio
that allocates equal shares of w = 1/2 of initial wealth to asset 1 and 1 − w = 1/2 of
initial wealth to asset 2.
b. Assume instead that the two asset returns are perfectly positively correlated, with
correlation ρ12 = 1. Recalculate the variance of the random return on the equallyweighted portfolio that allocates share w = 1/2 of initial wealth to asset 1 and share
1 − w = 1/2 of initial wealth to asset 2.
c. Suppose, finally, that the two asset returns are perfectly negative correlated, with
correlation ρ12 = −1. Recalculate the variance of the random return on the equallyweighted portfolio that allocates share w = 1/2 of initial wealth to asset 1 and share
1 − w = 1/2 of initial wealth to asset 2.
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4. The Minimum Variance Frontier
Extending the example from question 3, suppose that three risky assets are traded. As
before, asset 1 has random return with expected value µ1 = 8, standard deviation σ1 = 2,
and variance σ12 = 4. And asset 2 has random return with expected value µ2 = 4, standard
deviation σ2 = 2, and variance σ22 = 4. But now a new asset, asset 3, has random return
with expected value µ3 = 6, standard deviation σ3 = 2, and variance σ32 = 4. For simplicity,
assume once again that the three asset returns are uncorrelated, with ρ12 = ρ13 = ρ23 = 0.
Suppose now that a portfolio manager is assigned the task of forming a portfolio that achieves
a six percent target µ̄ = 6 for its expected return, while minimizing the variance of the
portfolio’s random return. If this portfolio manager allocates the share w1 of his or her total
funds to asset 1, share w2 of total funds to asset 2, and the remaining share 1 − w1 − w2 to
asset 3, the expected return on the portfolio will be
µp = 8w1 + 4w2 + 6(1 − w1 − w2 )
and the variance of the random return on the portfolio will be
σp2 = 4w12 + 4w22 + 4(1 − w1 − w2 )2 .
Clearly, the portfolio manager can hit the six-percent expected return target simply by
allocating all of the funds to asset 3; he or she would then have to accept that the variance
σ32 = 4 of asset 3’s return would also become the variance of his or her portfolio’s random
return. The question is how much better he or she can do by choosing the portfolio weights
optimally instead. Recall from class that these optimal weights can be found by maximizing
−σp2 , minus one times the variance of the portfolio’s random return, subject to the constraint
that µp = µ̄ = 6. This problem can be stated mathematically as
max −4w12 − 4w22 − 4(1 − w1 − w2 )2 subject to 8w1 + 4w2 + 6(1 − w1 − w2 ) = 6.

w1 ,w2

a. Use the Lagrangian for the portfolio manager’s problem to derive the first-order conditions for the optimal choices w1∗ and w2∗ .
b. Next, use your first-order conditions from part (a), together with the constraint
8w1∗ + 4w2∗ + 6(1 − w1∗ − w2∗ ) = 6,
to find the numerical values of w1∗ and w2∗ .
c. Finally, use your results from part (b) to calculate the minimized variance σp2∗ achieved
when the portfolio’s weights are chosen optimally.
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5. The Capital Asset Pricing Model
Suppose that, between today and next year, the expected return on the market is E(r̃M ) =
0.08 (8 percent) and the risk-free rate is rf = 0.02 (2 percent), and consider three individual
risky assets, each of which makes a single random (risky) payoff next year. Risky asset 1
sells for price P1 today and has random payoff C̃1 next year; risky asset 2 sells for price P2
today and has random payoff C̃2 next year; and risky asset 3 sells for price P3 today and has
random (risky) payoff C̃3 next year.
Suppose that all three assets have the same expected payoff next year; for simplicity, assume
this common expected payoff equals one:
E(C̃1 ) = E(C̃2 ) = E(C̃3 ) = 1.
Then, as we did in class, we can compute each asset’s random return
r̃1 =

C̃1
C̃1 − P1
=
−1
P1
P1

r̃2 =

C̃2 − P2
C̃2
=
−1
P2
P2

r̃3 =

C̃3 − P3
C̃3
=
−1
P3
P3

and expected return
E(r̃1 ) =

E(C̃1 ) − P1
1
=
−1
P1
P1

E(r̃2 ) =

E(C̃2 ) − P2
1
=
−1
P2
P2

E(r̃3 ) =

E(C̃3 ) − P3
1
=
− 1.
P3
P3

Finally, assume that asset 1’s random return r̃1 is positively correlated with the market’s
return r̃M , asset 2’s random return r̃2 is uncorrelated with the market’s return, and asset 3’s
random return r̃3 is negatively correlated with the market’s return.
a. According to the capital asset pricing model, which asset will have the highest expected
return: asset 1, asset 2, or asset 3?
b. According to the capital asset pricing model, which asset will have the highest price:
asset 1, asset 2, or asset 3?
c. According to the capital asset pricing model, will the expected return E(r̃2 ) on asset
2 be greater than less than, or equal to the risk-free rate rf ?
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1. Criteria for Choice Over Risky Prospects
The two risky assets have returns described in the table below:

Asset
Asset 1
Asset 2

Percentage Return in
Good State
Bad State
8
2
6
2

E(R̃)
5
4

σ(R̃)
3
2

a. Asset 1 displays state-by-state dominance over asset 2: it provides a higher return in
the good state and the same return in the bad state.
b. Neither asset displays mean-variance dominance over the other: asset 1 provides a
higher expected return, but the standard deviation of its random return is larger. As
we discussed in class, this is a case where the variance or standard deviation of asset
1’s return does not distinguish adequately between upside potential and downside risk:
asset 1’s return is more volatile, but only because it is higher in the good state.
c. Assuming the risk-free interest rate is zero, asset 1 has Sharpe ratio E(R̃)/σ(R̃) equal
to 5/3 = 1.67 and asset 2 has Sharpe ratio equal to 4/2 = 2. Therefore, asset 2 has
the higher Sharpe ratio. Again, this highlights the problem with using the standard
deviation as a measure of risk: asset 2 has the higher Sharpe ratio because its return
in smaller in the good state.
2. Expected Utility and Risk Aversion
An investor’s preferences over lotteries are described by the von Neumann-Morgenstern expected utility
√
√
U (x, y, π) = 2π x + 2(1 − π) y.
a. Lottery 1 has (x, y, π) = (4, 0, 1), and is equivalent to getting 4 dollars for sure. Lottery
2 has (x, y, π) = (6, 2, 1/2), and is equivalent to a bet on a coin flip that yields 6 dollars
or 2 dollars with equal probability. Both lotteries have expected payoff equal to 4, but
lottery 1 provides 4 for sure while lottery 2 requires the investor to take the risk on
a coin-flip. No risk-averse investor will take the risk. Hence, we know even without
computing expected utility that the investor will prefer lottery 1.
1

b. Lottery 1, with (x, y, π) = (4, 0, 1) (4 dollars for sure), provides expected utility
√
U (4, 0, 1) = 2 4 = 4,
while lottery 3, with (x, y, π) = (9, 1, 1/2), provides expected utility
√
√
U (9, 1, 1/2) = 2(1/2) 9 + 2(1/2) 1 = 3 + 1 = 4.
Therefore, the investor is indifferent between lottery 1 and lottery 3.
c. Now consider another investor, whose preferences are described by the Bernoulli utility
function
√
v(p) = p,
and therefore has expected utility function
√
√
V (x, y, π) = πv(x) + (1 − π)v(y) = π x + (1 − π) y.
This investor’s preferences are the same as those of the investor considered in parts
(a) and (b). Even without computing expected utilities, therefore, we know that this
investor will also be indifferent between lottery 1 and lottery 3.
3. The Gains from Diversification
Two risky assets are traded. Asset 1 has random return with expected value µ1 = 8,
standard deviation σ1 = 2, and variance σ12 = 4. Asset 2 has random return with expected
value µ2 = 4, standard deviation σ2 = 2, and variance σ22 = 4.
a. A portfolio that allocates the equal shares w = 1/2 and 1 − w = 1/2 to assets 1 and 2
has expected return
µp = (1/2)µ1 + (1/2)µ2 = (1/2)8 + (1/2)4 = 6.
This expected return does not depend on the correlation ρ12 between the two random
returns. In general, the variance of the random return on this equally-weighted portfolio
is
σp2 = w2 σ12 + (1 − w)2 σ22 + 2w(1 − w)σ1 σ2 ρ12
= (1/2)2 σ12 + (1/2)2 σ22 + 2(1/2)(1/2)σ1 σ2 ρ12
= (1/4)4 + (1/4)4 + 2(1/4)(2)(2)ρ12
= 2 + 2ρ12 .
Therefore, if ρ12 = 0, σp2 = 2.
b. If, instead, ρ = 1, then σp2 = 4.
c. And if ρ = −1, then σp2 = 0.

2

4. The Minimum Variance Frontier
The portfolio manager solves
max −4w12 − 4w22 − 4(1 − w1 − w2 )2 subject to 8w1 + 4w2 + 6(1 − w1 − w2 ) = 6.

w1 ,w2

a. The Lagrangian for the portfolio manager’s problem is
L(w1 , w2 , λ) = −4w12 − 4w22 − 4(1 − w1 − w2 )2 + λ[8w1 + 4w2 + 6(1 − w1 − w2 ) − 6].
The first-order conditions for optimal weights w1∗ and w2∗ are
−8w1∗ + 8(1 − w1∗ − w2∗ ) + λ∗ (8 − 6) = 0
and
−8w2∗ + 8(1 − w1∗ − w2∗ ) + λ∗ (4 − 6) = 0.
b. The constraint
8w1∗ + 4w2∗ + 6(1 − w1∗ − w2∗ ) = 6,
implies that
8w1∗ + 4w2∗ + 6 − 6w1∗ − 6w2∗ = 6
or, more simply,
2w1∗ − 2w2∗ = 0
or, even more simply,
w1∗ = w2∗ .
Let w∗ be the common value of w1∗ and w2∗ . Then the first-order conditions imply that
−8w∗ + 8(1 − 2w∗ ) + 2λ∗ = 0
and
−8w∗ + 8(1 − 2w∗ ) − 2λ∗ = 0.
Adding these two equations to eliminate λ∗ yields
−16w∗ + 16(1 − 2w∗ ) = 0
or

16
1
= .
16 + 32
3
Evidently, it is optimal for the portfolio manager to select equal weights on all three
assets, with
w1∗ = w2∗ = 1 − w1∗ − w2∗ = 1/3.
w∗ =

c. The minimized variance is therefore
σp∗2 = w12 σ12 + w22 σ22 + (1 − w1∗ − w2∗ )2 σ32 = (1/9)4 + (1/9)4 + (1/9)4 = 3(1/9)4 = 4/3.

3

5. The Capital Asset Pricing Model
Between today and next year, the expected return on the market is E(r̃M ) = 0.08 (8 percent)
and the risk-free rate is rf = 0.02 (2 percent). Risky asset 1 sells for price P1 today and has
random payoff C̃1 next year; risky asset 2 sells for price P2 today and has random payoff C̃2
next year; and risky asset 3 sells for price P3 today and has random (risky) payoff C̃3 next
year. All three assets have the same expected payoff, equal to one, next year:
E(C̃1 ) = E(C̃2 ) = E(C̃3 ) = 1.
Asset 1’s random return r̃1 is positive correlated with the market’s return r̃M , asset 2’s
random return r̃2 is uncorrelated with the market’s return, and asset 3’s random return r̃3
is negatively correlated with the market’s return.
a. According to the capital asset pricing model, the expected return on each asset j =
1, 2, 3 is determined as
E(r̃j ) = rf + βj [E(r̃M ) − rf ],
where the CAPM βj for each asset is the covariance between asset j’s random return
and the return on the market divided by the variance of the return on the market:
βj =

cov(r̃j , r̃M )
.
var(r̃M )

Thus, asset 1 has a positive beta, asset 2 has a zero beta, and asset 3 has a negative
beta. Since E(r̃M ) − rf > 0, it follows from these observations that asset 1 will have
the highest expected return.
b. From the same observations made in part (a), it also follows that asset 3 will have the
lowest expected return. Because all three assets have the same expected payoff next
year, asset 3 must provide this lowest expected return by selling for the highest price.
c. Since asset 2 has βj = 0, the CAPM implies that its expected return E(r̃2 ) will equal
the risk-free rate rf .
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1. Farming
This question asks you to solve a variant of the farming problem that you studied, previously,
by working on question 2 of problem set 1. Suppose that, in order to produce c units of
output for his or her own consumption, a farmer must work for
 
1
c2
h=
2A
hours. In this version of the model, A > 0 is a positive number that measures the farmer’s
productivity: when A goes up, the farmer is able to produce the same amount of output with
fewer hours worked. Suppose also that, once again, the farmer’s preferences over consumption
versus hours worked are described by the utility function
ln(c) − βh,
where ln denotes the natural logarithm and β > 0 is a positive number that measures
the farmer’s distaste for work: higher values of β mean that the farmer has a stronger
preference for leisure relative to consumption. By substituting the expression for h into the
utility function, we can find the farmer’s optimal choice of consumption c∗ by solving the
unconstrained optimization problem
 
β
c2 .
max ln(c) −
c
2A
a. Write down the first-order condition for the farmer’s optimal choice of c∗ .
b. Next, use your first-order condition to find the solution for c∗ in terms of A and β.
Note: Although you may see that, mathematically, there are two values of c∗ that
satisfy the first-order condition, the requirement that consumption be positive means
that only the solution with c∗ > 0 makes economic sense.
c. Finally, use your solution to answer the following two questions. What happens to the
farmer’s optimal consumption c∗ when his or her productivity A rises: does c∗ increase,
decrease, or stay the same? And what happens to the farmer’s consumption c∗ when
his or her aversion to work as measured by β rises: does c∗ increase, decrease, or stay
the same?

2

2. Intertemporal Consumer Optimization
Following Irving Fisher, consider a consumer who receives income Y0 in period t = 0 (today),
which he or she divides up into an amount c0 to be consumed and an amount s to be saved
(or borrowed, if s < 0) subject to the budget constraint
Y0 ≥ c0 + s.
Then, in period t = 1 (next year), the consumer receives income Y1 , which he or she uses to
finance consumption c1 , subject to the budget constraint
Y1 + (1 + r)s ≥ c1 ,
where r denotes the interest rate on saving (and borrowing). As in class, we can combine
these two single-period budget constraints into one present-value budget constraint
Y0 +

c1
Y1
≥ c0 +
.
1+r
1+r

thereby eliminating s as a separate choice variable.
Suppose, finally, that the consumer’s preferences over consumption during the two periods
are described by the utility function
ln(c0 ) + β ln(c1 ),
where ln denotes the natural logarithm and β, the discount factor, measures the consumer’s
patience.
The consumer therefore solves the constrained maximization problem
max ln(c0 ) + β ln(c1 ) subject to Y0 +
c0 ,c1

c1
Y1
≥ c0 +
.
1+r
1+r

a. As a first step in finding the optimal choices c∗0 and c∗1 , write down the Lagrangian for
the consumer’s problem. Then, write down the two first-order conditions.
b. Now assume in particular that Y0 = 21, Y1 = 0, β = 3/4, and r = 1/3, so that
1 + r = 4/3 and β(1 + r) = 1. Use these values, together with the two first-order
conditions you derived in part (a) and the consumer’s binding budget constraint
Y0 +

Y1
c∗
= c∗0 + 1 ,
1+r
1+r

to calculate numerical values for the optimal choices c∗0 and c∗1 .
c. Continue to assume that β = 3/4 and r = 1/3, but suppose that instead, Y0 = 0 and
Y1 = 28. What are the numerical values for the optimal choice c∗0 and c∗1 in this case?

3

3. Pricing Contingent Claims
Consider an economic environment in which there are two periods, t = 0 (today) and t = 1
(next year), and two possible states at t = 1: a good state that occurs with probability
π = 1/2 and a bad state that occurs with probability 1 − π = 1/2.
Suppose, initially, that two assets trade in this economy. A risky stock sells for q s = 2.80
at t = 0, P G = 6 in the good state at t = 1, and P B = 2 in the bad state at t = 1. And a
risk-free bond sells for q b = 0.90 at t = 0 and pays off 1 in both states at t = 1.
As in class, we can find portfolios of the stock and bond that replicate the payoffs on
contingent claims, and thereby infer the prices at which those contingent claims should sell
for at t = 0, if there are to be no arbitrage opportunities across the markets for stocks,
bonds, and contingent claims.
a. To begin this process, find the number of shares s and the number of bonds b that
an investor would have to buy or sell short in order to replicate the payoff from a
contingent claim for the good state. Note: For this problem and for the one in part
(b), below, one or both of s and b might turn out to be fractions.
b. Next, find the number of shares s and the number of bonds b that an investor would
have to buy or sell short in order to replicate the payoff from a contingent claim for
the bad state.
c. Finally, use your answers from parts (a) and (b) to compute the time t = 0 prices
of both contingent claims implied by the payoffs and prices of the stock and bond,
assuming that there are no arbitrage opportunities across the markets for stocks, bonds,
and contingent claims.
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4. Using Stock Options to Manage Risk
Consider another economic environment in which there are two periods, t = 0 (today) and
t = 1 (next year), and two possible states at t = 1: a good state that occurs with probability
π = 1/2 and a bad state that occurs with probability 1 − π = 1/2.
Suppose that, initially, only two assets trade in this economy. The first is a stock, which
sells for price q s = 2 at t = 0, P G = 4 in the good state at t = 1, and P B = 2 in the bad
state at t = 1. The second is a call option on the stock with strike price K = 3, which sells
for price q o = 0.25 at t = 0.
Following the same logic we discussed in class, an investor who takes a long position in this
call option will pay q o = 0.25 for it at t = 0 and find it optimal to exercise the option and
receive a payoff of P G − K = 4 − 3 = 1 in the good state at t = 1. In the bad state at t = 1,
the call is “out of the money.” Therefore, the investor with a long position in the call will
allow it to expire, with a payoff of zero, in the bad state. Similar reasoning then shows that
an investor who “writes,” that is, takes a short position, in the call will receive q 0 = 0.25
today and will have to pay 1 in the good state and 0 in the bad state at t = 1.
By assumption, no bond is traded in this economy. But can an investor form a portfolio of
the two risky assets, the stock and the stock option, to create a “synthetic” risk-free asset?
The answer is yes, provided the investor can take short as well as long positions in the two
existing assets.
a. To see this, start by letting s be the number of shares of stock and c be the number of
options to be included in the desired portfolio. Positive values for s and/or c mean that
the investor is taking a long position; negative values indicate that a short position
is needed instead. Using the payoffs from the stock and the option, write down two
equations that must hold if the portfolio is to match the payoffs on a discount bond:
1 in the good state at t = 1 and 1 in the bad state at t = 1.
b. Next, solve the two equations you wrote down in part (a) to find the numerical values
of s and c that produce the desired, risk-free portfolio (once again, for this problem,
one or both of s and c might turn out to be fractions). Then, use your solutions to
answer the questions: Does forming the risk-free portfolio involve taking a long or short
position in the stock? Does it involve taking a long or short position in the option?
c. Finally, use your solutions to answer the question: what would be the price of the
discount bond at t = 0 if there are no arbitrage opportunities across the markets for
stocks, options, and bonds?

5

5. Pricing Risk-Free Assets
Suppose that a one-year discount bond that pays off one dollar for sure one year from now
sells for P1 = 0.90 today, and a two-year discount bond that pays off one dollar for sure two
years from now sells for P2 = 0.80 today.
a. Consider, first, a new risk-free asset, which pays off 100 dollars for sure one year from
now and 100 dollars for sure two years from now. What will the price of this asset be
if there are no arbitrage opportunities across all markets for risk-free assets?
b. Consider, next, another risk-free asset that pays the holder 100 dollars for sure one
year from now but then requires the holder to pay 100 dollars for sure two years from
now. What will the price of this asset be if there are no arbitrage opportunities across
all markets for risk-free assets?
c. Suppose, finally, that yet another risk-free asset, which pays off 100 dollars for sure
one year from now, 100 dollars for sure two years from now, and 100 dollars for sure
three years from now, is observed to sell for 230 dollars today. Use this observation,
together with the data from above on the one and two-year discount bonds, to infer
what the price today will be of a three-year discount bond, which pays off one dollar
for sure three years from now, if there are no arbitrage opportunities across all markets
for risk-free assets.
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1. Farming
The farmer solves the unconstrained optimization problem
 
β
c2 ,
max ln(c) −
c
2A
where c is his or her consumption and A and β are positive numbers that measure the
farmer’s productivity and disutility from work.
a. The first-order condition for the farmer’s optimal choice of c∗ is
 
β
1
−
c∗ = 0
∗
c
A
b. Rewrite the first-order condition as
1
=
c∗

 
β
c∗
A

and rearrange the fractions to get
(c∗ )2 =

A
.
β

Although, mathematically, there are both positive and negative values of c∗ that satisfy
this equation, from an economic perspective only the positive solution
 1/2 s
A
A
c∗ =
=
β
β
makes sense.
c. The solution for c∗ shows that the farmer’s consumption increases when productivity
A goes up, but decreases when his or her aversion to work β goes up.
2. Intertemporal Consumer Optimization
The consumer solves the constrained maximization problem
max ln(c0 ) + β ln(c1 ) subject to Y0 +
c0 ,c1

1

Y1
c1
≥ c0 +
.
1+r
1+r

a. The Lagrangian for the consumer’s problem is


c1
Y1
− c0 −
,
L(c0 , c1 , λ) = ln(c0 ) + β ln(c1 ) + λ Y0 +
1+r
1+r
and two first-order conditions are
1
− λ∗ = 0
c∗0
and

β
− λ∗
∗
c1



1
1+r


= 0.

b. With β = 3/4 and r = 1/3, the first-order conditions from part (a) imply that
c∗0 =

1
λ∗

and

1
β(1 + r)
= ∗.
∗
λ
λ
Evidently, it is optimal for consumption to be constant over time. Substituting the
values Y0 = 21 and Y1 = 0 into the left-hand side and the common value 1/λ∗ for c∗0
and c∗1 into the right-hand side of the binding constraint
c∗1 =

Y0 +

Y1
c∗
= c∗0 + 1
1+r
1+r

yields
1
21 = ∗
λ





 
1
1
3
1 7
1+
= ∗ 1+
= ∗
,
4/3
λ
4
λ 4

implying that
1
=
λ∗

 
4
21 = 12
7

and therefore
c∗0 = c∗1 = 12.
c. With Y0 = 0 and Y1 = 28, the present value of the consumer’s income
 
Y1
28
3
Y0 +
=
=
28 = 21
1+r
4/3
4
is the same as it was in part (b). Hence, the solutions
c∗0 = c∗1 = 12
are also the same as before.
2

3. Pricing Contingent Claims
There are two periods, t = 0 and t = 1, and two possible states at t = 1: a good state that
occurs with probability π = 1/2 and a bad state that occurs with probability 1 − π = 1/2.
Initially, two assets trade. A risky stock sells for q s = 2.80 at t = 0, P G = 6 in the good
state at t = 1, and P B = 2 in the bad state at t = 1. And a risk-free bond sells for q b = 0.90
at t = 0 and pays off 1 in both states at t = 1.
a. A contingent claim for the good state pays off 1 in the good state in and 0 in the bad.
To form a portfolio of s shares and b bonds that replicates these payoffs, s and b must
satisfy, in particular,
1 = P G s + b = 6s + b
for the good state and
0 = P B s + b = 2s + b
for the bad state. Subtracting the second equation from the first reveals that
1 = 4s
or s = 1/4. The second equation then requires
b = −2s = −2 × (1/4) = −1/2.
b. A contingent claim for the good state pays off 0 in the good state in and 1 in the bad.
To form a portfolio of s shares and b bonds that replicates these payoffs, s and b must
satisfy, in particular,
0 = P G s + b = 6s + b
for the good state and
1 = P B s + b = 2s + b
for the bad state. Subtracting the second equation from the first reveals that
−1 = 4s
or s = −1/4. The first equation then requires
b = −6s = 3/2.
c. Since the payoffs from the contingent claim for the good state can be replicated by a
portfolio that sets s = 1/4 and b = −1/2, no arbitrage requires that the price of the
contingent claim equal the cost of assembling the portfolio:
q G = q s s + q b b = 2.80 × (1/4) + 0.90 × (−1/2) = 0.70 − 0.45 = 0.25.
And since the payoffs from the contingent claim for the bad state can be replicated by
a portfolio that sets s = −1/4 and b = 3/2, no arbitrage requires that the price of the
contingent claim equal the cost of assembling the portfolio:
q B = q s s + q b b = 2.80 × (−1/4) + 0.90 × (3/2) = −0.70 + 1.35 = 0.65.
3

4. Using Stock Options to Manage Risk
There are again two periods, t = 0 and t = 1, and two possible states at t = 1: a good
state that occurs with probability π = 1/2 and a bad state that occurs with probability
1 − π = 1/2.
A stock sells for price q s = 2 at t = 0, P G = 4 in the good state at t = 1, and P B = 2 in
the bad state at t = 1. A call option on the stock with strike price K = 3, sells for price
q o = 0.25 at t = 0.
The investor wants to combine these two assets into a risk-free portfolio that replicates the
payoffs on a discount bond.
a. In the good state, the discount bond has a payoff of 1, the stock has a payoff of 4, and
the option has a payoff of 1. Therefore, the number of shares s and options c in the
portfolio must satisfy
1 = 4s + c.
In the bad state, the discount bond has a payoff of 1, the stock has a payoff of 2, and
the option has a payoff of 0. Therefore, s and c must also satisfy
1 = 2s.
b. The second equation derived above requires that s = 1/2. The first equation then
implies
c = 1 − 4s = 1 − 4 × (1/2) = −1.
Evidently, the portfolio consists of a long position in 1/2 share of stock and a short
position in 1 option.
c. If there are no arbitrage opportunities across the markets for stocks, options, and
bonds, the price of the bond at t = 0 must equal the cost of assembling the portfolio
of the stock and the option. Therefore, the bond price will be
q b = q s s + q o c = 2 × (1/2) + 0.25 × (−1) = 1 − 0.25 = 0.75.
5. Pricing Risk-Free Assets
A one-year discount bond that pays off one dollar for sure one year from now sells for
P1 = 0.90 today, and a two-year discount bond that pays off one dollar for sure two years
from now sells for P2 = 0.80 today.
a. A new risk-free asset pays off 100 dollars for sure one year from now and 100 dollars
for sure two years from now. These payoffs can be replicated by buying a portfolio of
100 one-year discount bonds and 100 two-year discount bonds. Therefore, if there are
no arbitrage opportunities across all markets for risk-free assets, the price of this new
asset will equal the cost of assembling the portfolio:
100P1 + 100P2 = 90 + 80 = 170.
4

b. Another new risk-free asset that pays the holder 100 dollars for sure one year from now
but then requires the holder to pay 100 dollars for sure two years from now. These
payoffs can be replicated by constructing a portfolio consisting of a long position in
100 one-year discount bonds and a short position in 100 two-year discount bonds. If
there are no arbitrage opportunities across all markets for risk-free assets, the price of
this second new risk-free asset will equal the cost of assembling the portfolio:
100P1 − 100P2 = 90 − 80 = 10.
c. Yet another risk-free asset pays off 100 dollars for sure one year from now, 100 dollars for
sure two years from now, and 100 dollars for sure three years from now, and is observed
to sell for 230 dollars today. These payoffs can be replicated by buying a portfolio of
100 one-year discount bonds, 100 two-year discount bonds, and 100 three-year discount
bonds. If there are no arbitrage opportunities across all markets for risk-free assets,
the price of the third new risk-free asset will equal the cost of assembling this portfolio:
230 = 100P1 + 100P2 + 100P3 ,
where P3 is the price of a three-year discount bond. Since P1 = 0.90 and P2 = 0.80,
this no-arbitrage condition implies that
P3 =

60
230 − 90 − 80
=
= 0.60.
100
100
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award partial credit for the correct approach even if your final answers are slightly off.
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questions. I expect you to work independently on the exam, however, without discussing the
questions or answers with anyone else, in person or electronically, inside or outside of the
class; the answers you submit must be yours and yours alone.
1. Criteria for Choice Over Risky Prospects
The table below shows the percentage returns on two risky assets, asset 1 and asset 2, in an
economic environment in which there are two future states: a good state that occurs with
probability π = 1/2 and a bad state that occurs with probability 1 − π = 1/2.

Asset
Asset 1
Asset 2

Percentage Return in
Good State
Bad State
15
5
12
6

a. Does either asset display state-by-state dominance over the other? If so, which one?
b. Does either asset display mean-variance dominance over the other? If so, which one?
c. Assuming the risk-free interest rate is zero, does either asset have a Sharpe ratio that
is larger than the other? If so, which one?

1

2. Insurance
Suppose that a consumer with initial income of $100,000 faces a 1 percent (π1 = 0.01)
probability of experiencing a loss that is equal in value to 90 percent of his or her income.
Suppose also that this consumer’s preferences are described by a von Neumann-Morgenstern
expected utility function with Bernoulli utility function of the natural log form:
u(Y ) = ln(Y ).
a. Without insurance, the consumer will have income of $100,000 in a “good state” that
occurs with probability 1 − π1 = 0.99 and income of only $10,000 in a “bad state”
that occurs with probability π1 = 0.01. Write down an expression for the consumer’s
expected utility in this case without insurance.
b. If the consumer is able to buy insurance again the possibility of the loss, he or she will
have income of $100,000-x for sure, where x is the cost of buying the insurance. Write
down an expression for the consumer’s expected utility in this case with insurance.
c. Now combine your answers from parts (a) and (b) above to answer the question: what
is the numerical value of the largest amount x∗ that the consumer will be willing to
pay for the insurance policy?

2

3. Wealth, Risk Aversion, and Portfolio Allocation
Suppose that an investor has initial wealth Y0 = 1000. The investor allocates the amount a
to stocks, which provide return rG = 0.25 (a 25 percent gain) in a good state next year that
occurs with probability π = 1/2 and return rB = −0.20 (a 20 percent loss) in a bad state
next year that occurs with probability 1 − π = 1/2.
The investor allocates the remaining amount Y0 − a to a risk-free bond. Suppose, partly for
simplicity but also because interest rates on short-term US government bonds are very close
to zero these days, that the bond in this example provides a return rf = 0 in both states next
year. This means that every dollar that the investor allocates to the bond provides a dollar
back for sure next year; the money is safe but does not earn any interest. Assume, finally,
that the investor’s preferences can be described by a von Neumann-Morgenstern expected
utility function, with Bernoulli utility function of the constant relative risk aversion form
Y 1−γ − 1
,
u(Y ) =
1−γ
where, in particular, γ = 1/2.
Then, in general, the investor’s problem can be stated mathematically as




[(1 + rf )Y0 + a(rG − rf )]1−γ − 1
[(1 + rf )Y0 + a(rB − rf )]1−γ − 1
max π
+ (1 − π)
,
a
1−γ
1−γ
but with the specific values of Y0 = 1000, rG = 0.25, rB = −0.20, rf = 0, π = 1/2,
1 − π = 1/2, and γ = 1/2 given above, the problem can be written more simply as




1 (1000 + 0.25a)1/2 − 1
1 (1000 − 0.20a)1/2 − 1
+
.
max
a
2
1/2
2
1/2
a. Write down the first-order condition for the investor’s optimal choice of a∗ , the amount
allocated to stocks. Then, use the first-order condition to find the numerical value of
a∗ .
b. Suppose that, instead of having initial wealth Y0 = 1000, the investor has initial wealth
Y0 = 2000. What is the numerical value of a∗ now? Note: Although you can find the
new value of a∗ by solving the investor’s problem all over again with Y0 = 2000 in
place of Y0 = 1000, you might also just recall that we discussed in class what happens
to the value of a∗ that solves this problem when initial wealth doubles, given that the
Bernoulli utility function takes the constant relative risk aversion form.
c. Go back to assuming that Y0 = 1000, but suppose now that instead of γ = 1/2, the
investor’s constant coefficient of relative risk aversion is γ = 2. Will the value of a∗
that solves the investor’s problem in this case be greater than, less than, or equal to
the value of a∗ that you calculated in answering part (a)? Note: For this part (c),
you don’t have to actually calculate the new value of a∗ , you just have to say how it
compares to the value from part (a).

3

4. A Risk-Return Tradeoff
Suppose that an investor allocates the share w of his or her initial wealth to a stock mutual
fund with risky (random) return r̃, expected return µr , and standard deviation of its random
return σr , and the remaining share 1−w to a risk-free bond with known (non-random) return
rf . In answering the questions below, assume that µr > rf and that σr > 0, so that stocks,
though risky, have a higher expected return than bonds. Assume, as well, that w satisfies
w ≥ 0, so that the share of wealth allocated to stocks can’t be negative; this simplifying
assumption rules out more complicated cases where the investor decides to sell stocks short.
a. Write down a formula for the expected return µp on the investor’s overall portfolio and
use this formula to answer the question: if the investor chooses a larger value of w,
thereby allocating more to stocks, will µp rise, fall, or stay the same?
b. Next, write down a formula for the standard deviation σp of the random return on the
investor’s overall portfolio and use this formula to answer the question: if the investor
chooses a larger value of w, thereby allocating more to stocks, will σp rise, fall, or stay
the same?
c. Finally, using your answers to parts (a) and (b), write down the formula that relates µp
directly to σp , and thereby summarizes the risk-return tradeoff faced by the investor,
without making reference to w. Hint: Recall from our class discussions that, when
plotted in a graph with σp on the x-axis and µp on the y-axis, this relationship should
be linear with y-intercept equal to rf and slope equal to the risky mutual fund’s Sharpe
ratio.

4

5. Using the CAPM to Price a Risky Cashflow
Suppose that the risk-free interest rate on one-year government bonds is rf = 0.01 (one
percent) and the risky return r̃M over the next year on the stock market as a whole has
2
expected value E(r̃M ) = 0.07 (seven percent) and variance σM
= 0.03.
Recall from our discussions in class that if an asset, call it “asset A,” sells for P A today and
makes a random payoff C̃ A one year from now, its random return is equal to
r̃A =

C̃ A
−1
PA

and its expected return is equal to
E(r̃A ) =

E(C̃ A )
− 1.
PA

Suppose that asset A’s random return r̃A is normally distributed, with variance σA2 = 0.04
and covariance cov(r̃A , r̃M ) = σAM = 0.02 with the market’s return. Finally, suppose that
asset A’s expected payoff is E(C̃ A ) = 105.
a. Using the data given above, compute the numerical value of asset A’s capital asset
pricing model (CAPM) beta βA .
b. Using your answer to part (a), compute the numerical value of the price P A at which,
according to the CAPM, asset A should sell for today.
c. Suppose, instead, that asset A’s random return has covariance cov(r̃A , r̃M ) = σAM =
0.03 with the market’s return. If all the other data stay the same as above, what does
the CAPM predict: will today’s price P A of asset A be higher than, the same as, or
lower than the answer you calculated in part (b)? Note: For this part (c), you don’t
have to actually calculate the new value of P A , you just have to say how it compares
to the value from part (b).
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1. Criteria for Choice Over Risky Prospects
The table below shows the percentage returns on two risky assets, asset 1 and asset 2, in an
economic environment in which there are two future states: a good state that occurs with
probability π = 1/2 and a bad state that occurs with probability 1 − π = 1/2.

Asset
Asset 1
Asset 2

Percentage Return in
Good State
Bad State
15
5
12
6

E(R̃)
10
9

σ(R̃)
5
3

E(R̃)/σ(R̃)
2
3

The table also shows the expected return E(R̃), the standard deviation of the random return
σ(R̃), and the Sharpe ratio E(R̃)/σ(R̃) of each asset, computed as follows:
E(R̃1 ) = (1/2)15 + (1/2)5 = 10,
σ(R̃1 ) = [(1/2)(15 − 10)2 + (1/2)(5 − 10)2 ]1/2 = 5,
E(R̃1 )/σ(R̃1 ) = 10/5 = 2
E(R̃2 ) = (1/2)12 + (1/2)6 = 9,
σ(R̃2 ) = [(1/2)(12 − 9)2 + (1/2)(6 − 9)2 ]1/2 = 3,
E(R̃2 )/σ(R̃2 ) = 9/3 = 3.
As we discussed in class, the formula E(R̃)/σ(R̃) for the Sharpe ratio reflects our simplifying
assumption that the risk-free interest rate is zero. From the various entries in the table, we
can now answer each of the questions below.
a. Does either asset display state-by-state dominance over the other? No! Asset 1 has a
higher return in the good state, but asset 2 has a higher return in the bad state.
b. Does either asset display mean-variance dominance over the other? No! Asset 1 has
a higher expected return, but also a higher standard deviation of its random return,
compared to asset 2.
c. Does either asset have a Sharpe ratio that is larger than the other? Yes! Asset 2 has
the higher Sharpe ratio.

1

2. Insurance
A consumer with initial income of $100,000 faces a 1 percent probability of experiencing
a loss of 90 percent of his or her income. This investor has preferences described by a
von Neumann-Morgenstern expected utility function with Bernoulli utility function of the
natural log form: u(Y ) = ln(Y ).
a. If the consumer does not buy insurance, he or she will have income of $100,000 with 99
percent probability and income $10,000 with 1 percent probability. His or her expected
utility is therefore
0.99 ln(100000) + 0.01 ln(10000).
b. If the consumer buys insurance, he or she will have income of 100000 − x no matter
what, where x is the cost of the insurance. Expected utility is therefore
ln(100000 − x).
c. The largest amount x∗ that the consumer will pay for insurance is the value of x that
makes him or her indifferent between buying and not buying insurance. This value x∗
satisfies
ln(100000 − x∗ ) = 0.99 ln(100000) + 0.01 ln(10000)
or
exp[ln(100000 − x∗ )] = exp[0.99 ln(100000) + 0.01 ln(10000)]
100000 − x∗ = exp[0.99 ln(100000) + 0.01 ln(10000)]
x∗ = 100000 − exp[0.99 ln(100000) + 0.01 ln(10000)] = 100000 − 97724 = 2276.28.
Evidently, the consumer will pay up to $2,276.28 to insure against the loss.

3. Wealth, Risk Aversion, and Portfolio Allocation
An investor with initial wealth Y0 = 1000 allocates the amount a to stocks, which provide
return rG = 0.25 in a good state next year that occurs with probability π = 1/2 and
return rB = −0.20 (a 20 percent loss) in a bad state next year that occurs with probability
1 − π = 1/2. The investor allocates the remaining amount Y0 − a to a risk-free bond, which
provides a return rf = 0 in both states next year. The investor’s preferences can be described
by a von Neumann-Morgenstern expected utility function, with Bernoulli utility function of
the constant relative risk aversion form
u(Y ) =

Y 1−γ − 1
,
1−γ

where, in particular, γ = 1/2.
Therefore, the investor solves




1 (1000 + 0.25a)1/2 − 1
1 (1000 − 0.20a)1/2 − 1
max
+
.
a
2
1/2
2
1/2
2

a. The first-order condition for the investor’s optimal choice of a∗ is




1
0.25
1
0.20
−
= 0.
2 (1000 + 0.25a∗ )1/2
2 (1000 − 0.20a∗ )1/2
This first-order condition implies that




1
0.25
1
0.20
=
2 (1000 + 0.25a∗ )1/2
2 (1000 − 0.20a∗ )1/2
1/2
1000 − 0.20a∗
0.20
=
∗
1000 + 0.25a
0.25


1/2
1000 − 0.20a∗
4
=
∗
1000 + 0.25a
5


2
1000 − 0.20a∗
4
=
1000 + 0.25a∗
5



1000 − 0.20a∗
16
= .
∗
1000 + 0.25a
25
∗
25000 − 5a = 16000 + 4a∗ .
9000 = 9a∗
a∗ = 1000.
Evidently, in this case, it is optimal for the investor to allocate all of his or her wealth
to stocks.
b. We know from our in-class discussions that an investor with constant relative risk aversion will choose an optimal share of initial wealth a∗ /Y0 to allocate to the stock market,
and will therefore increase or decrease a∗ proportionally as Y0 changes. Therefore, even
without solving the problem again, we know that if initial wealth doubles to Y0 = 2000,
the amount allocated to stocks will double as well, so that a∗ = 2000.
c. We also know from our in-class discussions that more risk averse investors will allocate
less to the stock market. Although we would have to solve the problem again to find
the exact value of a∗ if the investor’s constant coefficient of relative risk aversion rises
to 2, we can say for sure without re-solving the problem that the value of a∗ will be
smaller when γ = 2 than it is in part (a), where γ = 1/2.

4. A Risk-Return Tradeoff
An investor allocates the share w of his or her initial wealth to a stock mutual fund with
risky (random) return r̃, expected return µr , and standard deviation of its random return
σr , and the remaining share 1 − w to a risk-free bond with return rf . Stocks are risky, since
σr > 0, but have a higher expected return than bonds, since µr > rf .
3

a. In general, the random return r̃p on the investor’s overall portfolio will be a weighted
average of the return on its two component, in this case the stock mutual fund and the
risk-free bond, with weights equal to the portfolio shares. Therefore
r̃p = wr̃ + (1 − w)rf .
From this relationship, it follows that the expected return on the overall portfolio is
also a weighted average of the expected return on stocks and the risk free rate:
µp = E(r̃p ) = E[wr̃ + (1 − w)rf ] = wE(r̃) + (1 − w)rf = wµr + (1 − w)rf .
By rewriting this last expression as
µp = rf + w(µr − rf )
and recalling the assumption that µr > rf , we can see that the expected return µp on
the overall portfolio will rise if the investor chooses a larger value of w.
b. In general, it is not true that the standard deviation of a portfolio’s random return is
a weighted average of the standard deviations of the returns on the individual assets
contained in that portfolio. In this special case, however, where there is only one risky
asset and one safe asset, the formulas for the portfolio’s return and expected return
imply that the variance of its random return is
σp2 = E[(r̃ − µr )2 ]
= E{[wr̃ + (1 − w)rf − wµr − (1 − w)rf ]2 }
= E{[w(r̃ − µr )]2 }
= w2 E[(r̃ − µr )2 ]
= w2 σr2 .
Under the assumption that w ≥ 0, therefore, the standard deviation of its random
return is
σp = wσr .
This expression shows that the standard deviation of the return on the investor’s
portfolio will also rise if the investor chooses a larger value of w.
c. To derive the formula that relates µp directly to σp and thereby summarizes the riskreturn tradeoff faced by the investor, rewrite the formula for the portfolio’s standard
deviation as
σp
w=
σr
and substitute this expression for w into the formula for the portfolio’s expected return:


 
µr − rf
σp
µp = rf + w(µr − rf ) = rf +
(µr − rf ) = rf +
σp
σr
σr
This expression shows that the relationship between µp and σp is linear with y-intercept
equal to rf and slope equal to the risky mutual fund’s Sharpe ratio.
4

5. Using the CAPM to Price a Risky Cashflow
The risk-free interest rate on one-year government bonds is rf = 0.01 and the risky return
r̃M over the next year on the stock market as a whole has expected value E(r̃M ) = 0.07 and
2
variance σM
= 0.03.
Asset A sells for price P A today and makes a random payoff C̃ one year from now, with
E(C˜A ) = 105. Asset A’s random return r̃A is assumed to be normally distributed, with
variance σA2 = 0.04 and covariance cov(r̃A , r̃M ) = σAM = 0.02 with the market’s return.
a. Asset A’s capital asset pricing model (CAPM) beta is
βA =

0.02
2
σAM
=
= .
2
σM
0.03
3

b. According to the CAPM, asset A’s expected return should be
E(r̃A ) = rf + βA [E(r̃M ) − rf ] = 0.01 +

2
× (0.07 − 0.01) = 0.01 + 0.04 = 0.05,
3

or 5 percent. Since asset A’s expected return is related to its price via
E(r̃A ) =

E(C̃ A )
−1
PA

and since its expected payoff is given as E(C˜A ) = 105, the CAPM also implies that
0.05 =

105
−1
PA

1.05 =
PA =

105
.
PA

105
= 100.
1.05

c. If, instead, asset A’s random return has covariance cov(r̃A , r̃M ) = σAM = 0.03 with the
market’s return, its CAPM beta will be higher, its expected return will be higher, and
its price today will be lower, than the values computed above. Intuitively, the higher
covariance with the market return means that investors will find asset A less useful for
diversification; it will therefore have to sell at a lower price.
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Midterm Exam
ECON 337901 - Financial Economics
Boston College, Department of Economics

Peter Ireland
Spring 2021

Due Thursday, April 1
This exam has two questions on seven pages; before you begin, please check to make sure
that your copy has both questions and all seven pages. Please note, as well, that question
one has three parts while question 2 has just one part. Each part of each question will
be weighted equally in determining your overall exam score, so that question 1 is worth 75
points in total, question 2 is worth 25 points in total, and the sum overall is 100 points.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
This is an open-book exam, meaning that it is fine for you to consult your notes and all material from the course and Canvas webpages when working on your answers to the questions.
I expect you to work independently on the exam, however, without discussing the questions
or answers with anyone else, in person or electronically, inside or outside of the class; the
answers you submit must be yours and yours alone.
1. Dynamic Hedging
By solving this problem, you will see how, in a richer and more realistic environment where
there are more than two future states of the world, traders can use a “dynamic hedging”
strategy to replicate payoffs on a stock option. The strategy is “dynamic” because the
trader must adjust the numbers of shares of stock and government bonds used to replicate
the option’s payoffs as the stock price rises or falls over time. By computing the cost of the
shifting portfolio at different dates, you will also see how the price of the stock option is
determined and how it, too, changes over time.
Suppose, in particular, that there are three periods: t = 0, t = 1, and t = 2. Suppose the
price of a share of stock is initially P0 = 100 in period t = 0 and that, in between each of the
two periods that follow, the stock price either rises by 20 percent with probability π = 1/2
or falls by 10 percent with probability 1 − π = 1/2. These assumptions imply that the stock
price follows the pattern illustrated by the “binomial tree” shown below:

1

In particular, from the initial price P0 = 100 in period t = 0, the stock price rises to P1G = 120
in a good state in period t = 1 but falls to P1B = 90 in a bad state in period t = 1. Then,
if the good state occurs at t = 1, the stock price will rise to P2G = 144 in a good state in
period t = 2 but fall to P2M = 108 in a medium state in period t = 2. And if the bad state
occurs at t = 1, the stock price will rise to P2M = 108 in a medium state in period t = 2
but fall to P2B = 80 in a bad state at t = 2. Note that since there are two paths along the
binominal tree that lead to the medium state at t = 2, but only one path that leads to the
good state at t = 2 and one path that leads to the bad state t = 2, the medium state is
more likely to occur. In particular, from the perspective of t = 0, the medium state at t = 2
will occur with probability 1/2, while the good and bad states at t = 2 will each occur with
probability 1/4.
Suppose that, in the meantime, the price of a government bond stays constant at 100 both
over time and across states of the world, so that as shown in the binominal tree below,
B
Q0 = 100 is the price of a bond at t = 0, QG
1 = 100 and Q2 = 100 are the prices of a bond
M
B
in the good and bad states at t = 1, and QG
2 = 100, Q2 = 100, and Q2 = 100 are the prices
of the bond in the good, medium, and bad states at t = 2.

2

The assumption that the bond price remains constant implies that the interest rate on bonds
equals zero. We’ll make the assumption here, mainly for our own convenience since it will
make the calculations easier. However, the assumption of zero interest rates is not too
unrealistic these days.
Our goal will be to use this information about the prices of the stock and bond to price a
call option that gives the holder the right, but not the obligation, to buy a share of stock at
the strike price K = 100 at t = 2. With reference to the binomial tree for the stock, we can
infer that the holder of this option will find it optimal to exercise when it is “in the money”
in the good and medium states at t = 2 but to allow the option to expire when it is “out of
the money” in the bad state at t = 2. We can begin constructing the binomial tree for the
option itself, therefore, by noting that the option’s value will be V2G = 44 in the good state
at t = 2, V2M = 8 in the medium state at t = 2, and V2B = 0 in the bad state at t = 2:

3

As indicated in this same binominal tree, our task that remains is to use no arbitrage
arguments to determine the price (or “value”) of the option V1G and V1B in the good and
bad states at t = 1 and the price of the option V0 at t = 0.
To accomplish these goals, we will work through a process of “backwards recursion,” so
called because we will start by finding the value of the option in each of the two states at
t = 1 and then use those results to determine the value of the option at t = 0.
a. Start by considering the situation that prevails in the good state at t = 1. At that
time and in that state, the stock sells for P1G = 120 and the bond sells for QG
1 = 100.
G
Looking ahead to t = 2, the stock price can rise to P2 = 144 in the good state at t = 2
but can fall to P2M = 108 in the medium state at t = 2. In the meantime, the bond’s
M
value stays the same, with QG
2 = 100 and Q2 = 100, no matter what happens between
t = 1 and t = 2. We want to find a portfolio consisting of s shares of stock and b bonds
that will replicate the option’s payoffs, equal to V2G = 44 in the good state at t = 2
and V2M = 8 in the medium state at t = 2. If we look at the problem in this way, we
can see that mathematically, it takes the same form as those we’ve solved before. To
match the option’s payoff in the good state, s and b must satisfy
144s + 100b = 44
and to match the option’s payoff in the medium state, s and b must satisfy
108s + 100b = 8.
Use this two-equation system to find the numerical values of s and b, the numbers
of shares of stock and bonds that must be purchased (if positive) or sold short (if
4

negative) to replicate the option’s payoffs looking ahead from the good state at t = 1.
Then, use the fact that the stock sells for P1G = 120 and the bond sells for QG
1 = 100
G
in the good state at t = 1 to compute the price V1 of the option in the good state at
t = 1 assuming that there are no arbitrage opportunities across the markets for stocks,
bonds, and options.
b. Now consider instead the situation that prevails in the bad state at t = 1. At that
time and in that state, the stock sells for P1B = 90 and the bond sells for QB
1 = 100.
Looking ahead to t = 2, the stock price can rise back to P2M = 108 in the medium
state at t = 2 but can fall still further to P2B = 81 in the bad state at t = 2. In
B
the meantime, the bond’s value stays the same, with QM
2 = 100 and Q2 = 100, no
matter what happens between t = 1 and t = 2. Once again, we want to find a portfolio
consisting of s shares of stock and b bonds that will replicate the option’s payoffs, equal
to V2M = 8 in the good state at t = 2 and V2B = 0 in the bad state at t = 2. Using all
of this information, write down the two equations that s and b must satisfy and use
them to find the numerical values of s and b, the number of shares of stock and bonds
that must be purchased (if positive) or sold short (if negative) to replicate the option’s
payoffs looking ahead from the bad state at t = 1. Then, use these values of s and b
to compute the price V1B of the option in the bad state at t = 1 assuming that there
are no arbitrage opportunities across the markets for stocks, bonds, and options.
c. In part (a), you should have found that the call option price is V1G = 20 in the good
state at t = 1. And in part (b), you should have found that the call option price is
V1B = 8/3 = 2.67 in the bad state at t = 1. Therefore, we can continue to fill in the
binomial tree for the option as shown below:

5

Now, let’s step back to t = 0, when the stock sells for P0 = 100 and the bond for
Q0 = 100. Looking ahead to t = 1, we know that the stock price will rise to P1G = 120
in the good state but fall to P1B = 90 in the bad state. We also know that the bond
B
price will remain at QG
1 = Q1 = 100 no matter what. Once more, we want to find a
portfolio consisting of s shares of stock and b bonds to replicate the options payoffs,
equal to V1G = 20 if we move to the good state at t = 1 and V1B = 8/3 if we move to
the bad state at t = 1. Write down the two equations that s and b must satisfy and
use them to find the numerical values of s and b, the number of shares of stock and
bonds that must be purchased (if positive) or sold short (if negative) to replicate the
option’s payoffs looking ahead from t = 0 to t = 1. Then, use these values of s and b
to compute the price V0 of the option at t = 0 assuming that there are no arbitrage
opportunities across the markets for stocks, bonds, and options.
2. Using Options to Infer Contingent Claims Prices
In 1978, Douglas Breeden and Robert Litzenberger showed how options on the Standard
& Poor’s 500 stock index could be used to infer the prices of contingent claims in the real
world. Recall from our discussions in class that to do this, they assumed that there are N
states of the world, corresponding to different levels of the S&P500, with
P1 < P2 < ... < PN
and
P i+1 = P i + δ
for some δ > 0. That is, better states of the world correspond to higher levels of the S&P
500, with levels of the S&P 500 arranged on a grid with δ points between each entry.
Next, Breeden and Litzenberger showed that if one constructs a “butterfly” portfolio of call
options by buying one call on the S&P 500 with strike price P i−1 , writing (selling short) two
calls on the S&P 500 with strike price P i , and buying one call on the S&P 500 with strike
price P i+1 , then the resulting portfolio will pay off δ dollars in state i, when the S&P 500
is at level P = P i , and zero otherwise. Thus, if qoi denotes the price of a call option with
i
strike price P i , no arbitrage implies that the price qcc
of a contingent claim that pays off one
dollar in state i and zero otherwise can be computed as
i
qcc
= (1/δ)(qoi−1 + qoi+1 − 2qoi ).

The table below shows prices (at the close of business on Friday, March 12, when the S&P
500 itself stood at 3943) of call options on the S&P 500 expiring on May 21, 2021, for five
strike prices on a grid that sets δ = 100, taken from the “quotes dashboard” on the website
of the Chicago Board Options Exchange:

6

S&P 500 Call Option Prices
May 21, 2021 Expiration
Strike Price
Option Price
1
K = P = 3800
qo1 = 221
K = P 2 = 3900
qo2 = 150
K = P 3 = 4000
qo3 = 91
4
K = P = 4100
qo4 = 50
K = P 5 = 4200
qo5 = 25
Use these data, together with Breeden and Litzenberger’s formula, to infer the prices of
a contingent claim for the states in which the S&P 500 is at P 2 = 3900, P 3 = 4000 and
P 4 = 4100 on May 21.
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1. Dynamic Hedging
The binomial tree for the price of the stock is

and the binomial tree for the price of the bond is

1

We want to use the data from these trees to “price” a call option that gives the holder the
right, but not the obligation, to buy a share of stock at the strike price K = 100 at t = 2.
a. To begin the process of “backwards recursion,” start in the good state at t = 1.
Looking ahead to t = 2, the stock price may rise to P2G = 144 in the good state or fall
to P2M = 108 in the medium state. Either way, the call will be in the money, worth
V2G = 44 in the good state and V2M = 8 in the medium state. The bond is worth 100
no matter what. Therefore, if s is the number of shares of stock and b the number of
bonds required to form the portfolio that replicates the option’s payoffs in both states,
these values must satisfy
144s + 100b = 44
and
108s + 100b = 8.
The easiest way to solve this system of equation is to subtract the second equation
from the first to eliminate the term involving b; the result shows that
36s = 36
or s = 1. Plugging this solution for s back into either of the two original equations
and solving for b yields b = −1. No arbitrage requires the price V1G in the good state
at t = 1 to equal the cost of assembling this portfolio. Since P1G = 120 is the stock
price and QG
1 = 100 is the bond price in the good state at t = 1, we now know that
V1G = 120 − 100 = 20.
2

b. Next, let’s move down to the bad state at t = 1. Looking ahead to t = 2, the stock
price may rise to P2M = 108 in the medium state or fall to P2G = 81 in the bad state.
Now, the call will be in the money, worth V2M = 8, in the medium state, but out of
the money, worth V2B = 0 in the bad state. The bond is again worth 100 no matter
what. Now for the portfolio that replicates the option’s payoffs, s and b must satisfy
108s + 100b = 8
and
81s + 100b = 0.
Again, it’s most convenient to subtract the second equation from the first to eliminate
b and solve for
27s = 8
or s = 8/27. Now use either of the two original equations to find b = −24/100. No
arbitrage requires the price V1B in the bad state at t = 1 to equal the cost of assembling
this portfolio. Since P1B = 90 is the stock price and QB
1 = 100 is the bond price in the
bad state at t = 1, we now know that
V1B = 90(8/27) − 100(24/100) = 8/3.
c. Finally, let’s move back to t = 0. We’ve already found that the option will be worth
V1G = 20 in the good state at t = 1 and V1B = 8/3 in the bad state at t = 1. We also
know from the original binomial trees that the stock price will be P1G = 120 in the
good state at t = 1 and P1B = 90 in the bad state at t = 1. The bond is still worth
100 no matter what. Now for the portfolio that replicates the option’s payoffs, s and
b must satisfy
120s + 100b = 20
and
90s + 100b = 8/3.
Again, it’s most convenient to subtract the second equation from the first to eliminate
b and solve for
30s = 52/3
or s = 52/90. Now use either of the two original equations to find b = −148/300. No
arbitrage requires the price V0 at t = 0 to equal the cost of assembling this portfolio.
Since P0 = 100 is the stock price and QB
0 = 100 is the bond price at t = 0, we now
know that
V0 = 100(52/90) − 100(148/300) = 8 4/9 = 8.44.
Before moving on to problem 2, let’s view the dynamic hedging strategy required to match
the option’s payoffs from the perspective of a trader, moving forwards instead of backwards
in “real time.” At t = 0, the solution to part (c) from above shows that this trader must
buy s = 52/90 = 0.58 shares of stock to replicate the option’s payoffs moving from t = 0 to
t = 1.
3

Now, suppose that the good state arrives at t = 1. The solution to part (a) from above shows
that, even as the stock price rises from P0 = 100 to P1G = 120, the trader must increase his
or her holdings of the stock to s = 1 share. Suppose, on the other hand, that the bad state
arrives at t = 1. The solution to part (b) from above shows that, even as the stock price
falls from P0 = 100 to P1B = 90, the trader must decrease his or her holdings of the stock to
s = 8/27 = 0.30 shares.
Thus, a trader using dynamic hedging to track the value of a stock option will have to buy
shares when the stock price is rising and sell shares when the stock price is falling. These
trading strategies can sometimes work to amplify stock price movements during a short
squeeze, as with GameStop in early 2021. Similar strategies have also been blamed for part
of the “Black Monday” stock market crash on October 19, 1987, when the S&P 500 stock
index declined by more than 20 percent on one day.
2. Using Options to Infer Contingent Claims Prices
Douglas Breeden and Robert Litzenberger showed how options on the Standard & Poor’s
500 stock index could be used to infer the prices of contingent claims in the real world. To
do this, they assumed that there are N states of the world, corresponding to different levels
of the S&P500, with
P1 < P2 < ... < PN
and
P i+1 = P i + δ
for some δ > 0. That is, better states of the world correspond to higher levels of the S&P
500, with levels of the S&P 500 arranged on a grid with δ points between each entry.
Next, Breeden and Litzenberger showed that if one constructs a “butterfly” portfolio of call
options by buying one call on the S&P 500 with strike price P i−1 , writing (selling short) two
calls on the S&P 500 with strike price P i , and buying one call on the S&P 500 with strike
price P i+1 , then the resulting portfolio will pay off δ dollars in state i, when the S&P 500
is at level P = P i , and zero otherwise. Thus, if qoi denotes the price of a call option with
i
strike price P i , no arbitrage implies that the price qcc
of a contingent claim that pays off one
dollar in state i and zero otherwise can be computed as
i
qcc
= (1/δ)(qoi−1 + qoi+1 − 2qoi ).

The table below shows prices of call options on the S&P 500 expiring on May 21, 2022, for
five strike prices on a grid that sets δ = 100, taken from the “quotes dashboard” on the
website of the Chicago Board Options Exchange:
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S&P 500 Call Option Prices
May 21, 2021 Expiration
Strike Price
Option Price
1
K = P = 3800
qo1 = 221
K = P 2 = 3900
qo2 = 150
K = P 3 = 4000
qo3 = 91
4
K = P = 4100
qo4 = 50
K = P 5 = 4200
qo5 = 25
Besides the genius that lies behind the basic idea, what is truly impressive about Breeden
and Litzenberger’s results is how easy they are to apply in practice: we can exploit the
similarity between option payoffs and contingent claims payoffs to infer contingent claims
prices from options prices without having to solve any system of equations!
In particular, to price a contingent claim for the state in which the S&P 500 is at P 2 = 3900
on May 21, we only need to plug the relevant options prices into the formula and compute
2
qcc
= (1/100)(221 + 91 − 2 × 150) = 0.12.

Likewise, for the states in which the S&P 500 is at P 3 = 4000 or P 4 = 4100:
3
qcc
= (1/100)(150 + 50 − 2 × 91) = 0.18

and
4
qcc
= (1/100)(91 + 25 − 2 × 50) = 0.16.

This small set of calculations illustrates how we can use option prices to infer contingent
claims prices in the real world. As S&P options trade with many strike prices above and
below those shown in the table, we can use the same procedure to infer contingent claims
prices for even better or worse states of the world. And since S&P 500 options also trade
with strike prices at intervals as small as 10 points, we can use the same procedure to price
contingent claims for large number of states intermediate to those considered here.
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Final Exam
ECON 337901 - Financial Economics
Boston College, Department of Economics

Peter Ireland
Spring 2021

Due Saturday, May 15
This exam has three questions on seven pages; before you begin, please check to make sure
that your copy has all three questions and all seven pages. Each question will be weighed
equally in determining your overall exam score.
To answer questions 1 and 3, you will need to download two files from the course webpage.
One, containing monthly data on stock returns from 2016 through 2020, is available either
as an Excel spreadsheet or a plain text file at
http://irelandp.com/econ3379/exams/final21s_monthly.xlsx
or
http://irelandp.com/econ3379/exams/final21s_monthly.txt
The other, containing annual data on stock returns from 1927 through 2020, is available in
the same two formats at
http://irelandp.com/econ3379/exams/final21s_annual.xlsx
or
http://irelandp.com/econ3379/exams/final21s_annual.txt
Note that Excel spreadsheets can also be read by Google Sheets, so if you don’t have Excel on
your computer or if you are going to do the calculations in Google Sheets anyway (instructions
for this are given on the pages that follow), you can use Google Sheets instead.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
This is an open-book exam, meaning that it is fine for you to consult your notes and all material from the course and Canvas webpages when working on your answers to the questions.
I expect you to work independently on the exam, however, without discussing the questions
or answers with anyone else, in person or electronically, inside or outside of the class; the
answers you submit must be yours and yours alone.
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1. Estimating CAPM Betas
Financial economists and financial market participants typically estimate CAPM betas for
individual stocks using 5 years of monthly data. The 5-year data sample is long enough to
provide statistically precise estimates. But, by going back only 5 years, these analysts avoid
using data from the more distant past that may not be relevant for predicting stock returns
in the future.
The monthly data set mentioned above contains data on monthly returns, running from
January 2016 through December 2020 on the market as a whole and on six individual stocks:
Apple Computer, Ford Motor Company, Google (now officially known as Alphabet Inc),
Kellogg, US Steel, and Walmart.
Use these data to estimate the CAPM betas for each of the six individual stocks.
There are at least three ways of doing this. Choose whichever is easiest or most convenient
for you.
One way is to load the data into a statistics or econometrics software package like Stata
or R, and regress each individual stock return on a constant and the market return. The
slope coefficient from this regression equals the CAPM beta: the covariance between the
dependent variable (the individual stock return) and the independent variable (the market
return) divided by the variance of the the independent variable (the market return).
It is also possible to estimate the slope coefficient from the regression described above using
Google Sheets. To do this, download the Excel spreadsheet and open it, instead, with Google
Sheets. Then, to estimate the beta for Apple Computer’s stock, use the command
=slope(C12:C71,B12:B71)
For the other five stocks, keep the range of the independent variable B12:B71 as above, but
change the range of the dependent variable to match the columns containing data for the
other stock returns.
A third way is to use Excel, Google Sheets, or some other computer program to calculate
the covariance between the individual stock return and the market return and the variance
of the market return, then to divide the covariance by the variance.
Now you know how to estimate CAPM betas!
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2. CAPM Betas and Expected Returns
Use the CAPM betas that you estimated above to determine the expected return
on each of the six individual stocks.
To do this, you also need to estimate the risk-free rate and the expected return on the market
portfolio. For this task, it is useful to find data on a slightly longer sample of data, since
interest rates have been unusually low and stock returns unusually high over the past five
years alone.
The annual data set mentioned above contains data on annual returns, running all the way
back to 1927 and extending through 2020. Because this period includes the Great Depression
of 1929 through 1933 and the era of very high inflation during the 1970s, however, it may
be too long to reliably predict stock returns in the near future.
Instead, let’s use the annual data but focus on just the 21 years from 2000 through 2020.
Over that period, the average return on the stock market has been 8.80 percent and the
average risk-free rate has been 1.59 percent. These averages suggest setting E(r̃M ) = 8.80
and rf = 1.59 in the CAPM formula
E(r̃j ) = rf + βj [E(r̃M ) − rf ].
Plugging these numbers in on the right-hand side together with your estimates of the betas
from question 1 will produce the CAPM estimates of the expected return on each of the six
stocks.
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3. Value Stocks and the CAPM
Many successful investors have learned that it is possible to “beat the market,” that is,
earn average returns above those provided by the market as a whole, by investing in “value
stocks,” that is, shares in old-fashioned companies that most other investors ignore and
whose prices are beaten down and by avoiding “growth stocks,” that is, shares in newer
and more popular companies whose prices have already been bid up. Warren Buffett, most
famously, made his fortune partly through “value investing,” but many others have profited
from the strategy as well.
The superior performance of value stocks over growth stocks can be quantified using the
“HML” measure developed by Eugene Fama and Kenneth French and described in more
detail below. According to this measure, value stocks provided annual returns that were,
on average, 5.9 percentage points higher over a long period extending from 1927 through
2006. Interestingly, growth stocks have done much better recently: from 2007 through 2020,
they have returned, on average, 6.9 percentage points more than value stocks. Even after
accounting for this recent reversal, however, over the full period from 1927 through 2020,
the annual return on value stocks remains 4.0 percentage points higher, on average, than the
return on growth stocks.
Financial economists will always be quick to point out that higher average or expected
returns on value compared to growth stocks do not necessarily violate the implications of
the CAPM. Suppose, in particular, that value stocks have higher CAPM betas than growth
stocks. Then the CAPM predicts that value stocks will have higher expected returns as well.
The interpretation of Warren Buffett’s success would then be: he earned higher returns, but
only because he was willing to take on more aggregate risk.
It turns out, though, that two famous research articles, one by Barr Rosenberg, Kenneth
Reid, and Ronald Lanstein (“Persuasive Evidence of Market Inefficiency,” Journal of Portfolio Management, Spring 1985) and the other by Eugene Fama and Kenneth French (“Common Risk Factors in the Returns on Stocks and Bonds,” Journal of Financial Economics,
February 1993), find that higher average returns on value stocks compared to growth do
violate the CAPM. That is, value stocks offer higher average returns than growth stocks,
even after accounting for differences in their CAPM betas.
By answering this question, you will see whether or not the earlier results presented by
Rosenberg, Reid, and Lanstein and by Fama and French continue to hold in the longer set
of annual data, running from 1927 through 2020, mentioned above. This data set runs well
beyond those used in the original studies. This exercise is both interesting and important
because, as noted above, value investing strategies have performed quite poorly, in recent
years, while growth stocks like Apple, Facebook, and Google have provided far superior
returns. If you include this recent data in your sample, will it still appear that value stocks
outperform growth stocks on average? Are the differences in expected returns still larger
than what is predicted by the CAPM? And are the deviations from the CAPM’s predictions
still “statistically significant?” These are the broader issues you will address here.
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Rosenberg, Reid, and Lanstein and Fama and French distinguish value from growth stocks
by comparing each company’s “book value” to its “market value.” Book value measures the
accounting value of the firm’s assets per share. Market value is just the market price of each
share of stock. According to Rosenberg and Fama and French, therefore, value stocks are
those with high book compared to market values, and growth stocks are those with low book
to market values.
Let r̃H be the random return on a portfolio of high book-to-market value stocks, and let r̃L
be the random return on a portfolio of low book-to-market growth stocks. As usual, let r̃M
be the random return on the market portfolio and let rf be the risk-free rate. Then, as we
know, the CAPM implies
E(r̃H ) = rf + βH [E(r̃M ) − rf ]
(1)
and
E(r̃L ) = rf + βL [E(r̃M ) − rf ],

(2)

where βH and βL are the CAPM betas on the portfolios of value and growth stocks.
To concentrate specifically on the returns from a value investing strategy, Fama and French
define an HML (“high-minus-low”) portfolio that takes long positions in value stocks and
short positions of equal value in growth stocks. The random return on this HML portfolio
is therefore
r̃HM L = r̃H − r̃L .
and, according to the CAPM
E(r̃HM L ) = βHM L [E(r̃M ) − rf ],

(3)

where
βHM L = βH − βL
is the CAPM beta on the HML portfolio, and also the difference between the beta on the
value portfolio and the beta on the growth portfolio.
What is striking is that the risk-free rate rf gets eliminated when (3) is derived by subtracting
(2) from (1). This happens because the HML portfolio attempts to generate an “excess
return” by taking long and short positions of equal value in the two sets of stocks: value
(long) and growth (short). This implication of (3) will form the basis of our statistical test
of the CAPM and, specifically, of the continued profitability of the value investing strategy
embodied in Fama and French’s HML portfolio.
Consider, in particular, a regression of the return on the HML portfolio on a constant and
the difference between the market return and the risk-free rate:
r̃HM L,t = α + β(r̃M,t − rf,t ) + et

(4)

where r̃HM L,t is the HML return at time t, r̃M,t and rf,t are the market return and the riskfree rate at time t, and et is the regression error term. Remember from econometrics that
the regression error term has mean (expected value) zero: E(et ) = 0 Therefore, (4) implies
E(r̃HM L,t ) = α + β[E(r̃M,t ) − rf,t ].
5

(5)

Comparing (3) and (5), we can see that the slope coefficient β from the regression equation
(4) provides an estimate of the HML portfolio’s CAPM beta. More importantly for our
purposes, (3) implies that according to the CAPM, the intercept term α in the regression
equation (4) should equal zero. We can test the CAPM’s implications, therefore, by seeing
whether the estimated value of α in (4) is statistically different from zero. The annual data
set mentioned above contains data on the HML return r̃HM L,t and the excess return on the
market r̃M,t − rf,t that you can use to run this statistical test. Since, for this question, we
are interested in interpreting the past as opposed to predicting the future, it makes sense to
use the full range of annual data running from 1927 through 2020.
Use these data to estimate the regression in (4). Then, use the t-statistic to test
the null hypothesis, implied by the CAPM, that the intercept is equal to zero.
There are at least two ways of doing this. Choose which is easiest or most convenient for
you.
One way is to load the data into a statistics or econometrics software package, like Stata or
R, and regress the HML return on a constant and the excess return on the market. Most
software packages will report the estimated intercept and slope coefficients, their standard
errors, and the t-statistic used to test the null hypothesis that the intercept (or the slope,
but here we’re interested in the intercept), equals zero. Remember that for data samples of
the size we have here, with n = 94 annual observations covering 1927-2020, a t-statistic that
is larger than 1.99 means that you can reject the null hypothesis at the 95 percent confidence
level and a t-statistic that is larger than 1.66 means that you can reject the null hypothesis
at the 90 percent confidence level.
A second way is to use Google Sheets. This requires several steps, but none of these steps is
terribly onerous; so you can do this if you don’t want to re-familiarize yourself with whatever
statistics software package you may have used for stats and/or econometrics.
The first step is to download the Excel spreadsheet and open it, instead, with Google Sheets.
Then, estimate the intercept from the regression in (4) using the command
=intercept(e11:e104,d11:d104)
and the slope using the command
=slope(e11:e104,d11:d104)
You should find that the slope coefficient is positive but relatively small. What this tells
us is that value stocks do have CAPM betas that are slightly higher than those of growth
stocks. Some of the higher returns provided historically by value stocks over growth stocks,
therefore, can be explained by the CAPM as compensation to investors for taking on more
aggregate risk.
The difference between CAPM betas, however, is much too small to explain all of the difference. You should also find that the estimated intercept term is slightly less than 3.5.
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What this tells us is that, even after accounting for differences in CAPM betas, value stocks
have, over the past 94 years, generated average annual returns that are nearly 3.5 percentage
points higher than growth stocks.
The final question is whether the estimate of the intercept term is large enough, relative
to its standard error, to be able to say that it is “statistically significant.” Unfortunately,
there’s no simple command (at least that I know of) that computes standard errors in Google
Sheets. So you will need to do this manually.
Start by creating a new column in the Google sheet that will contain the fitted values of the
regression error term et from (4). Then, fill in the values using the formula
êt = r̃HM L,t − α̂ − β̂(r̃M,t − rf,t ),
where r̃HM L,t and r̃M,t − rf,t are, again, the series in columns E and D and where α̂ and β̂
are your intercept and slope estimates from before. Then (assuming you put this series for
êt in column F of the Google sheet) you can compute the variance of the regression errors
using the command
=var(f11:f104)
Likewise, compute the mean and variance of the independent variable, the excess return on
the market, using the commands
=average(d11:d104)
and
=var(d11:d104)
Finally, let σe2 denote the variance of the regression errors, let x̄ be the mean of the excess
return on the market, and let σx2 be the variance of the excess return on the market; those are
the three statistics you just finished computing in the previous steps. If you search through
enough econometrics textbooks, you’ll eventually find that the standard error for α̂ equals
s  

σe2
σx2 + (x̄)2
,
SE(α̂) =
n
σx2
where n = 94 is the sample size. Note that to apply the formula, you’ll need to square the
mean x̄ of the market return when computing the second fraction and also take the square
root of the product of the two fractions. Now recall that the t-statistic
α̂
SE(α̂)
obtained by dividing α̂ by its standard error rejects the null hypothesis that α̂ = 0 if it
exceeds 1.99 for 95 percent confidence or 1.66 for 90 percent confidence.
So can we still say with statistical confidence that a value investing strategy provides expected
returns above those predicted by the CAPM, even after the past 14 years when growth stocks
have performed much better? Once you’ve answered this question you will know!
7
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1. Estimating CAPM Betas
In the monthly data, the variance of the market return over the five-year period from 2016
2
through 2020 is σM
= 22.16. The table below shows the covariance σjM between each
individual stock return and the market return and the CAPM beta, which can be calculated
2
as σjM /σM
. Since the formula for the CAPM beta is the same as the formula for the
estimated slope coefficient in a regression of the return of each individual stock return on a
constant and the market return, the beta can also be computed from running that regression
with a statistics or econometrics software package.
Estimated
Stock
Apple
Ford
Google
Kellogg
US Steel
Walmart

CAPM Betas
σjM
βj
26.04
1.18
26.67
1.20
19.99
0.90
11.97
0.54
54.57
2.46
8.21
0.37

2. CAPM Betas and Expected Returns
The table below uses the settings E(r̃M ) = 8.80 and rf = 1.59, based on averages of annual
data from 2000 through 2020, together with the CAPM formula
E(r̃j ) = rf + βj [E(r̃M ) − rf ]
and the betas estimated earlier, to compute the expected return E(r̃i ) on each of the six
individual stocks.
Estimated Expected Returns
Stock
σjM
βj
E(r̃j )
Apple
26.04
1.18
10.06
Ford
26.67
1.20
10.27
Google
19.99
0.90
8.10
Kellogg
11.97
0.54
5.48
US Steel
54.57
2.46
19.35
Walmart
8.21
0.37
4.26
1

Notice that, according to the CAPM, shares in companies like US Steel, that are heavily
exposed to the business cycle, have high expected returns. Investors must receive these
high expected returns to compensate for the aggregate risk they take on when buying these
shares. Companies like Kellogg and Walmart, in businesses that are more insulated from
recessions, offer lower expected returns. Investors are willing to hold these shares, despite
their low expected returns, to avoid aggregate risk. Interestingly, despite being in very
different industries, Apple Computer and Ford Motor Company turn out to have similar
betas. According to the CAPM, therefore, they also have very similar expected returns.
3. Value Stocks and the CAPM
A regression of the return on the HML portfolio on a constant and the difference between
the market return and the risk-free rate yields
r̃HM L,t

=

3.47 + 0.06(r̃M,t − rf,t )
(1.72)
(0.08)

+ et

where standard errors appear in parentheses underneath the estimated intercept and slope
coefficients.
The slope coefficient is small and statistically insignificant, confirming that differences in
CAPM betas do not play a big role in explaining why value stocks have provided higher
average returns than growth stocks.
Instead, the intercept is large, implying that after accounting for the small difference in
CAPM betas, value stocks have provided annual returns that are nearly 3.5 percent higher
than growth stocks on average. Moreover, the t-statistic of 3.47/1.72 = 2.02 exceeds the
critical value of 1.99 needed to reject the null hypothesis that the intercept equals zero at
the 95 percent confidence level.
These results show that there is still fairly strong statistical evidence that value investing
strategies provide expected returns higher than those predicted by the CAPM.

2

Midterm Exam
ECON 337901 - Financial Economics
Boston College, Department of Economics

Peter Ireland
Spring 2022

Due Tuesday, March 29
This exam has four questions on ten pages; before you begin, please check to make sure that
your copy has all four questions and all ten pages. Please note, as well, that question 1 has
two parts, question 2 has three parts, question 3 has four parts, and question 4 has just
one part. Each part of each question will be weighted equally in determining your overall
exam score, so that question 1 is worth 20 points, question 2 is worth 30 points, question 3
is worth 40 points, and question 4 is worth 10 points, for a total of 100 points overall.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
This is an open-book exam, meaning that it is fine for you to consult your notes, material
from the course and Canvas webpages, and other printed and electronic resources when
working on your answers to the questions. I expect you to work independently on the
exam, however, without discussing the questions or answers with anyone else, in person or
electronically, inside or outside of the class; the answers you submit must be yours and yours
alone.
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1. Utility Maximization
Consider a consumer who uses his or her income Y to purchase ca apples at the price of pa
per apple and cb bananas at the price of pb per banana, subject to the budget constraint
Y ≥ p a ca + p b cb ,
where income Y and prices pa and pb are all positive numbers.
Suppose that the consumer’s preferences over apples and bananas are described by the utility
function
ca cb .
Therefore, the consumer solves the problem
max ca cb subject to Y ≥ pa ca + pb cb .
ca ,cb

If viewed as a purely mathematical problem, without an economic interpretation, very large
values for the objective function ca cb can be achieved by choosing values for the choice
variables ca and cb that are negative, but very large in magnitude (absolute value). The
economics underlying the problem, however, rule out these choices, requiring instead that ca
and cb be positive numbers.
The solution to the economic problem, therefore, can be found by defining the Lagrangian
L(ca , cb , λ) = ca cb + λ(Y − pa ca − pb cb )
and using the first-order conditions together with the binding constraint, as described below.
a. To start, derive the two first-order conditions for the consumer’s optimal choices c∗a
and c∗b by differentiating the Lagrangian first with respect to ca holding cb constant
and then with respect to cb holding ca constant and, in both cases, setting the result
equal to zero. In deriving these first-order conditions, note that the derivative of the
utility function ca cb with respect to ca equals cb and, likewise, the derivative of the
utility function with respect to cb equals ca .
b. Your two first-order conditions from part (a), together with the binding constraint
Y = pa c∗a + pb c∗b ,
form a system of three equations in three unknowns: the optimal choices c∗a and c∗b
and the corresponding value of λ∗ . Use this system to find solutions that show how
the optimal c∗a depends on Y and pa and the optimal c∗b depends on Y and pb . In
this example, apples and bananas are both “normal goods.” Therefore, your answers
should show that c∗a goes up when Y increases and goes down when pa increases and
that, similarly, c∗b goes up when Y increases and goes down when pb increases.
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2. Dynamic Hedging
By solving this problem, you will see how, in a richer and more realistic environment where
there are more than two future states of the world, traders can use a “dynamic hedging”
strategy to replicate payoffs on a stock option. The strategy is “dynamic” because the
trader must adjust the numbers of shares of stock and government bonds used to replicate
the option’s payoffs as the stock price rises or falls over time. By computing the cost of the
shifting portfolio at different dates, you will also see how the price of the stock option is
determined and how it, too, changes over time.
Suppose, in particular, that there are three periods: t = 0, t = 1, and t = 2. Suppose the
price of a share of stock is initially P0 = 100 in period t = 0 and that, in between each of the
two periods that follow, the stock price either rises or falls as illustrated in the “binomial
tree” shown below:

In particular, from the initial price P0 = 100 in period t = 0, the stock price rises to P1G = 120
in a good state in period t = 1 but falls to P1B = 95 in a bad state in period t = 1. Then,
if the good state occurs at t = 1, the stock price will rise to P2G = 145 in a good state in
period t = 2 but fall to P2M = 115 in a medium state in period t = 2. And if the bad state
occurs at t = 1, the stock price will rise to P2M = 115 in a medium state in period t = 2
but fall to P2B = 90 in a bad state at t = 2. Note that since there are two paths along the
binominal tree that lead to the medium state at t = 2, but only one path that leads to the
good state at t = 2 and one path that leads to the bad state t = 2, the medium state is
more likely to occur. In particular, from the perspective of t = 0, the medium state at t = 2
will occur with probability 1/2, while the good and bad states at t = 2 will each occur with
3

probability 1/4.
Suppose that, in the meantime, the price of a government bond rises gradually over time,
so that as shown in the binominal tree below, Q0 = 90 is the price of the bond at t = 0,
B
QG
1 = 95 and Q2 = 95 are the prices of the bond in the good and bad states at t = 1, and
G
M
Q2 = 100, Q2 = 100, and QB
2 = 100 are the prices of the bond in the good, medium, and
bad states at t = 2.

Thus, the bond in this example is risk-free: an investor who buys it for Q0 = 90 at t = 0 can
B
hold it for one period and receive QG
1 = Q2 = 95 for sure at t = 1 or hold it for two periods
M
B
at receive QG
2 = Q2 = Q2 = 100 for sure at t = 2.
The stock, meanwhile, is risky: it offers a better percentage return moving from t = 0 to the
good state at t = 1, moving from the good state at t = 1 to the good state at t = 2, and
moving from the bad state at t = 1 to the medium state at t = 2, but exposes the investor
to a loss moving from t = 0 to the bad state at t = 1, moving from the good state at t = 1
to the medium state at t = 2, and moving from the bad state at t = 1 to the bad state at
t = 2.
Our goal will be to use this information about the prices of the stock and bond to “price” a
call option that gives the holder the right, but not the obligation, to buy a share of stock at
the strike price K = 100 at t = 2. With reference to the binomial tree for the stock, we can
infer that the holder of this option will find it optimal to exercise when it is “in the money”
in the good and medium states at t = 2 but to allow the option to expire when it is “out of
the money” in the bad state at t = 2. We can begin constructing the binomial tree for the
4

option itself, therefore, by noting that the option’s value will be V2G = 45 in the good state
at t = 2, V2M = 15 in the medium state at t = 2, and V2B = 0 in the bad state at t = 2:

As indicated in this same binominal tree, our task that remains is to use no arbitrage
arguments to determine the price (or “value”) of the option V1G and V1B in the good and
bad states at t = 1 and the price of the option V0 at t = 0.
To accomplish these goals, we will work through a process of “backwards recursion,” so
called because we will start by finding the value of the option in each of the two states at
t = 1 and then use those results to determine the value of the option at t = 0.
a. Start by considering the situation that prevails in the good state at t = 1. At that
time and in that state, the stock sells for P1G = 120 and the bond sells for QG
1 = 95.
G
Looking ahead to t = 2, the stock price can rise to P2 = 145 in the good state at t = 2
but can fall to P2M = 115 in the medium state at t = 2. In the meantime, the bond’s
M
value rises to QG
2 = Q2 = 100 no matter what happens between t = 1 and t = 2. We
want to find a portfolio consisting of s shares of stock and b bonds that will replicate
the option’s payoffs, equal to V2G = 45 in the good state at t = 2 and V2M = 15 in
the medium state at t = 2. If we look at the problem in this way, we can see that
mathematically, it takes the same form as those we’ve solved before. To match the
option’s payoff in the good state, s and b must satisfy
145s + 100b = 45
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and to match the option’s payoff in the medium state, s and b must satisfy
115s + 100b = 15.
Use this two-equation system to find the numerical values of s and b, the numbers
of shares of stock and bonds that must be purchased (if positive) or sold short (if
negative) to replicate the option’s payoffs looking ahead from the good state at t = 1.
Then, use the fact that the stock sells for P1G = 120 and the bond sells for QG
1 = 95
in the good state at t = 1 to compute the price V1G of the option in the good state at
t = 1 assuming that there are no arbitrage opportunities across the markets for stocks,
bonds, and options.
b. Now consider instead the situation that prevails in the bad state at t = 1. At that time
and in that state, the stock sells for P1B = 95 and the bond sells for QB
1 = 95. Looking
M
ahead to t = 2, the stock price can rise back to P2 = 115 in the medium state at
t = 2 but can fall still further to P2B = 90 in the bad state at t = 2. In the meantime,
B
the bond’s value rises to QM
2 = Q2 = 100 no matter what happens between t = 1
and t = 2. Once again, we want to find a portfolio consisting of s shares of stock and
b bonds that will replicate the option’s payoffs, equal to V2M = 15 in the good state
at t = 2 and V2B = 0 in the bad state at t = 2. Using all of this information, write
down the two equations that s and b must satisfy and use them to find the numerical
values of s and b, the number of shares of stock and bonds that must be purchased (if
positive) or sold short (if negative) to replicate the option’s payoffs looking ahead from
the bad state at t = 1. Then, use these values of s and b to compute the price V1B of
the option in the bad state at t = 1 assuming that there are no arbitrage opportunities
across the markets for stocks, bonds, and options.
c. Now, let’s step back to t = 0, when the stock sells for P0 = 100 and the bond for
Q0 = 90. Looking ahead to t = 1, we know that the stock price will rise to P1G = 120
in the good state but fall to P1B = 95 in the bad state. We also know that the bond
B
price will rise to QG
1 = Q1 = 95 no matter what. Once more, we want to find a
portfolio consisting of s shares of stock and b bonds to replicate the options payoffs,
equal to V1G if we move to the good state at t = 1 and V1B if we move to the bad state
at t = 1, where the numerical values for V1G and V1B are known from the solutions to
parts (a) and (b), above. Write down the two equations that s and b must satisfy and
use them to find the numerical values of s and b, the number of shares of stock and
bonds that must be purchased (if positive) or sold short (if negative) to replicate the
option’s payoffs looking ahead from t = 0 to t = 1. Then, use these values of s and b
to compute the price V0 of the option at t = 0 assuming that there are no arbitrage
opportunities across the markets for stocks, bonds, and options.
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3. Futures Pricing
As we discussed on the first day of class, a futures contract is similar to a stock option,
except that it obligates the buyer (an investor taking a long position) to buy a share of stock
at the “delivery price” F at t = 1. Similarly, the futures contract obligates the seller (an
investor taking a short position) to sell a share of stock at price F at t = 1.
Returning to the simpler framework that we’ve used many times before, with only two
periods and two states at t = 1, the event tree below describes a stock, which sells for q s at
t = 0, P G in a good state that occurs with probability π at t = 1, and P B in a bad state
that occurs with probability 1 − π at t = 1.

The cash flows are as seen by an investor taking a long position in the stock, so −q s simply
means that the investor pays q s for the stock at t = 0, then receives either P G or P B
depending on what happens at t = 1.
A bond, meanwhile, sells for q b at t = 0 and pays off one no matter what at t = 1. The cash
flows as seen by an investor taking a long position in the bond are illustrated by the event
tree below.
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An investor taking a long position in the futures contract pays q F for the contract at t = 0.
In the good state at t = 1, that investor is obligated to pay F for a share of stock, which he
or she can sell for P G . Likewise, the in the bad state at t = 1, the investor is obligated to
pay F for the share, which he or she can sell for P B . The event tree illustrating these cash
flows is shown below.
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In this problem, we will use a no-arbitrage argument to “price” the futures contract and to
see, in particular, how the futures price depends on the prices of the stock and the bond.
a. To begin, we need to find the portfolio consisting of s shares of stock and b bonds that
will replicate the payoffs on the futures contract. Using the data on cash flows given
above, write down a system of two equations in the two unknowns s and b that must
hold if the payoffs from the portfolio in both the good and bad state at t = 1 are to
match the payoffs from the futures contract at t = 1.
b. Next, use this system of equations to find solutions for s and b. Note: These solutions
for s and b may depend on some, but not necessarily all, of the parameters P G , P B ,
F , q s , and q b .
c. Now, find the price q F that the futures contract must sell for at t = 0 if there are to be
no arbitrage opportunities across the markets for the stock, bond, and futures contract.
Note: Once again, the solution for q F may depend on some, but not necessarily all, of
the parameters P G , P B , F , q s , and q b .
d. It turns out that, in practice, the prices quoted for futures contracts correspond not to
q F , but rather to the value of the delivery price F that makes q F = 0. Although this
practice might seem strange and unnecessarily complicated when you first hear about
it, after some thought it makes sense. The practice means that the quoted “futures
price” corresponds to the delivery price F that a buyer and seller of the futures contract
agree on so that, with q F = 0, no money needs to “change hands” at t = 0. By setting
q F = 0 in your solution to part (c), above, find a solution that shows how the quoted
delivery price F will depend on the prices q s and q b of the stock and bond at t = 0.
Remember, again from the first day of class, that over the course of a trading day, when
interest rates and hence bond prices do not change much, the price of the Standard &
Poor’s 500 exchange traded fund and the price of the Standard & Poor’s 500 futures
contract move up and down together. Your solution should show, similarly, that so
long as q b remains constant, F and q s will move up and down together.
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4. Using Options to Infer Contingent Claims Prices
In 1978, Douglas Breeden and Robert Litzenberger showed how options on the Standard
& Poor’s 500 stock index could be used to infer the prices of contingent claims in the real
world. Recall from our discussions in class that to do this, they assumed that there are N
states of the world, corresponding to different levels of the S&P500, with
P1 < P2 < ... < PN
and
P i+1 = P i + δ
for some δ > 0. That is, better states of the world correspond to higher levels of the S&P
500, with levels of the S&P 500 arranged on a grid with δ points between each entry.
Next, Breeden and Litzenberger showed that if one constructs a “butterfly” portfolio of call
options by buying one call on the S&P 500 with strike price P i−1 , selling short (sometimes
called “writing”) two calls on the S&P 500 with strike price P i , and buying one call on the
S&P 500 with strike price P i+1 , then the resulting portfolio will pay off δ dollars in state i,
when the S&P 500 is at level P = P i , and zero otherwise. Thus, if qoi denotes the price of a
i
of a contingent claim
call option with strike price P i , no arbitrage implies that the price qcc
that pays off one dollar in state i and zero otherwise can be computed as
i
qcc
= (1/δ)(qoi−1 + qoi+1 − 2qoi ).

The table below shows prices (during the afternoon of Tuesday, March 8, 2022, when the
S&P 500 itself stood at 4250) of call options on the S&P 500 expiring on Friday, May 20,
2022, for six strike prices on a grid that sets δ = 100, taken from the “quotes dashboard” on
the website of the Chicago Board Options Exchange:
S&P 500 Call Option Prices
May 20, 2022 Expiration
Strike Price
Option Price
1
K = P = 4000
qo1 = 373
K = P 2 = 4100
qo2 = 301
K = P 3 = 4200
qo3 = 233
4
K = P = 4300
qo4 = 172
K = P 5 = 4400
qo5 = 119
K = P 6 = 4500
qo6 = 76
Use these data, together with Breeden and Litzenberger’s formula, to infer the prices on
March 8 of contingent claims for the states in which the S&P 500 is at P 2 = 4100, P 3 = 4200,
P 4 = 4300, and P 5 = 4400 on May 20.
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Solutions to Midterm Exam
ECON 337901 - Financial Economics
Boston College, Department of Economics

Peter Ireland
Spring 2022

Due Tuesday, March 29

1. Utility Maximization
The Lagrangian for the consumer’s problem is
L(ca , cb , λ) = ca cb + λ(Y − pa ca − pb cb ).
a. Differentiating the Lagrangian with respect to ca and setting the result equal to zero
yields
c∗b − λ∗ pa = 0.
Similarly, differentiating the Lagrangian with respect to cb and setting the result equal
to zero yields
c∗a − λ∗ pb = 0.
b. Together with the binding constraint
Y = pa c∗a + pb c∗b ,
the two first-order conditions from part (a) form a system of three equations in the
three unknowns c∗a , c∗b , and λ∗ . To solve for c∗a and c∗b , rewrite the first-order conditions
as
c∗b = λ∗ pa
and
c∗a = λ∗ pb
and substitute these expressions into the budget constraint to obtain
Y = λ∗ pa pb + λ∗ pa pb = 2λ∗ pa pb .
Therefore

Y
,
2pa pb
Y
c∗a =
,
2pa

λ∗ =

and

Y
.
2pb
The solutions for c∗a and c∗b confirm that in this example, both apples and bananas are
normal goods: c∗a goes up when Y increases and goes down when pa increases and,
similarly, c∗b goes up when Y increases and goes down when pb increases.
c∗b =

1

2. Dynamic Hedging
The binomial tree for the price of the stock is

and the binomial tree for the price of the bond is

2

We want to use the data from these trees to “price” a call option that gives the holder the
right, but not the obligation, to buy a share of stock at the strike price K = 100 at t = 2.
The binominal tree for this option is

a. To begin the process of “backwards recursion,” start in the good state at t = 1.
Looking ahead to t = 2, the stock price may rise to P2G = 145 in the good state or fall
to P2M = 115 in the medium state. Either way, the call will be in the money, worth
V2G = 45 in the good state and V2M = 15 in the medium state. The bond is worth 100
no matter what. Therefore, if s is the number of shares of stock and b the number of
bonds required to form the portfolio that replicates the option’s payoffs in both states,
these values must satisfy
145s + 100b = 45
and
115s + 100b = 15.
The easiest way to solve this system of equation is to subtract the second equation
from the first to eliminate the term involving b; the result shows that
30s = 30
or s = 1. Plugging this solution for s back into either of the two original equations
and solving for b yields b = −1. No arbitrage requires the price V1G in the good state
at t = 1 to equal the cost of assembling this portfolio. Since P1G = 120 is the stock
price and QG
1 = 95 is the bond price in the good state at t = 1, we now know that
V1G = 120 − 95 = 25.
3

b. Next, let’s move down to the bad state at t = 1. Looking ahead to t = 2, the stock
price may rise to P2M = 115 in the medium state or fall to P2B = 90 in the bad state.
Now, the call will be in the money, worth V2M = 15, in the medium state, but out of
the money, worth V2B = 0, in the bad state. The bond is again worth 100 no matter
what. Now for the portfolio that replicates the option’s payoffs, s and b must satisfy
115s + 100b = 15
and
90s + 100b = 0.
Again, it’s most convenient to subtract the second equation from the first to eliminate
b and solve for
25s = 15
or s = 3/5. Now use either of the two original equations to find b = −27/50. No
arbitrage requires the price V1B in the bad state at t = 1 to equal the cost of assembling
this portfolio. Since P1B = 95 is the stock price and QB
1 = 95 is the bond price in the
bad state at t = 1, we now know that
V1B = 95(3/5) − 95(27/50) = 5.70.
c. Finally, let’s move back to t = 0. We’ve already found that the option will be worth
V1G = 25 in the good state at t = 1 and V1B = 5.70 in the bad state at t = 1. We also
know from the original binomial trees that the stock price will be P1G = 120 in the
good state at t = 1 and P1B = 95 in the bad state at t = 1. The bond is worth 95 no
matter what. Now for the portfolio that replicates the option’s payoffs, s and b must
satisfy
120s + 95b = 25
and
95s + 95b = 5.70.
Again, it’s most convenient to subtract the second equation from the first to eliminate
b and solve for
25s = 19.30.
or s = 0.7720. Now use either of the two original equations to find b = −0.7120. No
arbitrage requires the price V0 at t = 0 to equal the cost of assembling this portfolio.
Since P0 = 100 is the stock price and QB
0 = 90 is the bond price at t = 0, we now know
that
V0 = 100(0.7720) − 90(0.7120) = 13.12.
Before moving on to problem 2, let’s view the dynamic hedging strategy required to match
the option’s payoffs from the perspective of a trader, moving forwards instead of backwards
in “real time.” At t = 0, the solution to part (c) from above shows that this trader must
buy s = 0.7720 shares of stock to replicate the option’s payoffs moving from t = 0 to t = 1.
4

Now, suppose that the good state arrives at t = 1. The solution to part (a) from above shows
that, even as the stock price rises from P0 = 100 to P1G = 120, the trader must increase his
or her holdings of the stock to s = 1 share. Suppose, on the other hand, that the bad state
arrives at t = 1. The solution to part (b) from above shows that, even as the stock price
falls from P0 = 100 to P1B = 95, the trader must decrease his or her holdings of the stock to
s = 3/5 = 0.6 shares.
Thus, a trader using dynamic hedging to track the value of a stock option will have to buy
shares when the stock price is rising and sell shares when the stock price is falling. These
trading strategies can sometimes work to amplify large stock price movements, as with
GameStop in early 2021. Similar strategies have also been blamed for part of the “Black
Monday” stock market crash on October 19, 1987, when the S&P 500 stock index declined
by more than 20 percent on one day.

3. Futures Pricing
The event tree illustrating cash flows from a long position in the stock is

and the event tree illustrating cash flows from a long position in the bond is
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We want to use the data from these trees to “price” a futures contract that gives the buyer
the obligation to buy a share of stock at the delivery price F at t = 1. The event tree
illustrating cash flows from a long position in the futures contract is

a. To begin, we need to find the portfolio consisting of s shares of stock and b bonds that
6

will replicate the payoffs on the futures contract. In the good state, this requires that
P G s + b = P G − F.
And in the bad state, this requires that
P B s + b = P B − F.
b. Probably, the easiest way to solve the two-equation system for s and b is to subtract
the second equation from the first to get
(P G − P B )s = P G − P B
or s = 1. Substituting this solution for s back into either of the two original equations
then yields b = −F . It might seem surprising that the solutions for s and b are so
simple: they don’t depend on P G or P B at all! But having derived these solutions, we
can now look back at the event tree for the futures contract and see why they work.
The solution s = 1 means, in words, “buy one share of stock.” This part of the portfolio
pays off P G in the good state at t = 1 and P B in the bad state at t = 1. The solution
b = −F means “sell short F bonds.” This part of the strategy requires a payment of F
in both states at t = 1. And so, as required, the portfolio as a whole pays off P G − F
in the good state at t = 1 and P B − F in the bad state at t = 1.
c. If there are to be no arbitrage opportunities across the markets for the stock, bond,
and futures contract, the price q F of the futures contract at t = 0 must equal the cost
of assembling the portfolio with s = 1 and b = −F at t = 0. Since the stock and bond
prices are q s and q b at t = 0, this means
q F = q s − q b F.
d. Setting q F = 0 in the solution just derived shows that the quoted “futures price” is
F = q s /q b .
This solution confirms that so long as bond prices and interest rates remain unchanged,
F and q s will move together over the course of a trading day.

4. Using Options to Infer Contingent Claims Prices
Douglas Breeden and Robert Litzenberger showed how options on the Standard & Poor’s
500 stock index could be used to infer the prices of contingent claims in the real world. To
do this, they assumed that there are N states of the world, corresponding to different levels
of the S&P500, with
P1 < P2 < ... < PN
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and
P i+1 = P i + δ
for some δ > 0. That is, better states of the world correspond to higher levels of the S&P
500, with levels of the S&P 500 arranged on a grid with δ points between each entry.
Next, Breeden and Litzenberger showed that if one constructs a “butterfly” portfolio of call
options by buying one call on the S&P 500 with strike price P i−1 , writing (selling short) two
calls on the S&P 500 with strike price P i , and buying one call on the S&P 500 with strike
price P i+1 , then the resulting portfolio will pay off δ dollars in state i, when the S&P 500
is at level P = P i , and zero otherwise. Thus, if qoi denotes the price of a call option with
i
strike price P i , no arbitrage implies that the price qcc
of a contingent claim that pays off one
dollar in state i and zero otherwise can be computed as
i
qcc
= (1/δ)(qoi−1 + qoi+1 − 2qoi ).

The table below shows prices (during the afternoon of Tuesday, March 8, 2022, when the
S&P 500 itself stood at 4250) of call options on the S&P 500 expiring on Friday, May 20,
2022, for six strike prices on a grid that sets δ = 100, taken from the “quotes dashboard” on
the website of the Chicago Board Options Exchange:
S&P 500 Call Option Prices
May 20, 2022 Expiration
Strike Price
Option Price
1
K = P = 4000
qo1 = 373
K = P 2 = 4100
qo2 = 301
K = P 3 = 4200
qo3 = 233
4
K = P = 4300
qo4 = 172
K = P 5 = 4400
qo5 = 119
K = P 6 = 4500
qo6 = 76
Besides the genius that lies behind the basic idea, what is truly impressive about Breeden
and Litzenberger’s results is how easy they are to apply in practice: we can exploit the
similarity between option payoffs and contingent claims payoffs to infer contingent claims
prices from options prices without having to solve any system of equations!
In particular, to price a contingent claim for the state in which the S&P 500 is at P 2 = 4100
on April 1, we only need to plug the relevant options prices into the formula and compute
2
qcc
= (1/100)(373 + 233 − 2 × 301) = 0.04.

Likewise, for the states in which the S&P 500 is at P 3 = 4200, P 4 = 4300, and P 5 = 4400:
3
qcc
= (1/100)(301 + 172 − 2 × 233) = 0.07,
4
qcc
= (1/100)(233 + 119 − 2 × 172) = 0.08,
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and
5
qcc
= (1/100)(172 + 76 − 2 × 119) = 0.10.

This small set of calculations illustrates how we can use option prices to infer contingent
claims prices in the real world. As S&P options trade with many strike prices above and
below those shown in the table, we can use the same procedure to infer contingent claims
prices for even better or worse states of the world. And since S&P 500 options also trade
with strike prices at intervals as small as 10 points, we can use the same procedure to price
contingent claims for large number of states intermediate to those considered here.
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Final Exam
ECON 337901 - Financial Economics
Boston College, Department of Economics

Peter Ireland
Spring 2022

Due Friday, May 13
This exam has three questions on seven pages; before you begin, please check to make sure
that your copy has all three questions and all seven pages. Each question will be weighed
equally in determining your overall exam score.
To answer questions 1 and 3, you will need to download two files from the course webpage.
One, containing monthly data on stock returns from 2017 through 2021, is available either
as an Excel spreadsheet or a plain text file at
http://irelandp.com/econ3379/exams/final22s_monthly.xlsx
or
http://irelandp.com/econ3379/exams/final22s_monthly.txt
The other, containing annual data on stock returns from 1927 through 2021, is available in
the same two formats at
http://irelandp.com/econ3379/exams/final22s_annual.xlsx
or
http://irelandp.com/econ3379/exams/final22s_annual.txt
Note that Excel spreadsheets can also be read by Google Sheets, so if you don’t have Excel on
your computer or if you are going to do the calculations in Google Sheets anyway (instructions
for this are given on the pages that follow), you can use Google Sheets instead.
Please circle your final answer to each part of each question after you write it down, so that
I can find it more easily. If you show the steps that led you to your results, however, I can
award partial credit for the correct approach even if your final answers are slightly off.
This is an open-book exam, meaning that it is fine for you to consult your notes and all material from the course and Canvas webpages when working on your answers to the questions.
I expect you to work independently on the exam, however, without discussing the questions
or answers with anyone else, in person or electronically, inside or outside of the class; the
answers you submit must be yours and yours alone.
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1. Estimating CAPM Betas
Financial economists and financial market participants typically estimate CAPM betas for
individual stocks using 5 years of monthly data. The 5-year data sample is long enough to
provide statistically precise estimates. But, by going back only 5 years, these analysts avoid
using data from the more distant past that may not be relevant for predicting stock returns
in the future.
The monthly data set mentioned above contains data on monthly returns, running from
January 2017 through December 2021 on the market as a whole and on six individual stocks:
Apple Computer, Campbell Soup Company, Microsoft, Tesla, US Steel, and Walmart.
Use these data to estimate the CAPM betas for each of the six individual stocks.
There are at least three ways of doing this. Choose whichever is easiest or most convenient
for you.
One way is to load the data into a statistics or econometrics software package like Stata
or R, and regress each individual stock return on a constant and the market return. The
slope coefficient from this regression equals the CAPM beta: the covariance between the
dependent variable (the individual stock return) and the independent variable (the market
return) divided by the variance of the the independent variable (the market return).
It is also possible to estimate the slope coefficient from the regression described above using
Google Sheets. To do this, download the Excel spreadsheet and open it, instead, with Google
Sheets. Then, to estimate the beta for Apple Computer’s stock, use the command
=slope(C12:C71,B12:B71)
For the other five stocks, keep the range of the independent variable B12:B71 as above, but
change the range of the dependent variable to match the columns containing data for the
other stock returns.
A third way is to use Excel, Google Sheets, or some other computer program to calculate
the covariance between the individual stock return and the market return and the variance
of the market return, then to divide the covariance by the variance.
Now you know how to estimate CAPM betas!
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2. CAPM Betas and Expected Returns
Use the CAPM betas that you estimated above to determine the expected return
on each of the six individual stocks.
To do this, you also need to estimate the risk-free rate and the expected return on the market
portfolio. For this task, it is useful to find data on a slightly longer sample of data, since
interest rates have been unusually low and stock returns unusually high over the past five
years alone.
The annual data set mentioned above contains data on annual returns, running all the way
back to 1927 and extending through 2021. Because this period includes the Great Depression
of 1929 through 1933 and the era of very high inflation during the 1970s, however, it may
be too long to reliably predict stock returns in the near future.
Instead, let’s use the annual data but focus on just the 22 years from 2000 through 2021.
Over that period, the average return on the stock market has been 9.48 percent and the
average risk-free rate has been 1.52 percent. These averages suggest setting E(r̃M ) = 9.48
and rf = 1.52 in the CAPM formula
E(r̃j ) = rf + βj [E(r̃M ) − rf ].
Plugging these numbers in on the right-hand side together with your estimates of the betas
from question 1 will produce the CAPM estimates of the expected return on each of the six
stocks.
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3. Value Stocks and the CAPM
Many successful investors have learned that it is possible to “beat the market,” that is,
earn average returns above those provided by the market as a whole, by investing in “value
stocks,” that is, shares in old-fashioned companies that most other investors ignore and
whose prices are beaten down and by avoiding “growth stocks,” that is, shares in newer
and more popular companies whose prices have already been bid up. Warren Buffett, most
famously, made his fortune partly through “value investing,” but many others have profited
from the strategy as well.
The superior performance of value stocks over growth stocks can be quantified using the
“HML” measure developed by Eugene Fama and Kenneth French and described in more
detail below. According to this measure, value stocks provided annual returns that were,
on average, 5.9 percentage points higher than returns on growth stocks over a long period
extending from 1927 through 2006. Interestingly, growth stocks have done much better
recently: from 2007 through 2021, they have returned, on average, 4.7 percentage points
more than value stocks. Even after accounting for this recent reversal, however, over the full
period from 1927 through 2021, the annual return on value stocks remains 4.2 percentage
points higher, on average, than the return on growth stocks.
Financial economists will always be quick to point out that higher average or expected
returns on value compared to growth stocks do not necessarily violate the implications of
the CAPM. Suppose, in particular, that value stocks have higher CAPM betas than growth
stocks. Then the CAPM predicts that value stocks will have higher expected returns as well.
The interpretation of Warren Buffett’s success would then be: he earned higher returns, but
only because he was willing to take on more aggregate risk.
It turns out, though, that two famous research articles, one by Barr Rosenberg, Kenneth
Reid, and Ronald Lanstein (“Persuasive Evidence of Market Inefficiency,” Journal of Portfolio Management, Spring 1985) and the other by Eugene Fama and Kenneth French (“Common Risk Factors in the Returns on Stocks and Bonds,” Journal of Financial Economics,
February 1993), find that higher average returns on value stocks compared to growth do
violate the CAPM. That is, value stocks offer higher average returns than growth stocks,
even after accounting for differences in their CAPM betas.
By answering this question, you will see whether or not the earlier results presented by
Rosenberg, Reid, and Lanstein and by Fama and French continue to hold in the longer set
of annual data, running from 1927 through 2021, mentioned above. This data set runs well
beyond those used in the original studies. This exercise is both interesting and important
because, as noted above, value investing strategies have performed quite poorly, in recent
years, while growth stocks like Apple, Facebook, and Google have provided far superior
returns. If you include this recent data in your sample, will it still appear that value stocks
outperform growth stocks on average? Are the differences in expected returns still larger
than what is predicted by the CAPM? And are the deviations from the CAPM’s predictions
still “statistically significant?” These are the broader issues you will address here.
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Rosenberg, Reid, and Lanstein and Fama and French distinguish value from growth stocks
by comparing each company’s “book value” to its “market value.” Book value measures the
accounting value of the firm’s assets per share. Market value is just the market price of each
share of stock. According to Rosenberg and Fama and French, therefore, value stocks are
those with high book compared to market values, and growth stocks are those with low book
to market values.
Let r̃H be the random return on a portfolio of high book-to-market value stocks, and let r̃L
be the random return on a portfolio of low book-to-market growth stocks. As usual, let r̃M
be the random return on the market portfolio and let rf be the risk-free rate. Then, as we
know, the CAPM implies
E(r̃H ) = rf + βH [E(r̃M ) − rf ]
(1)
and
E(r̃L ) = rf + βL [E(r̃M ) − rf ],

(2)

where βH and βL are the CAPM betas on the portfolios of value and growth stocks.
To concentrate specifically on the returns from a value investing strategy, Fama and French
define an HML (“high-minus-low”) portfolio that takes long positions in value stocks and
short positions of equal value in growth stocks. The random return on this HML portfolio
is therefore
r̃HM L = r̃H − r̃L .
and, according to the CAPM
E(r̃HM L ) = βHM L [E(r̃M ) − rf ],

(3)

where
βHM L = βH − βL
is the CAPM beta on the HML portfolio, and also the difference between the beta on the
value portfolio and the beta on the growth portfolio.
What is striking is that the risk-free rate rf gets eliminated when (3) is derived by subtracting
(2) from (1). This happens because the HML portfolio attempts to generate an “excess
return” by taking long and short positions of equal value in the two sets of stocks: value
(long) and growth (short). This implication of (3) will form the basis of our statistical test
of the CAPM and, specifically, of the continued profitability of the value investing strategy
embodied in Fama and French’s HML portfolio.
Consider, in particular, a regression of the return on the HML portfolio on a constant and
the difference between the market return and the risk-free rate:
r̃HM L,t = α + β(r̃M,t − rf,t ) + et

(4)

where r̃HM L,t is the HML return at time t, r̃M,t and rf,t are the market return and the riskfree rate at time t, and et is the regression error term. Remember from econometrics that
the regression error term has mean (expected value) zero: E(et ) = 0 Therefore, (4) implies
E(r̃HM L,t ) = α + β[E(r̃M,t ) − rf,t ].
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(5)

Comparing (3) and (5), we can see that the slope coefficient β from the regression equation
(4) provides an estimate of the HML portfolio’s CAPM beta. More importantly for our
purposes, (3) implies that according to the CAPM, the intercept term α in the regression
equation (4) should equal zero. We can test the CAPM’s implications, therefore, by seeing
whether the estimated value of α in (4) is statistically different from zero. The annual data
set mentioned above contains data on the HML return r̃HM L,t and the excess return on the
market r̃M,t − rf,t that you can use to run this statistical test. Since, for this question, we
are interested in interpreting the past as opposed to predicting the future, it makes sense to
use the full range of annual data running from 1927 through 2021.
Use these data to estimate the regression in (4). Then, use the t-statistic to test
the null hypothesis, implied by the CAPM, that the intercept is equal to zero.
There are at least two ways of doing this. Choose which is easiest or most convenient for
you.
One way is to load the data into a statistics or econometrics software package, like Stata or
R, and regress the HML return on a constant and the excess return on the market. Most
software packages will report the estimated intercept and slope coefficients, their standard
errors, and the t-statistic used to test the null hypothesis that the intercept (or the slope,
but here we’re interested in the intercept), equals zero. Remember that for data samples of
the size we have here, with n = 95 annual observations covering 1927-2021, a t-statistic that
is larger than 1.99 means that you can reject the null hypothesis at the 95 percent confidence
level and a t-statistic that is larger than 1.66 means that you can reject the null hypothesis
at the 90 percent confidence level.
A second way is to use Google Sheets. This requires several steps, but none of these steps is
terribly onerous; so you can do this if you don’t want to re-familiarize yourself with whatever
statistics software package you may have used for stats and/or econometrics.
The first step is to download the Excel spreadsheet and open it, instead, with Google Sheets.
Then, estimate the intercept from the regression in (4) using the command
=intercept(e11:e105,d11:d105)
and the slope using the command
=slope(e11:e105,d11:d105)
You should find that the slope coefficient is positive but relatively small. What this tells
us is that value stocks do have CAPM betas that are slightly higher than those of growth
stocks. Some of the higher returns provided historically by value stocks over growth stocks,
therefore, can be explained by the CAPM as compensation to investors for taking on more
aggregate risk.
The difference between CAPM betas, however, is much too small to explain all of the difference. You should also find that the estimated intercept term is slightly greater than than
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3.5. What this tells us is that, even after accounting for differences in CAPM betas, value
stocks have, over the past 95 years, generated average annual returns that are more than 3.5
percentage points higher than growth stocks.
The final question is whether the estimate of the intercept term is large enough, relative
to its standard error, to be able to say that it is “statistically significant.” Unfortunately,
there’s no simple command (at least that I know of) that computes standard errors in Google
Sheets. So you will need to do this manually.
Start by creating a new column in the Google sheet that will contain the fitted values of the
regression error term et from (4). Then, fill in the values using the formula
êt = r̃HM L,t − α̂ − β̂(r̃M,t − rf,t ),
where r̃HM L,t and r̃M,t − rf,t are, again, the series in columns E and D and where α̂ and β̂
are your intercept and slope estimates from before. Then (assuming you put this series for
êt in column F of the Google sheet) you can compute the variance of the regression errors
using the command
=var(f11:f105)
Likewise, compute the mean and variance of the independent variable, the excess return on
the market, using the commands
=average(d11:d105)
and
=var(d11:d105)
Finally, let σe2 denote the variance of the regression errors, let x̄ be the mean of the excess
return on the market, and let σx2 be the variance of the excess return on the market; those are
the three statistics you just finished computing in the previous steps. If you search through
enough econometrics textbooks, you’ll eventually find that the standard error for α̂ equals
s  

σe2
σx2 + (x̄)2
,
SE(α̂) =
n
σx2
where n = 95 is the sample size. Note that to apply the formula, you’ll need to square the
mean x̄ of the market return when computing the second fraction and also take the square
root of the product of the two fractions. Now recall that the t-statistic
α̂
SE(α̂)
obtained by dividing α̂ by its standard error rejects the null hypothesis that α̂ = 0 if it
exceeds 1.99 for 95 percent confidence or 1.66 for 90 percent confidence.
So can we still say with statistical confidence that a value investing strategy provides expected
returns above those predicted by the CAPM, even after the past 14 years when growth stocks
have performed much better? Once you’ve answered this question you will know!
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1. Estimating CAPM Betas
In the monthly data, the variance of the market return over the five-year period from 2017
2
through 2021 is σM
= 21.81. The table below shows the covariance σjM between each
individual stock return and the market return and the CAPM beta, which can be calculated
2
as σjM /σM
. Since the formula for the CAPM beta is the same as the formula for the
estimated slope coefficient in a regression of the return of each individual stock return on a
constant and the market return, the beta can also be computed from running that regression
with a statistics or econometrics software package.
Estimated CAPM Betas
Stock
σjM
Apple
24.67
Campbell Soup
9.78
Microsoft
17.46
Tesla
43.38
US Steel
44.27
Walmart
11.43

βj
1.13
0.45
0.80
1.99
2.03
0.48

2. CAPM Betas and Expected Returns
The table below uses the settings E(r̃M ) = 9.48 and rf = 1.52, based on averages of annual
data from 2000 through 2021, together with the CAPM formula
E(r̃j ) = rf + βj [E(r̃M ) − rf ]
and the betas estimated earlier, to compute the expected return E(r̃i ) on each of the six
individual stocks.
Estimated Expected Returns
Stock
σjM
βj
Apple
24.67
1.13
Campbell Soup
9.78
0.45
Microsoft
17.46
0.80
Tesla
43.38
1.99
US Steel
44.27
2.03
Walmart
11.43
0.48
1

E(r̃j )
10.52
5.09
7.89
17.35
17.67
5.33

Notice that, according to the CAPM, shares in companies like Tesla and US Steel, that are
heavily exposed to the business cycle, have high expected returns. Investors must receive
these high expected returns to compensate for the aggregate risk they take on when buying
these shares. Companies like Campbell Soup and Walmart, in businesses that are more
insulated from recessions, offer lower expected returns. Investors are willing to hold these
shares, despite their low expected returns, to avoid aggregate risk. Interestingly, despite
having very different future growth prospects, Tesla and US Steel turn out to have similar
betas. According to the CAPM, therefore, they also have very similar expected returns.
3. Value Stocks and the CAPM
A regression of the return on the HML portfolio on a constant and the difference between
the market return and the risk-free rate yields
r̃HM L,t

=

3.56 + 0.07(r̃M,t − rf,t )
(1.72)
(0.08)

+ et

where standard errors appear in parentheses underneath the estimated intercept and slope
coefficients.
The slope coefficient is small and statistically insignificant, confirming that differences in
CAPM betas do not play a big role in explaining why value stocks have provided higher
average returns than growth stocks.
Instead, the intercept is large, implying that after accounting for the small difference in
CAPM betas, value stocks have provided annual returns that are more than 3.5 percent
higher than growth stocks on average. Moreover, the t-statistic of 3.56/1.72 = 2.07 exceeds
the critical value of 1.99 needed to reject the null hypothesis that the intercept equals zero
at the 95 percent confidence level.
These results show that there is still fairly strong statistical evidence that value investing
strategies provide expected returns higher than those predicted by the CAPM.
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